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Phase Measurement by Projection Synthesis
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Experimental determination of the canonical quantum optical phase probability distribution has
now, required sufficient measurements to determine the complete state of the field. In this Let
present a more direct means for measuring this distribution which involves synthesizing the pro
onto a phase state. Projection synthesis may be applied more generally to measure the pro
distribution associated with other observables. [S0031-9007(96)00342-0]

PACS numbers: 42.50.Dv, 03.65.Db
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The probability, or probability density, for a quantu
mechanical observable to be found with a particular va
is the expectation value of the projector formed fro
the eigenstate of that observable with the correspon
eigenvalue. Thus, for example, the photon number pr
ability distribution for a pure statejfl 

P
cnjnl of an

electromagnetic field mode can be obtained reasonabl
rectly by measuring a quantity proportional tok fjnl knjfl,
where jnl knj is a photon number state projector. F
weak fields in the quantum domain a suitable quan
to measure is the probability of the release ofn photo-
electrons by an ideal photodetector. On the other ha
measuring the canonical phase probability distribution
defined below, is more difficult. For a weak field, th
only method presently available appears to be the re
struction of the entire state by means of either opt
homodyne tomography [1] or other related methods
The phase probability distribution and indeed any ot
probability distribution can then be calculated. This h
raised the question [3] of whether or not it is possib
even in principle, to measure the phase distribution m
directly. A direct measurement of the canonical ph
distribution would involve measuring a quantity propo
tional to k fjul kujfl where jul is a phase state which
complementary to the photon number states [4]. We sh
in this Letter how this can be done.

The probability density for a field in statejfl to have a
phaseu is [5]

k fjul kujfl 
1

2p

É X̀
n0

cn exps2inud

É2
. (1)

For any physical statejfl, the coefficientscn must
eventually decrease indefinitely with increasingn. It
follows that the expectation value (1) can always
approximated to any desired degree of accuracy by se
cn to zero for n . N , if N is suitably large [6]. This
allows us to replace (1) with the quantity

PN sud 
1

2p

É
NX

n0

cn exps2inud

É2
. (2)

Of course, the error involved in this replacement w
be zero for states which are finite superpositions
0031-9007y96y76(22)y4148(3)$10.00
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number states withcn  0 for all n greater thanN. The
probability density (2) is proportional to the expectatio
value of the projectorju, Nl ku, Nj, where ju, Nl is the
truncated phase state [7]

ju, Nl ;
1

p
N 1 1

X̀
n0

exps2inud jnl . (3)

All phase and phase-dependent measurements req
the introduction of a reference system to set the zero
phase. The simplest way in which this can be achieve
by coherently mixing the fielda in statejfla with a refer-
ence fieldb, prepared in a statejBlb, by means of a beam
splitter as shown in Fig. 1. IfjBlb is a large amplitude
coherent state then this arrangement allows us to perf
a measurement of a chosen field quadrature [8]. Our t
here is to find a suitable reference statejBlb such that pho-
tocounting in the two outputs of the beam splitter leads
the required probability distribution (2). Using the bea
splitter, we can measure the probability for findingn and
n0 photons in the output modesa and b, respectively,
which, for ideal photodetectors, is given byak fjP̂jfla,
whereP̂ is the projectorbkBjR̂yjn0lb jnlaaknjbkn0jR̂jBlb .
Here R̂ is the unitary transformation linking the outpu
g

f
FIG. 1. Schematic representation of a beam splitter with in
modesa andb and detectorsDa andDb.
© 1996 The American Physical Society
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modes to those for the input [9]. To synthesize a s
able projection which will allow us to findPN sud by this
method, we need to findn, n0, R̂, andjBlb such that

P̂  Kju, Nlaaku, Nj , (4)

where K is a positive constant, independent ofu. Re-
markably, this problem admits at least one solution.

Consider an ideal 50y50, symmetric beam splitter fo
which the unitary transformation̂R is [9]

R̂  exp

"
i

p

4
sb̂yâ 1 âyb̂d

#

 expsib̂yâd exp

"
ln2
2

sb̂yb̂ 2 âyâd

#
expsiâyb̂d . (5)

With this choice, Eq. (4) can be satisfied if we setn  N
and n0  0, corresponding toN photocounts in detecto
Da and no counts inDb . The required form of the
reference statejBlb is

jBlb  C
NX

k0

√
N
k

!21y2

exp

"
ik

√
u 2

p

2

!#
jklb , (6)

wheres N
k d is the usual binomial coefficient andC is the

normalization constant with modulus independent ofu. It
is natural to refer to these states as reciprocal-binom
states by analogy with the biminimal states of Sto
Saleh, and Teich [10]. With this reference state, we fi

akNjbk0jR̂jBlb  C expsiNud22Ny2
NX

n0
akNj exps2inud ,

(7)

which satisfies Eq. (4) withK  jCj222N sN 1 1d. It fol-
lows that the probability of registeringN counts inDa and
no counts inDb is proportional to the expectation valu
of the projectorju, Nl ku, Nj and hence to the require
probability density given in Eq. (2). For a sufficient
large value ofN, this yields the phase probability densi
(1). The full distribution can be obtained by repeating
measurement with reference field states containing dif
ent values ofu in Eq. (6). These fields can be prepar
by first generating a field in one particular statejBlb and
then changing the value ofu by means of a phase shifte
It is easy to verify that the action of the phase-shift ope
tor expsib̂yb̂Dud on jBlb is equivalent to addingDu to u.

For simplicity, our analysis has been for a pure state
modea. It is not difficult to extend this to include an
mixed state with density operator̂ra. In this case, the
probability of registeringN counts inDa and no counts in
Db with reference statejBlb in Eq. (6) becomes Trsr̂aP̂d,
that is, aku, NjKr̂aju, Nla , which is proportional to the
probability density of finding the mixed state with phaseu.

In order to perform an experiment it is necessary to
lect a suitable value forN and then to prepare the require
reciprocal-binomial states. The choice ofN is determined
by the particular state being measured and by the a
-

l
,

r-

-

-

u-

racy desired for the measured probability distribution [
A practical procedure might be as follows. A prelimina
choice ofN is made, based either on the mean intensity
on simple knowledge of the source, and the experimen
then performed as described above. The choice ofN will
lead to an accurate determination of the phase proba
ity distribution if the number of occasions thatN counts
are registered inDa and no counts inDb greatly exceeds
those occasions on which the total number of counts r
istered in the two detectors exceeds 2N. If this is not the
case thenN will have to be increased. This procedu
ensures that the probability that the field in modea has
more thanN photons is sufficiently small forPN sud to
provide an accurate approximation to the phase proba
ity distribution. The probability for registeringN counts
in Da with no counts inDb is then determined as the ra
tio of the number of these events to the total number
runs. It should be noted that the detection ofN counts
in Db and no counts inDa also provides useful informa
tion corresponding to finding the expectation value of
projectorjsu 2 pd, Nl ksu 2 pd, Nj and hence determin
ing the phase probability densityPN su 2 pd. It is only
necessary, therefore, to change the phase associated
the reciprocal-binomial states through values in a rang
p in order to provide all the information required to r
produce the phase probability distribution. The result
distribution can be normalized over a 2p range. In our
discussion we have, for simplicity, assumed ideal p
todetectors. This assumption is not strictly necess
since the ideal detector statistics can be recovered f
those measured with sufficiently good detectors [11]. We
should note that the experimental procedure descri
here differs from that used by Noh, Fougères, and M
del [12]. Their experiments do not measure the canon
phase, that is the complement of the photon number,
rather an operationally defined phase.

Clearly, the most difficult part of the measureme
procedure is the preparation of the reciprocal-binom
states. In light of recent work [13], however, it is cle
that the problem of generating specific states such
these can and will be solved. Moreover, the realizat
of measurements based on projector synthesis provide
important motivation for the production of such specia
constructed nonclassical states.

Our work answers, in the affirmative, the importa
question as to whether it is possible in principle
measure the phase distribution without having to obt
sufficient information to reconstruct the complete sta
In practice, it would probably be more convenient
measure the photon number probability distribution a
then to make a choice ofN before applying the projection
synthesis technique.

An important application of measuring the phase dis
bution for a field in a pure state is that, when it is combin
with the photon number probability distribution, it pro
vides all the information required to reconstruct the st
4149
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[14]. This would provide a possible alternative to exist
techniques [1,15] and proposals [2] for experimental s
determination. Finally, state projection synthesis provi
the means to perform more general measurements tha
that of phase. The ability to prepare any chosen refere
state for modeb would, in principle, allow the experimen
tal determination of the expectation value of any cho
projector formed from the firstN 1 1 number states.

*Permanent address: Faculty of Science and Technol
Griffith University, Brisbane 4111, Australia.
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