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The filling factor and temperature dependence of the electron spin polarizationkSzsT dl of a two-
dimensional electron system have been studied for various values of Zeeman coupling. AtT ­ 0,
there are sharp spin transitions for all the filling fractions considered here exceptn ­

1
3 . At low T , the

appearance of a peak inkSzsT dl at n ­ 2
3 andn ­ 2

5 is interpreted as a manifestation of the reentran
behavior observed earlier. Atn ­ 3

5 , one sees a gradual trasition from one spin state to another
low T . At large T , kSzsT dl generally decays asT21. These can be explored in the optically pumped
nuclear magnetic resonance Knight shift measurements. [S0031-9007(96)00190-1]

PACS numbers: 73.40.Hm, 73.20.Dx, 73.20.Mf
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A two-dimensional electron system in a strong magne
field exhibits a remarkable many-body effect, viz. the fra
tional quantum Hall effect (FQHE), which has been und
intense investigations for well over a decade [1–4]. T
effect is entirely due to electron correlations and as a
sult of that electrons condense into an incompressible
uid state with several unique properties [2–4]. At hig
magnetic fields and for large enoughg factor, all electrons
are expected to have their spins aligned with the magn
field and one can safely ignore the spin degrees of freed
in the theory of the FQHE. But theg factor is small for
electrons in GaAs while1ymp is large, which leads to a
very small Zeeman energy relative to the cyclotron ene
[3]. Therefore, complete polarization of the electron sp
cannot be a good approximation for all filling fraction
Indeed, it has been known for a while from theoretic
studies that the ground state spin polarization at vari
Landau level filling factors varies significantly from bein
fully spin polarized (such as atn ­

1
3 , 5

3 , etc., wheren ­
2p,2

0n, n is the number of electrons per unit area, and,2
0 ;

h̄cyeB is the magnetic length) to partially spin-polarize
states (as inn ­

2
3 , 2

5 , etc.) and the electron-electron inte
action is largely responsible for that [3–5]. The possibil
of lowest-energy spin-reversed excitations in some of
filling factors where the ground state is either spin revers
or even fully spin polarized was also predicted theore
cally [5]. Subsequent transport measurements, particul
in tilted magnetic fields [6], provided very convincing ev
dence in favor of those spin-reversed states. In fact, d
matic changes were observed in longitudinal resistivity
different filling factors when the tilt angle was increase
and they were explained as due to various spin assignm
of the ground state (and spin-reversed excitations) at th
filling fractions [6]. For example, a sharp change in t
dependence of the activation energy on tilt angle was
served atn ­

8
5 (electron-hole conjugate of25 ). This was

described as a transition from a spin-polarized ground s
0031-9007y96y76(21)y4018(4)$10.00
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at small angles to a polarized state at large angles.
linear behavior of the activation energy at two differe
ground states was identified with the Zeeman energy,
they appeared because of the spin-reversed quasipart
and quasiholes [7].

A very ingenious approach (which is also more direc
to study the spin polarizations of two-dimensional electr
systems in the QHE regime is the recently reported op
cally pumped nuclear magnetic resonance (OPNMR) m
surements of the Knight shiftKs and spin-lattice relaxation
rateT21

1 of 71Ga nuclei in electron-doped multiple quan
tum wells [8,9]. It has been already established ear
in experiments that the nuclear spin-lattice relaxation n
a two-dimensional electron gas can provide informati
about the electronic density of states [10]. However, t
strong temperature and filling factor dependence of the
clear spin-lattice relaxation observed in recent experime
using OPNMR atn ø 1 andn ø 2

3 cannot be explained in
terms of the independent electron model, but by interact
induced spin-flip excitations [9]. In addition, the Knight
shift measurements turned out to be the first direct pro
of the electron spin polarization of a two-dimensional ele
tron system in a magnetic field [8]. Here one measu
the shift between the lower frequency resonance, attribu
to 71Ga nuclei in the quantum wells, and the higher fr
quency resonance due to71Ga nuclei in the barrier. The
shift is supposed to have occurred due to the magnetic
perfine coupling between the71Ga nuclei and electrons in
the wells. The hyperfine coupling constant was found
be isotropic in that experiment and therefore the obser
NMR frequency shift is a direct measure of the electr
spin polarization [8]. As yet, detailed studies have be
limited to the integer quantum Hall regimesn $ 1d. In
the case ofn ­ 1, there is also indirect evidence of the ex
istence of the spin excitations with topological character
tics (Skyrmions) [8,11]. Such excitations are important
the limit of vanishing Zeeman energy. When the Zeem
© 1996 The American Physical Society
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energy dominates, one would, of course, expect the low
energy excitations to be single spin-flip excitations p
dicted theoretically atn ­ 1 [12]. Similar studies in
the fractional quantum Hall effect regime are expected
explore directly the spin-reversed ground state and sp
reversed excitations discussed above. In fact, NMR
periments of Barrettet al. already show indications tha
at n ­

2
3 the ground state and low-lying excitations mig

involve reversed spins. Further studies at very low te
peratures are needed to get more information in the FQ
regime.

As mentioned above, one important aspect of the NM
Knight-shift studies of the two-dimensional electron g
is that it provides information aboutkSzl as a function of
temperature:

kSzsTdl ;
1
Z

k0jSzj0l 1
X 1

Z
e2´j ykT k jjSzj jl ,

where j0l is the ground state,Z ­
P

j e2b´j is the par-
tition function, and the summation is over all excite
statesj jl with energy´j. Here we report our studie
of kSzsTdl for various filling fractions where the groun
states are not always expected to be fully spin polariz
As stated above, our earlier studies of the spin degr
of freedom in QHE (largely based on the finite electr
systems in a periodic rectangular geometry) [5] revea
that the electrons in the ground state are fully spin p
larized atn ­

1
m , spin unpolarized atn ­ 2ys2m 6 1d,

with m ­ 1, 3, 5, . . . , and partially spin polarized at35 , 3
7 ,

etc. Moreover, it was pointed out earlier [12] that in th
lowest Landau level and in the presence of spin degr
of freedom the filling factorsn and1 2 n are no longer
electron-hole symmetric. This was subsequently obser
in transport experiments [6]. The behavior ofkSzsT dl in
some of these filling fractions will be explored in this wor

The ground state and the excited states required
study the temperature dependence ofkSzl are obtained in
the well known exact diagonalization of the few-electro
system Hamiltonian in a periodic rectangular geome
[4]. The obvious advantage of this scheme over the oth
is that here the energy eigenstates can be calculated
accurately for various filling fractions. However, whe
we include the spin degrees of freedom, the size of
Hamiltonian matrix easily exceeds the size where a dir
diagonalization is manageable. In practice we have
resort to an iterative scheme like the one described
[4]. In fact, the more electrons there are in the syst
the denser the energy spectrum is and more energy va
are necessary for the convergence of the sums inkSzsT dl
at finite temperatures. While iterative methods are v
efficient when only a few of the lowest eigenvalues are
be extracted, it soon becomes a formidable exercise w
the number of electrons increases and the convergenc
to be achieved. In this work we had to limit the orders
the Hamiltonian matrices to&105 which naturally implies
t-
-

o
-
-

-
E

d.
es

d
-

es

d

to

y
rs
ry

e
t

o
in

es

y
o
en

is
f

severe restrictions on the number of electrons which co
be included in the system.

It should be pointed out that we can calculatekSzl
only in the presence of a Zeeman coupling, which is,
course, present in the experimental systems. This ca
understood in a straightforward manner as follows: In t
case when the Hamiltonian of the systemH does not
include the Zeeman term, for each statejil with Sz jil ­
szjil and H jil ­ Ejil there is a stateji0l for which
H ji0l ­ Eji0l but Sz ji0l ­ 2sz ji0l. These terms cance
each other in the sum ofkSzl. On the other hand, if
one includes the Zeeman energy in the Hamiltonian,
polarizationkSzl will differ from zero because these term
then sum up to

sze2bE febgmBszB 2 e2bgmBszBg ­ 2sze2bE

3 sinhsbgmBszBd ,

whereg is the Landeg factor for electrons in the medium
andmB is the Bohr magneton. Generally the sum over
energy states will then yield a nonvanishing polarizatio
The system can, however, still be unpolarized at z
temperature if the ground state, even in the presence
the Zeeman coupling, is unpolarized.

Numerical results forkSzsTdly maxkSzl as a function of
T (in units of the potential energy) atn ­

1
3 , 2

3 , 2
5 , and 3

5
are shown in Figs. 1–4, respectively. Here the convers
factor for T is, e.g.,e2ye,0 ­ 51.67B1y2 for parameters
appropriate to GaAs, where the energy is expressed iK
and the magnetic fieldB is expressed in tesla. In all ou
calculations, we have fixed the magnetic field at 10 T, b
studied a range ofg values (0.1–0.5). Forn ­

1
3 , we

considered a five-electron system in a periodic rectang
geometry (Fig. 1). Here the ground state of the system

FIG. 1. Electron spin polarizationkSzsT dl vs the temperature
T (in units ofe2ye,0) at n ­ 1

3 at a magnetic field of 10 T and
various values of theg factor (g ­ 0.1 0.5). The number of
electrons in the system is also indicated.
4019
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FIG. 2. Electron spin polarization vsT (in units of e2ye,0)
at n ­ 2

3 for variousg values and the number of electrons
indicated in the figure.

known to be fully spin polarized [3–5], and, except f
a very small Zeeman energy, the excited states are
supposed to be spin polarized. This is precisely w
is seen atT ­ 0 for all the g values considered here
Further, it is interesting to note that asg is decreased
(i.e., the Zeeman energy is decreased)kSzsTdl drops off
more rapidly with increasing temperature. This result
in fact, consistent with the observation by Barrettet al. [8].
Their result for the Knight shift as a function ofT , which
supposedly represents the finite-size Skyrmions, decre
more rapidly than the results for model calculations atn ­
1 with spin waves as the low-lying excitations. The lat
case can be realized here, as explained above, whe

FIG. 3. Electron spin polarization vsT (in units of e2ye,0)
at n ­ 2

5 for variousg values and the number of electrons
indicated in the figure.
4020
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Zeeman energy is strong enough to shrink the Skyrmi
into single spin-flip excitations. For largeT , our results
indicate a1yT decay ofkSzsT dl. This can be understoo
as follows: When we note that there are states with b
1sz and2sz whose energies differ by the Zeeman ener
then it is easy to see that in the limitT ! ` the leading
term in the expansion ofkSzsTdl is

ss0d
z f1 2 exps22bgmBss0d

z Bdg

when the ground state has the nonvanishing polariza
ss0d

z . If the ground state is unpolarized the leading term

22ss1d
z e2bsE12E0d sinhsbgmBss1d

z Bd ,

where E0 is the energy of the ground state andE1 2

gmBss1d
z B the lowest energy with nonvanishing polariz

tion ss1d
z . At the high-temperature limit these terms abo

are both proportional toByT . Thus at high temperature
the system behaves like a Curie paramagnet.

The results forn ­
2
3 , calculated for a six-electron

system, andn ­
2
5 , calculated for a four-electron system

are presented in Figs. 2 and 3, respectively. AtT ­ 0,
one observes the spin-singlet state for these two fract
at low values ofg. This was known from the earlier wor
[4–6]. In this spin state, as the temperature increases
curves peak atT , 0.01 and then at high temperature
they decrease as1yT . The appearance of the peak
presumably related to the “reentrant” behavior of t
activation energy observed earlier for these two filli
fractions in transport measurements. That behavior
associated with a phase transition from one spin gro
state (unpolarized) to the other (polarized but with sp
reversed excited states) [6,7]. We speculate that, at
low-temperature side of the peak, the system has a s
flip ground state as well as spin-flip excitations. At t

FIG. 4. Electron spin polarization vsT (in units of e2ye,0)
at n ­ 3

5 for different g values and the number of electrons
indicated in the figure.
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high-temperature side of the peak, the system, on the o
hand, has a spin-polarized ground state but the excitat
are still spin reversed. The peak is much sharper forn ­

2
5

(Fig. 3) than it is for n ­
2
3 (Fig. 2), again consisten

with what was observed in transport measurements w
there was a sharp transition forn ­

8
5 [6], but a not so

sharp transition atn ­
2
3 . At low temperatures, ther

seems to be an abrupt transition from the spin-single
the fully spin-polarized state. The thresholdg (or the
Zeeman energy) where that spin transition takes plac
much lower forn ­

2
5 than forn ­

2
3 . This might explain

why spin-reversed states are already observed in tran
experiments atn ­

2
3 but not atn ­

2
5 . At g ­ 0.5, the

system is fully spin polarized for all values ofT at these
two filling fractions, and there one observes a sharp fa
spin polarization with increasing temperature as forn ­

1
3 .

In the case ofn ­
3
5 we find that the ground state

at S ­ 1 (and correspondinglySz ­ 0 and Sz ­ 1 are
degenerate in the absence of Zeeman coupling).
means that the system will be at least partially polari
no matter what value ofg one takes (except forg ­ 0,
when, of course,kSzl ­ 0). For low values ofg and at
low temperatures, one sees gradual formation of a pea
kSzsT dl and a transition to the fully polarized state wh
g is further increased. This behavior is consistent w
the behavior ofkSzsTdl at other fractions considered he
and can be interpreted as transitions from the parti
polarized to a spin-singlet state and eventually to
fully polarized state. The high-temperature behavior
however, the same as in all other fractions considere
this work.

In closing, we have studied the spin polarization of
fractional quantum Hall states as a function of tempera
for a range of filling fractions which are known t
have different spin states atT ­ 0. The results at
low temperatures exhibit interesting structures which
interpreted as consequences of different spin polarizat
of the ground state and excited states. We expect
OPNMR measurement ofKs at these filling fractions
might be useful to explore the new and interesting featu
discussed above.
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