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The abrupt change in the atom-field coupling strength which an atom experiences upon passin
into and out of a micromaser cavity leads to changes in the atomic center-of-mass motion. For fa
(thermal) atoms, small momentum changes give rise to stimulated emission. Very slow (laser-cooled
atoms, however, can be reflected from or tunnel through the cavity, and in the process undergo a ne
kind of induced emission. This changes the photon statistics of the micromaser completely. Resonanc
occur for particular values of the interaction length. [S0031-9007(96)00304-3]

PACS numbers: 42.50.Ar, 32.80.–t, 42.50.Dv, 84.40.Ik
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Maser action occurs when excited atoms follow class
trajectories through a microwave cavity [1–3]. But wi
the advent of laser cooling [4] it becomes reasonable to
what happens when the atoms are cooled to the point
their motion has to be described quantum mechanica
More precisely, how is the physics of induced emiss
affected when the atomic kinetic energy is smaller th
the atom-field interaction energy?

We here show that operation in the limit of ultraco
atoms requiring a quantum-mechanical treatment of
center-of-mass (CM) motion [5–7], taken together w
a high-Q cavity, leads to a completely new type of i
duced, but not stimulated, emission. That is, in the o
nary maser, stimulated emission prevails as the mecha
for amplification of radiation, but in the case of ultraco
atoms the physics of the induced emission process is
mately associated with the quantization of the CM mot
(taken to be in thez direction). For this reason we distin
guish between the usual stimulated emission maser ph
and that characterized by the present quantized-z-motion
induced emission and call the process microwave amp
cation viaz-motion-induced emission of radiation maz
action.

The difference between the classical and the quan
treatment of the CM motion is clearly illustrated by loo
ing at the probability that an excited atom launched int
cavity containingn photons will emit a photon, as depicte
in Fig. 1. In making this comparison, we will be consi
ering the cases in which the kinetic energysh̄kd2y2M of
the atoms, expressed in terms of the atomic CM wave v
tor k and massM, is greater or less than the atom-fie
coupling energy.

For the case of thermal atoms passing through the mi
maser cavity, we find the emission probability associa
with maser action

Pmaser  sin2
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where k is the CM wave vector for which the kineti
energysh̄kd2y2M equals the vacuum coupling energyh̄g,
andL is the cavity length. Equation (1) embodies the us
stimulated emission process and the well-known R
oscillations sincek2Ly2k  gt, where the interaction
timet  Lsh̄kyMd21. As is shown below, Eq. (1) applie
only whenk ¿ k

4
p

n 1 1.
For the case of ultracold atoms, such thatk ø

k
4

p
n 1 1, we find the photon emission probability

Pmazer 
1
2 f1 1

1
2 sins2kL 4

p
n 1 1 dg

1 1 sk 4
p

n 1 1y2kd2 sin2skL 4
p

n 1 1 d
. (2)

Several aspects of Eq. (2), which is only valid forkL ¿

1, should be noted. First of all, instead of the usu
“Rabi phase”gt

p
n 1 1  sk2Ly2kd

p
n 1 1, now the

phasekL 4
p

n 1 1 appears, which is independent ofk, i.e.,
independent of the classical interaction time. We furth
note that Eq. (2) resembles the Airy function of classi
optics,f1 1 F sin2sDy2dg21, which gives the transmitted
intensity in a Fabry-Pérot interferometer with finesseF
and phase differenceD [8]. In our case, the finesseF 
sk 4

p
n 1 1y2kd2 depends on the number of photons in t

cavity.
In a Fabry-Pérot configuration, the transmitted intens

reaches a maximum when the phase difference is adju
c-

o-
d

FIG. 1. Emission probability versus the interaction timegt 
k2Ly2k (a) for kyk * 10 and versus the interaction lengthkL
(b) for kyk  0.1 (dotted) andkyk  0.01 (solid), when the
cavity field is initially in the vacuum state.
© 1996 The American Physical Society
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to the wavelength of the propagating radiation, e.g.,
changing the distance between the mirrors or by plac
a medium with a different index of refraction inside th
interferometer. In the case of Eq. (2), we can maxim
the emission probability of an incident excited atom
adjusting the phase difference (e.g., the cavity leng
according to the state of the cavity field.

In the following we develop the quantum theory of th
mazer. In terms of the atomic lowering operators, the
cavity-field creation operatoray, and the CM momentum
operatorpz , the atom-field Hamiltonian in the interactio
picture reads

H 
p2

z

2M
1 h̄guszd ssay 1 asyd , (3)

where the mesa functionuszd  1 for 0 , z , L and
zero elsewhere. We assume the atom to be in reson
with the field. In terms of the dressed statesjg
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sja, nl 6 jb, n 1 1ldy
p

2, the interaction operator has th
values

ssay 1 asyd jg6
n11l  6

p
n 1 1 jg6

n11l . (4)

As discussed in Ref. [5], Eqs. (3) and (4) lead to t
elementary problem of a particle incident upon a poten
V 6

n szd  6h̄g
p

n 1 1 uszd. The cavity field acts as a
potential barrier forjg1

n11l components and as a potenti
well for jg

2
n11l components. An atom in the excited sta

jal and with a CM wave packet
R

dk Askdeikz incident
upon a cavity field

P
n cnjnl is characterized before th

scattering process by the state

kzjCs0dl 
X
n

cn

Z
dk Askdeikzus2zd ja, nl , (5)

which after leaving the interaction region evolves into
kzjCstdl 
X
n

cn

Z
dk Askd exp

µ
2i

h̄k2

2M
t

∂
3 fRanskde2ikzus2zd ja, nl 1 Tanskdeiksz2Ldusz 2 Ld ja, nl

1 Rb,n11skde2ikzus2zd jb, n 1 1l 1 Tb,n11skdeiksz2Ldusz 2 Ld jb, n 1 1lg , (6)
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where Heaviside’s unit step functionu indicates on which
side of the cavity the atom can be found.

An excited atom incident upon a cavity that conta
n photons is found to be reflected or transmitted wh
remaining in the excited statejal with amplitudes

Ran 
1
2 sr1

n 1 r2
n d, Tan 

1
2 st1

n 1 t2
n d (7)

and is similarly reflected or transmitted while making
transition to the statejbl, and emitting a photon, with
amplitudes

Rb,n11 
1
2 sr1

n 2 r2
n d, Tb,n11 

1
2 st1

n 2 t2
n d .

(8)

Here the reflection and transmission coefficients [5]
the CM motion of a particle incident upon the rectangu
potentialV 6

n szd are

r6
n 
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sinsk6
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,

(9)

with k6
n  sk2 7 k2

p
n 1 1 d1y2. The emission proba

bility is given by

Pemission  jRb,n11j
2 1 jTb,n11j

2. (10)

We first consider the situation in which the cavity fie
is initially in the vacuum state. The kinetic energy of t
r

incident atoms is assumed to be so small that tunne
through the potential barrier is negligible, i.e.,r1

n > 21
and t1

n > 0. An incident excited atom withk ø k is
reflected without emitting a photonsjRa0j

2  1d, unless
the cavity length is adjusted so thatkL  mp with
an integer m. Under this resonance condition, as
illustrated in Fig. 2, the atom is only reflected when
hits the repulsive potential and traverses the cavity w
it encounters an attractive potential [9]; in both cas
according to Eq. (8), it emits a photon with probabili
1y2sjRa0j

2  jRb1j
2  jTa0j

2  jTb1j
2  1y4d. In other

words, for very slow atoms, the finesseF is very large
so that Pemission is strongly peaked atkL  mp and
practically vanishes in between.

Equation (6) can be used to find the reduced den
matrix rstd for the cavity field after the interaction with

r

FIG. 2. An excited atom and a cavity field withn photons
is described by the stateja, nl  sjg1

n11l 1 jg2
n11ldy

p
2. For

very slow incident atoms, thejg1
n11l component is always

reflected by a potential barrier. Thejg2
n11l component, which

sees a square-well potential, is reflected forkL 4
p

n 1 1 fi mp

(a) and is transmitted forkL 4
p

n 1 1  mp (b).
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master
the excited atom by forming the atom-field density matrix and tracing over the internal and external atomic deg
freedom, that is,

rstd 
X

aa,b

Z
dz ka, zjCstdl kCstdja, zl . (11)

The course-grained equation of motion for the radiation field is then given byÙrstd  rfrst 1 td 2 rstdg, wherer is
the atomic injection rate. Inserting Eq. (6) into (11) and adding the terms describing field damping, we find the
equation for the density-matrix elements

Ùrnn0  rsRanRp
an0 1 TanTp

an0 2 1drnn0 1 rsRbnRp
bn0 1 TbnT p

bn0drn21,n021 2 Csnb 1 1d

3 f 1
2 sn 1 n0drnn0 2

p
sn 1 1d sn0 1 1d rn11,n011g 2 Cnb f 1

2 sn 1 n0 1 2drnn0 2
p

nn0 rn21,n021g , (12)
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whereC is the cavity decay rate andnb is the number of
photons in thermal equilibrium.

The equation of motion for the photon-number distrib
tion Psnd  rnn reads

ÙPsnd  Gn21Psn 2 1d 2 GnPsnd
2 Csnb 1 1d fnPsnd 2 sn 1 1dPsn 1 1dg
2 Cnbfsn 1 1dPsnd 2 nPsn 2 1dg , (13)

where the gain coefficientGn  rPemission follows for the
maser and mazer limits from Eqs. (1) and (2), resp
tively. The rate of change of the mean photon number

k Ùnl  kGnl 2 Csknl 2 nbd (14)

and the steady-state photon distribution

Psnd  Ps0d
nY

m1

Cnb 1 Gmym
Csnb 1 1d

(15)

are obtained from Eq. (13). The photon distribution of t
mazer pumped by ultracold atoms is completely differ
from the field in the micromaser operating with a beam
thermal atoms.

We consider again a cavity field initially in the vacuu
state and ultracold atoms. IfkL  mp, the first incident
atom may emit a photon. This changes the cavity field,
therefore the potentialV 6

n szd, which determines the reso
nance condition; hence the next incident atom is reflec
with certainty without emitting a photon (if no photon d
cays out of the cavity in the meantime). Therefore, in
limit of very slow atoms and in the absence of therm
photons, at most one photon is in the cavity at a time. T
average photon number has to be between zero and
and is determined by the ratioryC between the injection
rate and the cavity decay rate.

With increasing atomic momentum, the finesseF of the
emission probability decreases, so that there is a non
ishing probability of depositing a photon in the cavity ev
when the resonance condition is not fulfilled. As a con
quence, more resonances (corresponding to larger ph
numbers) become accessible and can be excited, as s
in Fig. 3. The resonances may occur for particular val
4146
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of the interaction length, namely, forkL 4
p

N  mp sN 
1, 2, 3, . . .d. Under this resonance condition, incident atom
emit a photon with maximal probability if they findN 2 1
photons in the cavity.

For very slow atoms and zero temperature of the cav
only the vacuum resonance (withN  1) comes into play.
Initial field states with larger photon numbers will b
damped until there is at most one photon in the cav
in steady state. In the presence of thermal photo
however, other resonances may be excited even for v
slow atoms. The thermal photons ensure that there
a nonvanishing probability for having different numbe
of photons in the cavity, which give rise to differen
potentials and different resonances; we are not constra
to the resonances of Fig. 3. This is shown in Fig. 4(a)
the resonance sequence corresponding tom  1 and the
parametersnb  1, kyk  1023, and ryC  103. The
peaks in the mean photon numberknl are accompanied
by resonances in the normalized standard deviations 
fskn2l 2 knl2dyknlg1y2.

When we choosekL such that the resonance conditio
kL 4

p
N  mp is fulfilled for exactly one pair of integers

N and m, we obtain from Eqs. (15) and (2) for th
d

d

l
e
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-
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FIG. 3. Mean photon numberknl versus kL for nb  0,
ryC  50, and (a) kyk  0.001, (b) kyk  0.01, and
(c) kyk  0.03. The peaks are labeled by the integerN,
which appears in the resonance conditionkL 4

p
N  mp.
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FIG. 4. (a) With thermal photons present,knl and s show
resonances atkL  mpy 4

p
N. The peaks are labeled by the

integer N. (b) The distributionPsnd looks like a pair of
thermal distributions forkL  103py 4

p
N with N  3 (left

plot) and N  6 (right plot). The parameters arenb  1,
ryC  103, andkyk  1023.

steady-state photon distribution of the mazer withk ø k

Psnd 

8>><>>:
Ps0d

µ
nb

nb 11

∂n

for n , N ,

Ps0d nb 1ry2CN
nb11

µ
nb

nb 11

∂n21

for n $ N ,

and the normalization condition
P

n Psnd  1 implies
Ps0d  fnb 1 1 1 rnby2CNsnb 1 1dg21. In Fig. 4(b),
we plot the distributions for the resonances atkL 
103py 4

p
N with N  3 and N  6. Each distribution

looks like a pair of thermal distributions, one of whic
is shifted byN photons towards larger photon numbers.

In order to understand the shape of this steady-st
distribution, we consider an initial thermal distributio
P0snd with knl  nb which is the steady-state solution
without injected atoms. A very slow atom will only emi
a photon (with probability1y2) if it encountersN 2 1
photons in the cavity. In all other cases,Pemission is
negligible sincekL 4

p
n 1 1 is an integer multiple ofp

only for n  N 2 1. Thus, whenever there areN 2 1
photons in the cavity, there is a large probability for a
incident atom to deposit an additional photon, there
increasing the probability for havingN photons in the
cavity and decreasingPsN 2 1d. Without the interaction
with the thermal reservoir (or for a very small cavit
decay rate), the photon distribution after the passage
several atoms would bePsN 2 1d > 0, PsNd > P0sN 2
te

y

of

1d 1 P0sNd, andPsnd  P0snd for all n fi N 2 1 or N.
However, the interaction with the bath leads to cavit
damping and provides thermal photons. This ensur
that the ratio Psn 1 1dyPsnd approaches its thermal-
equilibrium valuenbysnb 1 1d for all n except forn 
N 2 1 where the ratio is increased due to the pumping b
the atoms.

Moreover, as seen from the expression forPs0d, the
probability for finding less thanN photons in the cavity
can be suppressed by increasingryC so that the result-
ing photon distribution is a shifted thermal distribution
Shifting a distribution to larger photon numbers does n
change its variancey  kkksn 2 knld2lll. The normalized
standard deviations 

p
yyknl, however, is decreased

sinceknl is increased. Thus, in Fig. 4(a), the resonanc
for 1 # N # 5 show reduced photon-number fluctuation
as compared to the thermal levels 

p
1 1 nb. The

photon distribution can even be sub-Poissonianss , 1d
as in the left plot of Fig. 4(b), wheres > 0.81.

In this Letter, we have focused on the case of very slo
atoms. However, the influence of the potential barrier o
the photon statistics can already be observed with fas
atoms. For example, the well-known trapping resonanc
[10] of the conventional micromaser, which occur at ver
low temperatures, i.e., in the absence of thermal photon
begin to disappear when the atoms are cooled down
thatk  10k (for ryC  50).
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