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Small Beam Nonparaxiality Arrests Self-Focusing of Optical Beams
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A new equation for self-focusing in the presence of small beam nonparaxiality is derived. Ana
of this equation shows that nonparaxiality remains small as the beam propagates. Nevertheles
paraxiality arrests self-focusing when the beam width becomes comparable to its wavelength. A
of focusing-defocusing cycles of decreasing magnitude follows, ending with a final defocusing s
[S0031-9007(96)00384-5]
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The model equation for propagation of a laser be
in a media with a Kerr nonlinearity is the nonline
Schrödinger equation (NLS)

icz 1 D'c 1 jcj2c ­ 0 , (1)

where csx, y, zd is the electric field envelope,z is the
distance in the direction of the beam propagation,
D' is the two dimensional Laplacian in the transve
sx, yd plane. Based on this equation Kelley predict
the possibility of catastrophic self-focusing of optic
beams whose power is above a threshold value [1].
though this prediction was later confirmed in experime
[2], the use of NLS as a model equation for the a
vanced stages of self-focusing has been often criticiz
The singularity formation in NLS is clearly nonphys
cal and it implies that a description of physical se
focusing near and beyond the singularity point should
clude an additional stabilizing mechanism which is i
tially small but becomes important near the blowup po
much like the role of viscosity in shock waves form
tion. Beginning with Feit and Fleck [3], it was argue
that the paraxial approximation used in the derivation
NLS from the Helmholtz equation is inconsistent w
the large focusing angles during the advanced stage
NLS self-focusing and that no singularity will form
beam nonparaxiality is included. Indeed, in the num
ical simulations of Feit and Fleck [3] self-focusing
arrested before the beam diameter goes below the
der of one wavelength, followed by several focusin
defocusing cycles. Similar behavior was observed
numerical simulations of a “paraxially modified” NLS [4
However, there was no analytical theory that explains
behavior, nor was it clear how to reconcile the “nonpar
ial” criticism with the ability of NLS theory to predict the
existence and value of a critical power threshold, ab
which self-focusing is not compensated by diffraction.

In this Letter we show that NLS and beam nonpara
ality can be combined into a single model. Our start
point is the scalar Helmholtz equation for the propa
tion of a laser beam of the formE ­ csx, y, zd expsikzd
through a Kerr media,

eczz 1 icz 1 D'c 1 jcj2c ­ 0,
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∂2

, (2)

wheresx, yd andz were scaled by the initial beam radiu
r0 and twice the diffraction length4pr2

0 yl, respectively.
Since the beam wavelengthl is much smaller thanr0

0 , e ø 1.

Therefore, theczz term is usually neglected (theparaxial
approximation), in which case Eq. (2) reduces to (1
However, from the expression fore it is clear that as
the beam is self-focusing the nonparaxial term increa
and it becomes comparable to the other terms when
beam width is of the order of a wavelength. In fa
the nonparaxial term has a large effect on self-focus
even when it is still small, since as solutions of NLS se
focus the Laplacian and the cubic nonlinearity bala
each other almost completely. As we will see, this k
observation will allow us to treat nonparaxiality as a sm
perturbation.

We now briefly review NLS self-focusing [5,6]. A sel
focusing beam can be written asc ­ cs 1 cnf , where
cnf is the nonfocusing part of the beam which is “le
behind” as the focusing part of the beamcs approaches
the radially symmetric asymptotic lens profile,

cssr , zd ,
1

Lszd
V sj, z d exp

µ
iz 1 i

Lz

L
r2

4

∂
, (3)

j ­
r

Lszd
,

dz

dz
­

1
L2szd

, r ­
q

x2 1 y2 . (4)

The resulting equation forV is

iVz 1 D'V 2 V 1 jV j2V 1
1
4 bj2V ­ 0 , (5)

b ­ 2L3Lzz . (6)

As the beam is focusingb & 0 and V approaches the
Townes soliton, which is the positive solution of

D'R 2 R 1 R3 ­ 0, R0s0d ­ 0 ,

lim
j!`

Rsjdj1y2ej ­ AR > 3.52 .

The Townes soliton has exactly the critical power for se
focusingNc ­

R`

0 R2srdr dr > 1.86.
© 1996 The American Physical Society
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Whenb is small, it is related to the excess power abo
the critical power ofcs,

b ,
Ns 2 Nc

M
, Ns ­

Z
jcsj

2r dr , (7)

M ­
1
4

Z `

0
r3R2srd dr > 0.55 .

Similarly, the “energy” ofcs is given by

Hs ,
M
2

sL2dzz ­ M

µ
L2

z 2
b

L2

∂
, (8)

Hs ­
Z

j='csj
2r dr 2

1
2

Z
jcsj

4r dr ,

='c ­ scx , cyd.
The rate of power loss ofcs (to cnf) is given by

d
dz

Ns , 2
Mnsbd

Ł2
, (9)

nsbd ­

(
2A2

R

M e2py
p

b , b . 0,
0, b # 0.

(10)

Returning to Eq. (2), if we multiply it bycp and
subtract the conjugate equation, we obtain an equatio
power balance for nonparaxial NLS,

d
dz

Z
jcj2r dr ­ 22e

Z
Imscpczzd r dr . (11)

We now make the assumption (that will be justified lat
that the nonparaxial term remains small compared w
the other terms in (2). Therefore, the left-hand side
(11) can still be approximated using (7) and (9),

d
dz

Z
jcj2r dr , Mbz 1

M
L2

nsbd. (12)

To approximate the right-hand side of (11) we use (3) a
(4) and the fact thatb is small to getZ

Imscpczzd r dr , Nc

µ
1

L2

∂
z
. (13)

Combining (11)–(13), nonparaxial self-focusing is d
scribed by

bz ­ 2
1

L2
nsbd 2

2eNc

M

µ
1

L2

∂
z

(14)

together with (6). Equation (14) can be also derived fro
a solvability condition forV .

Sinceb is small, power losses ofcs to cnf are small
compared with nonparaxial effects. Therefore, we be
the analysis by considering the adiabatic version of (14

b0 ­ 2
2eNc

M

µ
1

L2

∂0

, 0 ­ ≠z . (15)

Direct integration gives

b ­ b0 2
2eNc

M
1

L2 , (16)

b0 ­ bs0d 1
2eNc

M
1

L2
0

, L0 ­ Ls0d.
of

)
h
f

d

n

We are interested in the case where in the absence of
paraxiality the solution will become singular. Therefo
b0 . 0. Equation (16) shows thatb becomes negativ
onceL goes below

p
2eNcyMb0. To see that this is fol-

lowed by the arrest of self-focusing we multiply (16) b
L0L3, use (6), and integrate one more time to get

y02 ­ 2
4H0

M
1
y

syM 2 yd sy 2 ymd, y ­ L2, (17)

ym ­
Mb0

22H0

≥
1 2

p
1 2 4d

¥
,

eNc

Mb0
f1 1 Osddg,

(18)

yM ­
Mb0

22H0

≥
1 1

p
1 2 4d

¥
, 2

Mb0

H0
f1 1 Osddg,

(19)

d ­ 2
H0Nce

M2b
2
0

, H0 ­ Hss0d 2
eNc

L4
0

, (20)

and if e is sufficiently small so thatjdj ø 1,

ym

yM
, d . (21)

If b0 . 0 andH0 , 0 then0 , ym , yM . In this case
the solution of (17) is periodic, oscillating betweenym and
yM . The period of the oscillations is (17)

DZ ­

s
2

M
H0

Z yM

ym

s
y

syM 2 yd sy 2 ymd
dy

or [substitutingsy 2 ymdysyM 2 ymd ­ cos2 u]

DZ ­ 2

s
MyM

2H0
E

µ
1 2

ym

yM

∂
, (22)

where E is the complete elliptic integral of the secon
kind. The first arrest of self-focusing occurs atz0 ­RL2

0
ym

jzyj dy. In the case of a collimated beamLzs0d ­ 0,
L2

0 ­ yM , andz0 ­ DZy2. Therefore, ase & 0, z0 ap-
proaches the blowup point in the absence of nonpara
ity Zc ­ L2

0y
p

bs0d [6].
Whenb0 . 0 andH0 . 0 Eq. (17) can be rewritten a

y02 ­
4H0

M
sjyM j 1 yd

µ
1 2

ym

y

∂
.

Therefore, focusing is still arrested aty ­ ym but from
then on the solution will defocus. Note that in both ca
the minimal value ofL is

Lm ­ y1y2
m ,

q
eNcyMb0 , (23)

which in physical variables corresponds to a beam w
, 0.15y

p
b0 wavelengths. Even at this stage the no

paraxial term is onlyOsbd compared with the other term
in (2), providing ana posteriorijustification for treating it
as a small perturbation.
4357
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In the analysis up to this point we have neglect
nonadiabatic effects. When these are included, after e
cycle there is an overall power drop of (14),

Db : ­ bsz 1 DZd 2 bszd

­ 2
Z z1DZ

z

nsbd
y

dz . (24)

Therefore, beam propagation is quasiperiodic if

jDbj

bM
ø 1, bM ­ bsyMd. (25)

In order to estimateDb we first use (6) and (17) to get

b ­
1
4

y02 2
1
2

yy00 ­ bM

µ
1 2 2

yMyy 2 1
yMyym 2 1

∂
.

(26)

The integral in (24) can be approximated using t
Laplace method [7] and (10) and (26), showing that m
power radiation occurs wheny , yM and that

Db , 2
2A2

R

M
b

21y4
M

µ
yM

ym
2 1

∂1y2

exp

µ
2

p
p

bM

∂
.

(27)

The overall “energy” increase per cycle is given by (2
and

DH :­ Hssz 1 DZd 2 Hsszd , 2MDb ,

which follows from (8) and the fact thaty0 ­ 0 when
y ­ yM .

The analysis up to this point suggests that beam po
will eventually go below critical, at which point the fi
nal defocusing stage will begin. In fact, the last defoc
ing stage will begin much earlier when the power is s
above critical, sinceNs . Nc is only the necessary con
dition for blowup whose physical interpretation is that f
blowup to occur the Kerr nonlinearity should be strong
than radial dispersion. However, for a defocusing beam
refocus, the focusing nonlinearity should overcome b
radial dispersion and beam divergence, which will on
occur whenHs , 0.

To solve Eqs. (6) and (14) numerically we defin
A ­ 1yL and use Runge-Kutta methods to integrate
equivalent system of equations,

bz ­ 2nsbd 2
2eNc

M
sA2dz , Azz ­ Ab, zz ­ A22.

In the following simulations the parameters used
bs0d ­ 0.1, Ls0d ­ 1, andL0s0d ­ 0. Self-focusing ar-
rest due to small nonparaxiality is seen in Fig. 1. As e
pected, ase & 0 the minimal value ofL decreases (23
and the location of the first arrest approachesZc. The dif-
ference between adiabatic (15) and nonadiabatic (14) n
paraxial self-focusing increases ase & 0 (Fig. 2): Beam
propagation is quasiperiodic whene ­ 0.01 but not when
e ­ 0.0001, in agreement with (25) andDb , e21y2

(20), (21), and (27). The evolution ofL, b, and H for
4358
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FIG. 1. Lszd for various values of beam nonparaxialitye.
The parameters used arebs0d ­ 0.1, Ls0d ­ 1, andL0s0d ­ 0.

these two cases is seen in Figs. 3 and 4 fore ­ 0.01 and
0.0001, respectively. In both cases, with each focusin
defocusing cycle the maximum ofb is decreasing, the
minimum ofH is increasing, and the extreme values ofL
are higher. In the case of stronger nonparaxiality (Fig.
the focusing-defocusing cycles are almost periodic a
less intense. Overall changes inb and H between it-
erations are small, resulting in a large number of cyc
before the final defocusing stage. However, only tw
focusing cycles are observed in the case of very we
nonparaxiality (Fig. 4) after which the beam will defo
cus without focusing again. Although at this point bea
power is still above critical, it is not strong enough
overcome both beam divergence and diffraction (i.e.,Hs

remains positive).
The results in this Letter are in qualitative agre

ment with previous numerical studies: Self-focusing a
rest due to beam nonparaxiality followed by focusin
defocusing cycles with decreasing intensity were obser
by Feit and Fleck in numerical simulations of the sca
Helmholtz equation [3] and by Soto-Crespo and Akhm
diev in simulations of a paraxially modified NLS [4]
Simulation results in [3] also show abrupt power lo
at the self-foci and more gradual power loss in betwe
that eventually lead to cessation of self-focusing. Wh
the gradual power loss agrees with the first term on
right-hand side of (14) (which peaks wheny , yM), the
abrupt power loss in [3] has to do with the way th
-

FIG. 2. Adiabatic [Eq. (15), dotted line] and nonadiabat
[Eq. (14), solid line] nonparaxial self-focusing. The paramete
are as in Fig. 1.
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FIG. 3. Nonparaxial self-focusing [Eq. (14)] fore ­ 0.01.
The other parameters are as in Fig. 1.

backscattering is incorporated into the numerical mo
which “simply removes power that cannot propagate
the forward direction without accounting explicitly fo
where it goes” [3]. In our model we have implicitl
assumed that backscattering is negligible when we
resented the solution using only its forward propagat
component (3). Our model also does not include po
loss due to the vectorial nature of Helmholtz’s equatio
in physical self-focusing. Lax, Louisell, and McKnigh
have shown that NLS is only the leading order equat
for the transverse component of Helmholtz’s equati
and that the solution also has anOse2yL2d axial com-
ponent [8]. Therefore, self-focusing is accompanied
power transfer fromcs to the axial component. Indee
recent numerical simulations suggest that self-focusin
arrested in the vectorial case [9].

Although more accurate models should include vec
rial effects and backscattering, our analysis shows
both effects will remain small [Osbd] even whenL as-
sumes its smallest value and that self-focusing would
be arrested whenL , Lm. Since both effects will lead
to additional power losses (peaking whenL , Lm), the
number of focusing-defocusing cycles will be smaller.
our model the exponentially small power loss term pla
an important role, providing the only mechanism for t
decay of the oscillations. However, its effect will be pro
ably negligible once these additional effects are includ
el
in
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s

n
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FIG. 4. Nonparaxial self-focusing [Eq. (14)] fore ­ 0.0001.
The other parameters are as in Fig. 1.

We have seen that small nonparaxiality has a la
effect on self-focusing. However, there is very litt
difference between self-focusing in NLS and in Helmho
during the first focusing cycle until the arrest atL ­
Lm. For that reason, NLS may still serve as the mod
equation for self-focusing in the prefocal region ev
though nonparaxiality is neglected.
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