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Strongly Driven Quantum Wells: An Analytical Solution
to the Time-Dependent Schrddinger Equation
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An analytical solution is found for the lowest Floquet state in a single quantum well which is strongly
driven by an external laser field of foraFz coswt. The spectral weights of the photon sidebands vary
in a highly nonlinear fashion witli, exhibiting strong quenchings close to roots of the Bessel functions
J.(kgeF /mw?), wheren is the sideband index andg is the wave vector of the centerband resonance.
The w2 scaling behavior of the roots is qualitatively different from the' dependence found in the
coherent miniband transport in superlattices. [S0031-9007(96)00217-7]

PACS numbers: 73.20.Dx, 03.65.Ge, 72.20.Ht, 73.40.Gk

The recent advent of powerful free-electron lasers catransport by a factor of the order dy//iw, where Eg
pable of delivering extremely strong and coherent elecis the energy of the quantum-well resonance. This’
tric driving fields has stimulated studies of photon-assistedlependence of the characteristic scale is qualitatively new
tunneling (PAT) in nanostructured systems in the highlyand cannot be explained using the Tien-Gordon theory,
nonlinear regime. It may thus soon be feasible to studwhich predicts aw ™' dependence. Also, we find an
tailored artificial atoms and other structures subject to amsymmetry in the photon emitting and absorbing channels
intense laser field, which would provide new insight intowhich is not seen in the Tien-Gordon theory.
similar experiments in atomic physics and chemistry. For First, let us consider a quantum well sandwiched be-
strong driving, tunneling is expected to occur mainly viatween twoinfinitely high walls atz = *+d/2 as depicted
sidebands offset from the energy of the incident electron byn Fig. 1(a) which is harmonically driven by an electric
a multiple of the photon energyw, with the contribution field eFz coswt. Later we shall discuss the applicability
of each sideband varying nonmonotonically with the driv-of our theory to quantum wells surrounded finyite barri-
ing field [1]. Experimentally, this has indeed been qualita-ers. Within—d/2 < z < d/2 the Hamiltonian is thus of
tively observed in superlattices [2,3] and, less conclusivelythe form
in quantum dots in the Coulomb-blockade regime [4]. A2 a2

There exists a good theoretical understanding of PAT H(t) = —o— —— + eFzcoswt . @)
in the coherent carrier transport in superlattice minibands 2m 9z
[5,6]. Dynamical localization, leading to a collapse of the A particular solution to the corresponding time-dependent
miniband and a subsequent quenching of the tunnelingchrédinger equation was given by Truscott [9]. In order
current, is predicted at zeros of the Bessel functiorto be able to satisfy the boundary conditions one has to
Jo(eFdsy/liw), with eFds; the Bloch energy of the make an ansatz using all possible particular solutions,
superlattice andiw the photon energy of the driving which for a resonant level with even symmetry yields
laser field. A similar quenching effect has also been
predicted in biquartic double wells [7] and in potential- s -
driven resonant tunneling diodes [8]. On the other a) @ b) m
hand, however, there is no analytical quantum-mechanical
theory yet for the fundamental problem of single
quantum well subject to an intense laser field. In Refs. [2]
and [3] the Tien-Gordon theory [1] has been used for =5
this purpose, assuming that the applied laser field canbe [T~~~ 77 ot
approximated by its potential drop across a period of the
superlattice [Fig. 1(b)]. Clearly, this approximation needs :
critical examination. A

The purpose of this Letter is to calculate the spectral e NdY L,
function of the lowest resonance irsaglequantum well " eFz cos mt Vo cos wt
which is strongly driven by an external laser field, and to =-d/? 7=d/2 z=-d/? 7=d/?
apply thg results to the ana}lygls géqu_entlaIPAT ina FIG. 1. A quantum well sandwiched between two infinitely
superlattice. _One of our main flnd|_ngs |s'that fpr this Cas§yigh walls atz = +d/2, and driven by an external potential
the characteristic scale for the driving field differs from .r; cosws generated by a laser (a) or driven byuaiform
that derived by Holthaus [5] for the coherent minibandpotential v, (b).
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. EFr\t | < _ eF coswt , . eF coswt
¢(Z,I,Eo)= GX{—1<EO + 4ma)2)E:| Z;OOAI ex;{zk;(z—W>j|+(—l) GX{—lkl<Z—W>j“
ieFzsinwt  ie’F*sin2wt
X —il — 2
exi{ Hot hw 8hmw?3 )’ 2)

I
with

hk;

\2m(Ey + lhw).

¥ (z,t,Ep) is of the form exp—ier/R)u(r) with u(r) =

u(t + 27 /w) which is characteristic for a Floquet state
A Floquet state is the analog to a Bloch state

[10].
when replacing apatially periodic potential with g@ime
periodic potential.
state becomes the quasieigenenekgyof the Floquet
state. From Eq. (2) we find = Ey + ¢’F*/4mw?. The

spatial symmetry of the sideband wave functions in (2)

is essentially cosinelike for even sideband indeand
sinelike for odd!, reflecting the fact that the applied

The quasimomentum of the Bloch

To solve this equation we Fourier transform it using the
identity

oe]

ke COSwt kjeF
ex;(%) = Z i”J,,( lez>exp(inwt),

mw it mw

where J, is the nth Bessel function. The boundary
condition can then be recast into the form

0= i (—i)Alexplik;d/2) + (—1)" exp(—ik;d/2)]

|=—x
kieF

X J,,+1< L > for all n. ()]
mw

2

laser field, and hence a one-photon transition from one

sideband to the next, has odd parity. The endigyand
the coefficientsd; in Eq. (2) depend on the driving field

So far, all equations have been exact. In order to find
an approximate solution to Eq. (4) we now define the

and have to be determined from the boundary conditiojimensionless variables for the effective field strength,

that the wave function vanishesat= +d/2 at all times,

0= i Al{exp{ilq(z - M)}

it mw?
chosmﬂ}
mw?

+ (=1)! exp{—ik;(z -

X exp—ilwt).

g = koeF/mw?, and the relative spacing of the side-
bands,v = hw/Ey. Note that these are implicit equa-
tions asky and Ey both depend oy andv. Expanding
the wave vectork; = kg+/1 + [v in powers ofv, and
specifying further that only the lowest resonance is con-
sidered, the (not normalized) solution is found to second
order as

2 2 2.2
v Wir1(g) — Ji-1(g)] — ?);]_ZU[JHZ(‘]) — Jia(g)] — q?)—;[JHz(CI) + Ji-2(g)]

(5)

2 2
_ L ale” = 7)
A i {JI(CI) o1
3,2 9g4y?
- q64 [Ji+3(q) — Ji-3(g)] + ﬁ[hﬂ((ﬁ + J14((])]},
|
with
2.2
kod = 7T<1 - qlg ) (6) Eo

By inspecting higher-order corrections (ir) to (6) one
finds that a subset of these can be summed up in
geometric series, yielding
_ 2\ ,2,,4
| - (15 — 7%)q*v e
768(1 + g2v?/8)3

T

V1 + q%v?/8

k()d =

resonance is finally given by
L 05— gt T
768(1 + g2v%/8)3 |’

_ Estatic 1
1 + ¢%v2/8

hereE..i. denotes the energy of the resonance without
any driving. Recalling that = hw/Ey, we can use the
leading term of Eq. (8) to solve far,

16E0ic 8
stat _ _2 ) (9)

_ 4Estatic .

v G*hw

q4ﬁ2w2 q

The remaining unaccounted terms are of the order of

O[(v/4)*] X O[(qv/4)*] and are generally very small

unless the photon energyw exceeds the quasieigenen-

This equation yields real solutions only up to a maximal
value gm.x = V2 Egaiic/fiw, beyond which the theory

ergy of the resonance considerably (in which case, wéreaks down. At this point, we havg,.x = 2/iw/Esuatic,

havev > 1). With E, = i%k3/2m this contribution to

9iVING Gmax Vmax = 2v/2 andEgmin = Egaiic/2. In terms

the quasieigenenergy of the lowest driven quantum-weldf the field strengthF one finds with Eq. (7) that the
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breakdown occurs aleF/hw = m, i.e., when the ac LY
10 k -
voltage drop across the quantum well exceeds the photon — V.=0.3eV o]
energy by a factor ofr. The origin of this breakdown g 101 ] b _,."’ 3
can be traced back to the expansion of the wave vectors < ] - :
ask; = kov/1 + lv which fails fork; imaginary andck, v 2 103 _ g}’ ;
real, which is precisely what happens for sidebands below g 3 o ]
the bottom of the quantum well. This is also reflected U_? 105 | L7 A=021meV ]
by the fact thatg,., is proportional toEui./fiw. We e ]
stress, however, that numerical solutions of Eq. (4) do not 1077 Bt - R
suffer from this breakdown. 10 | R
Resonant tunneling experiments on double-barrier £ P Vp=0T7eV 4
structures have shown that the presence of a resonance & 107 | 1
in the quantum well strongly affects the transmission i i 3
probability and hence thHV) characteristics of a device. — 10 T
Much information on the transmission probability can g FA=3.5ueV & E
be drawn from the analysis of the spectral function of Foo 107 ¥ ;.,"' ]
the quantum-well resonance, which is defined as the 107 L , , L]
imaginary part of the retarded Green's function and 103 102 10! 1 10
describes the probability distribution over the sidebands Ai® [meV]

n. In the case of a laser-field driven quantum WeII’FIG 2. Driving field strength as a function of laser frequency
. . . _ 2 _ . .

this fur;ctlzon IS gound to bes(E) = Zz" walA, |25 (E at which the centerband of the lowest quantum-well resonance

Ey — e’F*/Amw® — nhw)/ Y, walAul>,  where the collapses for two double barrier structures having different

weight resulting from the spatial integration is evaluatetbarrier heights. Discrete points are taken from transmission

to be w, = |1 + (=1)"Jo(2k,eF/mw?) sin(k,d)/k,d|. calculations, dashed lines from roots of Eq. (5).

From Eq. (5) one sees that the spectral weights of the

sidebands vary dramatically with the amplitufieof the

applied ac field, and a characteristic feature found in altion of infinitely high walls implies having already taken
sidebands is that their weights go to zero at particulathe limit A — 0. In passing, we note that for large values
values of F, which for v < 1 are determined by roots of v = hiw/Ey, we see from Eq. (5) that the quenching
of J,(koeF /mw?). This is qualitatively very similar to is not related in a simple way to roots of Bessel functions
what has been found in potential-drivea fa Fig. 1(b)] anymore, and hence we do not expect a sinepledepen-
resonant tunneling diodes [8]. In what follows, we shalldence. Nevertheless, judging from Fig. 2 the deviation
use this quenching effect to study how well the analysis ofippears to be rather small.

the spectral function of a quantum well haviirginitely It is interesting to compare these results with the theory
high walls can predict the transmission characteristics off dynamical localization due to PAT in the miniband of a
double-barrier diodes witfinite barrier heights. superlattice as discussed by Holthaus and co-workers [5],

Based on a numerical implementation of the transferwhere the characteristic driving scad&ds;./hw shows
matrix method to solve for the scattering states in an a@ » ~! rather than aw 2> dependence. With Eq. (7) one
field driven double-barrier diode, we find the ac field atfinds that
vyhich the tunneling current through the centerbang 0 _ koeF 2 E, eFd
first quenches as a function of the photon energy. Fig- q= > (20)
ure 2 shows the results for two double-barrier structures
havingV, = 300 meV (solid circles) an&, = 700 meV  and hence that in the present case singlequantum well
(solid squares), withi, = dq,, = 5 nm. This has to be the characteristic scale for the ac driving field is a factor
compared with a determination &f,;, from the collapse y = (2/#)(Ey/hw)d/ds. larger than the scale found
of the spectral weight of the centerband using Eq. (5)by Holthaus. The reason behind this difference is that,
which to lowest order inv gives Fni, = gomw?/koe,  while in a single quantum well the relevant driving force
where gy = 2.4048 is the first root ofJy (dashed lines). is indeed the alectric field in a coherently coupled
For photon energies larger than the tunneling linewidthtwo-well system or a superlattice with a coherence range
A of the static resonance, indicated as vertical dashekbnger than the superlattice period the relevant driving
lines in Fig. 2, the analytical solution is in perfect agree-force is, to leading order, the gaotential dropbetween
ment with the transfer-matrix calculation. At= Zw a two neighboring quantum wells. Which scaling factor
crossover is seen to a new type of ac response which, is more appropriate is thus entirely a question of the
turns out, shows a much less pronounced quenching effecoherence length in the system and can be checked
in the tunneling current. This latter regime is obviously experimentally by varying the rati6w /Eg..ic by either
not covered by the analytical solution (5) as the assumpehanging the laser frequency or the well parameters.
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We can now apply our theory to the experiment byGordontheory. Using our theory, we find that this estimate
Keay et al.[2], where a free-electron laser was usedshould be reduced by a factpr= 2. Clearly, for smaller
to study sequential PAT in a superlattice. Because oValues offiw /E, the discrepancy will become even larger.
the sequential nature of the tunneling, it is sufficient to The difficulty with transport measurements lies in the
consider a single quantum well. In Fig. 3 we show thefact that thel/ (V) andI(w) characteristics do not directly
spectral function of a quantum well of width= 16 nm  measure the spectral function, but rather its convolution
[11], corresponding t&,i. = 21.923 meV, as afunction with—at least—the supply function in the emitter of the
of the driving laser field strength. The photon energy device, and/or the spectral function in the neighboring
was taken from experiment to bew = 5.38 meV, and quantum wells. On the other hand, optical methods such
hencev = hiw/Ey = 1/4 is rather large. The top panel as absorption measurements are capable of providing
of Fig. 3 displays a numerical solution of Eq. (4), while the spectral information with very high energy resolution.
bottom one is based on an analytical fourth-order solutioWe therefore propose an induced absorption experiment
(in v) of the same equation. The agreement betweeon a single quantum well utilizing two lasers, where a
these two is excellent up to field strengths of the ordestrong FIR laser is used to drive the states in the quantum
of F = 4.5 kV /cm, where sidebands below the bottom ofwell, while a second, tunable, low-power laser measures
the quantum well start to become important. The weightshe absorption. In this way, it should be possible to
of the sidebands vary greatly as a function of the drivingrace the spectral weights and energies of a number of
field, with the channels involving themissionof photons  sidebands as a function of the power of the FIR laser.
(n < 0) being generally stronger than those involving the In conclusion, we have presented an analytical and
absorption of photons(n > 0). This is in contrast to numerical treatment of a single quantum wsttongly
the theory by Tien and Gordon [1], which predicts thedriven by an external laser fieldFz coswt. In such a
spectral weights of thetn sidebands to be equal, and field a static quantum-well resonance becomes a Floquet
it may help to explain the asymmetry of these channelstate consisting of a series of sidebandsat energies
found in the experiment leading to absolute negativeE, + ¢’F?/4mw? + nfiw. The sideband amplitudes are
conductivity. From Eg. (5) we see that this asymmetrya highly nonmonotonic function of the driving fieldl
gets stronger with increasing ratio = iw/E,. The and scale withkgeF/mw?, wherek, is the centerband
authors of Ref. [2] estimate the ac field strength of theiwave vector of the resonance. This is in contrast to the
free-electron laser by fitting the minima and maxima ofscaling law found for potential-driven quantum wells, or
the sideband weights deduced from experiment to the Tiersuperlattices, where@a ! dependence was found.
Many fruitful discussions with A.P. Heberle, J.J.
Baumberg, J. Allam, and D.A. Williams are gratefully
L acknowledged.
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FIG. 3. Sideband spectrum of a driven quantum well of width [9] W.S. Tr_uscott, Phys. Rev. Lef0, 1900 (1993).

d = 16 nm as a function of a driving laser field of strength [10] J-H. Shirley, Phys. Rev. B38 979 (1965). .

F and photon energyio = 538 meV. The top panel is [11] This width is actually slightly larger than that in the
a numerical solution of Eq. (4), the lower one an analytical experiment to account for the energy lowering caused by
fourth-order solution (iv = hw/E,) in the spirit of Eq. (5). the finite height of the barriers.
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