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The abrupt change in the atom-field coupling strength which an atom experiences upon passing
into and out of a micromaser cavity leads to changes in the atomic center-of-mass motion. For fast
(thermal) atoms, small momentum changes give rise to stimulated emission. Very slow (laser-cooled)
atoms, however, can be reflected from or tunnel through the cavity, and in the process undergo a new
kind of induced emission. This changes the photon statistics of the micromaser completely. Resonances
occur for particular values of the interaction length. [S0031-9007(96)00304-3]

PACS numbers: 42.50.Ar, 32.80.—t, 42.50.Dv, 84.40.1k

Maser action occurs when excited atoms follow classicalhere « is the CM wave vector for which the kinetic
trajectories through a microwave cavity [1-3]. But with energy(/ix)*/2M equals the vacuum coupling enerly,
the advent of laser cooling [4] it becomes reasonable to askndL is the cavity length. Equation (1) embodies the usual
what happens when the atoms are cooled to the point thatimulated emission process and the well-known Rabi
their motion has to be described quantum mechanically®scillations sincex?L/2k = g7, where the interaction
More precisely, how is the physics of induced emissiortimer = L(khk/M)~!. Asis shown below, Eq. (1) applies
affected when the atomic kinetic energy is smaller tharonly whenk > «+/n + 1.
the atom-field interaction energy? For the case of ultracold atoms, such that<

We here show that operation in the limit of ultracold xv'n + 1, we find the photon emission probability
atoms requiring a quantum-mechanical treatment of the | - )
center-of-mass (CM) motion [5-7], taken together with _ 3[1 + 3sin2kLvn + 1)]
a highQ cavity, leads to a completely new type of in- mazer 1+ (edn + 1/2k)2sit(kLdn + 1)
duced, but not stimulated, emission. That is, in the ordi-
nary maser, stimulated emission prevails as the mechanisBeveral aspects of Eq. (2), which is only valid ek >
for amplification of radiation, but in the case of ultracold 1, should be noted. First of all, instead of the usual
atoms the physics of the induced emission process is intiRabi phase”’gr+/n + 1 = (k*’L/2k)+/n + 1, now the
mately associated with the quantization of the CM motiorphasexL+/n + 1 appears, which is independentlofi.e.,
(taken to be in the direction). For this reason we distin- independent of the classical interaction time. We further
guish between the usual stimulated emission maser physic®te that Eq. (2) resembles the Airy function of classical
and that characterized by the present quantizetbtion  optics,[1 + Fsin?(A/2)]"!, which gives the transmitted
induced emission and call the process microwave amplifintensity in a Fabry-Pérot interferometer with finedse
cation viaz-motion-induced emission of radiation mazer and phase differenc& [8]. In our case, the finessé =
action. (kv/n + 1/2k)? depends on the number of photons in the

The difference between the classical and the quanturpavity.
treatment of the CM motion is clearly illustrated by look-  In a Fabry-Pérot configuration, the transmitted intensity
ing at the probability that an excited atom launched into aeaches a maximum when the phase difference is adjusted
cavity containingn photons will emit a photon, as depicted
in Fig. 1. In making this comparison, we will be consid- 1.0 @
ering the cases in which the kinetic ener@yk)>/2M of ;
the atoms, expressed in terms of the atomic CM wave vec-

(2)

emission

0.5
tor k and masdM, is greater or less than the atom-field a
coupling energy. 00
For the case of thermal atoms passing through the micro- 0 & on
maser cavity, we find the emission probability associated gt
with maser action FIG. 1. Emission probability versus the interaction tigre =

k%L /2k (a) for k/k = 10 and versus the interaction lengii

2
P = Siﬁ(ﬁ e 1) (1) (b for k/«x = 0.1 (dotted) andk/x = 0.01 (solid), when the
) 2k ’ cavity field is initially in the vacuum state.
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to the wavelength of the propagating radiation, e.g., byla,n) = |b,n + 1))/+/2, the interaction operator has the
changing the distance between the mirrors or by placingalues
a medium with a different index of refraction inside the
interferometer. In the case of Eqg. (2), we can maximize (oat + act) ly, ) = =vn + 1y, ). ()]
the emission probability of an incident excited atom by
adjusting the phase difference (e.g., the cavity length) As discussed in Ref. [5], Egs. (3) and (4) lead to the
according to the state of the cavity field. elementary problem of a particle incident upon a potential
In the following we develop the quantum theory of the V*(z) = +/hig+/n + 1u(z). The cavity field acts as a
mazer. In terms of the atomic lowering operatorthe  potential barrier foly,". ) components and as a potential
cavity-field creation operatar®, and the CM momentum well for |y, ;) components. An atom in the excited state
operatorp., the atom-field Hamiltonian in the interaction |4) and with a CM wave packef dk A(k)e’** incident
picture reads upon a cavity field}’, c,|n) is characterized before the
P> scattering process by the state
Z

M + higu(z) (oat + acl), (3)

H =
(zIP(0)) = Zc,,fdkA(k)eikzﬁ(—z) la,n), (5)

where the mesa function(z) =1 for 0 < z < L and
zero elsewhere. We assume the atom to be in resonance
with the field. In terms of the dressed stales ) = | which after leaving the interaction region evolves into

(|W (7)) =§cnfdkA(k) ex;(—iz—;:;*r)

X [Ran(k)e ™ 0(=2) la,n)y + Ton(k)e* "2 0(z — L) |a, n)
+ Rppr1(k)e ™ 0(=2) [b,n + 1) + Tp e 1(k)e* D0z — L) |b,n + 1)], (6)

where Heaviside’s unit step functighindicates on which! incident atoms is assumed to be so small that tunneling
side of the cavity the atom can be found. through the potential barrier is negligible, i.p,” = —

An excited atom incident upon a cavity that containsand 7,7 = 0. An incident excited atom withk < « is
n photons is found to be reflected or transmitted whilereflected without emitting a photofiR,o|> = 1), unless

remaining in the excited state) with amplitudes the cavity length is adjusted so thaL = m# with
X | an integerm. Under this resonance condition, as is
R, = E(p; + p,), Ty = 5(7-; +7,) (7) illustrated in Fig. 2, the atom is only reflected when it

hits the repulsive potential and traverses the cavity when
and is similarly reflected or transmitted while making ait encounters an attractive potential [9]; in both cases,
transition to the stat¢b), and emitting a photon, with according to Eq. (8), it emits a photon with probability

amplitudes 1/2(IRgol? = |Rp11? = |Tool* = |Tp1|?> = 1/4). In other
X X words, for very slow atoms, the finesgeis very large
Rpn1 = 5(p; — py) Topne1 = (1,0 — 7). S0 that Pemission iS Strongly peaked akL = m#7 and

(8)  practically vanishes in between.
Equation (6) can be used to find the reduced density
Here the reflection and transmission coefficients [5] formatrix p(¢) for the cavity field after the interaction with
the CM motion of a particle incident upon the rectangular

potentialV,"(z) are (a) (b)
. i knt k > ) . . pt=-1 TH=0 pr=-1 =0
- =—(—=% — —sink, L), ,
Pn=7 < PR =Y AR o I it
a
= juny — | Zn_ + . = -— —
Te |:C0ikn L) 2 < k k,—l_'—)sm(kn L)i| ’ Vg1 [Yaga)
o _ . n=-1 =0 ;=0 = (-
with & = (k* * k*v/n + 1)/2. The emission proba- § "
bility is given by FIG. 2. An excited atom and a cavity field with photons
) ) is described by the statler, n) = (Ly,,Z]} + |y;+1>)/\_/§. For
Pemission = [Rpn+1l” + |Tpns1l” (10)  very slow incident atoms, théy,.,) component is always

] ) ] o . o reflected by a potential barrier. The,. ;) component, which
We first consider the situation in which the cavity field sees a square-well potential, is reflected #dr/n + 1 # m
is initially in the vacuum state. The kinetic energy of the (a) and is transmitted fok Lv/n + 1 = ma (b).
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the excited atom by forming the atom-field density matrix and tracing over the internal and external atomic degrees of
freedom, that is,

p0) = 3 [ deta W) olaz). (11)

a=a,b

The course-grained equation of motion for the radiation field is then givem(bBy= r[p(t + 7) — p(r)], wherer is
the atomic injection rate. Inserting Eq. (6) into (11) and adding the terms describing field damping, we find the master
equation for the density-matrix elements

/.)nn’ = r(RanRZn/ + TanT:n/ - l)pnn/ + r(RbnRZn/ + TbnTZn/)pn—l,n’—l - C(nb + 1)

X [%(" + n/)pnn’ - \/(I’l + 1) (I’l/ + 1) pn+1,n’+l] - Cnb [%(n + nl + z)pnn’ - Vnnlpnfl,n’*l]» (12)

whereC is the cavity decay rate ang, is the number of of the interaction length, namely, falL./N = mm (N =

photons in thermal equilibrium. 1,2,3,...). Under this resonance condition, incident atoms
The equation of motion for the photon-number distribu-emit a photon with maximal probability if they find — 1
tion P(n) = p,, reads photons in the cavity.
. For very slow atoms and zero temperature of the cavity,
P(n) = G,—1P(n — 1) — G,P(n) only the vacuum resonance (with = 1) comes into play.
— C(np + D[nP() — (n + DP(n + 1)] Initial field states with larger photon numbers will be

damped until there is at most one photon in the cavity
in steady state. In the presence of thermal photons,
however, other resonances may be excited even for very

where the gain coeff_mu_erﬂn = Pemission follows for the slow atoms. The thermal photons ensure that there is
maser and mazer limits from Egs. (1) and (2), respec:

. a nonvanishing probability for having different numbers
tively. The rate of change of the mean photon number of photons in the cavity, which give rise to different

N _ _ potentials and different resonances; we are not constrained
(1) = (Gw) = Cn) = mp) (14) to the resonances of Fig. 3. This is shown in Fig. 4(a) for
the resonance sequence corresponding te 1 and the
parametersy, = 1, k/k = 1073, andr/C = 103. The
Cnp + Gp/m peaks in the mean photon numbe:) are accompanied
TCom + 1) (15) by resonances in the normalized standard deviatior

[(n?) = () /(n)]'/2.
are obtained from Eq. (13). The photon distribution of the When we choos&L such that the resonance condition
mazer pumped by ultracold atoms is completely different<Zv'N = m is fulfilled for exactly one pair of integers
from the field in the micromaser operating with a beam ofV and m, we obtain from Egs. (15) and (2) for the
thermal atoms.
We consider again a cavity field initially in the vacuum

— Cnp[(n + D)P(n) — nP(n — 1)], (13)

and the steady-state photon distribution

P(n)=P0O) ]

m=1

state and ultracold atoms. ML = mar, the first incident 2
atom may emit a photon. This changes the cavity field, and 1 (@) )
therefore the potential,“(z), which determines the reso- <n> 1 ! !

nance condition; hence the next incident atom is reflected L 1 L
with certainty without emitting a photon (if no photon de- 0 - T . 1
cays out of the cavity in the meantime). Therefore, in the 1 ,
2
o
A
— .
1

)

limit of very slow atoms and in the absence of thermal <n> 14 ; \
N )

T ' T

(©

1

photons, at most one photon is in the cavity at a time. The

average photon number has to be between zero and one 0
and is determined by the ratig/C between the injection T . i »
rate and the cavity decay rate. <n> 1 3
With increasing atomic momentum, the finegsef the T 3
emission probability decreases, so that there is a nonvan- 0 ' . ' T ; l
ishing probability of depositing a photon in the cavity even 0 " kL 2 o

when the resonance condition is not fulfilled. Asaconsef,~ 5 pean photon numbefn) versus L for n, = 0,

guence, more resonances (corresponding to larger photqpc =50, and (a) k/x = 0001, (b) k/k =001, and
numbers) become accessible and can be excited, as shoygni/« = 0.03. The peaks are labeled by the integsrt
in Fig. 3. The resonances may occur for particular valuesvhich appears in the resonance conditiab/N = mr.
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1) + Po(N), andP(n) = Py(n) foralln # N — 1 or N.
However, the interaction with the bath leads to cavity
damping and provides thermal photons. This ensures
that the ratioP(n + 1)/P(n) approaches its thermal-
equilibrium valuen, /(n, + 1) for all n except forn =

0' —— N — 1 where the ratio is increased due to the pumping by
the atoms.
2.0 Moreover, as seen from the expression f(0), the

probability for finding less thav photons in the cavity
can be suppressed by increasirngC so that the result-
ing photon distribution is a shifted thermal distribution.
SR B Shifting a distribution to larger photon numbers does not
2 34 I change its variance = ((n — (n))?). The normalized
standard deviatiorr = \/v/{n), however, is decreased
since(n) is increased. Thus, in Fig. 4(a), the resonances
(b) for 1 = N = 5 show reduced photon-number fluctuations
as compared to the thermal level = /1 + n,. The
photon distribution can even be sub-Poissorian< 1)
as in the left plot of Fig. 4(b), where = 0.81.

In this Letter, we have focused on the case of very slow
5 10 15 atoms. However, the influence of the potential barrier on
the photon statistics can already be observed with faster
FIG. 4. (a) With thermal photons presedt) and ¢ show atoms. For example, the well-known trapping resonances
resonances akL = mm/</N. The peaks are labeled by the [10] of the conventional micromaser, which occur at very
integer N (b) The distributionP(n) looks like a pair of |ow temperatures, i.e., in the absence of thermal photons,
thermal distributions forxL = 10°7/v/N with N =3 (left  pegin to disappear when the atoms are cooled down so
plot) and N = 6 (right plot). The parameters are, = 1, _ o
r/C = 10%, andk/k = 102, thatk' = 10« (for r/C = 50). .
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