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Self-organized criticality occurs through a nonlinear feedback mechanism triggering transitions
between differentmetastablestates. These transitions take the form of intermittent avalanchelike
events distributed according to a power law. We present the first and simplestfully continuous
partial differential formalism of this phenomenon, based on the introduction of asubcritical dynamics.
SOC is identified as the regime where diffusive relaxation is faster than the instability growth
rate. In the other limit of slow diffusion, avalanches comparable to the system size become
dominant. This provides a general correspondence between SOC and synchronization of threshol
oscillators. [S0031-9007(96)00101-9]
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The possibility for driven dissipative extended syste
to exhibit a spontaneous organization towards a kind
dynamical critical point has been dubbed self-organiz
criticality (SOC) [1]. This concept has been mostly
lustrated using cellular automata models [2,3] and d
crete space-time models [4]. They are characterized
a very slow driving and a threshold dynamics, i.e., a lo
stepwiseunstability occurs when the field exceeds so
critical value leading to a rapid relaxation on neighbo
which may cascade to create large avalanches well dif
entiated in time (this is where the slow driving is impo
tant). Attempts have been pursued to develop continu
field theoretical approaches to this phenomenon, base
continuous anisotropic nonlinear driven diffusion equ
tions with stochastic noise [5]. However, avalanches
not described and the origin of the self-organization is
explained. This is due to the fact that the threshold
namics [6] is replaced by a “weak” perturbative nonline
term. Furthermore, the driving occurs on a fast time sc
(stochastic noise) in contrast with the very slow drivi
common to all SOC models, whereas the order para
ter exhibits slow diffusionlike relaxations similar to crit
cal slowing down [7] in opposition to the fast relaxatio
induced by the avalanches. A physical system which
emplifies these features is provided by earthquakes w
relax, over time scales of tens of seconds, the stress a
mulated over centuries.

Our goal is to construct a fully continuous formulatio
in terms of partial differential equations, in the spirit of th
Landau-Ginzburg theory of phase transitions, which ta
full account of the nonperturbative nature of the thresh
mechanism. Our hope is that a continuous field the
constructed on the basis of symmetry and parsim
will be both sufficiently simple and general to teach
something on SOC, as for thermal critical transition
We do not describe a specific experimental system
rather aim at a general understanding that will prov
a starting point for specific applications. However, f
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the sake of pedagogy, we formulate the problem in t
sandpilelanguage. It will turn out that, notwithstandin
our neglecting of many details, the basic properties
well as the known value of the avalanche exponent
recovered quantitatively by our approach, providing a n
test of universality for SOC as well as a connection w
synchronization behavior.

Our first idea is that the theory must incorpora
both the dynamics of an order parameter (OP) a
of the correspondingcontrol parameter (CP), in order
to understand why the CP self-organizes to a critic
value. Within the sandpile picture≠hy≠x is the slope
of the sandpile,h being the local height, andS is the
state variable distinguishing between static grainssS ­ 0d
and rolling grainssS fi 0d. Therefore, the sand flux is
proportional to S. Coupling these two parameters
very natural physically and has already been exploi
to describe the large avalanche regime rotating dr
experiments [8,9].

Our second ingredient is to specify the dynamical equ
tion of the order parameter. The crucial role played
the threshold dynamics and the necessity to take it i
account explicitly in a continuum formalism has been re
ognized by several authors [6,10–13]. In these works,
threshold nature of the dynamics is modeled by eithe
discontinuous or singular diffusion coefficient [10,12,1
or by series expansion of the Heaviside function and
derivatives [11]. Therefore, their formalism still contain
an ad hoc discrete component. Furthermore, the ve
slow driving condition is rarely imposed except in [13
The only attempt to incorporate the threshold behav
in a continuous formalism has been done in [9] usi
the macroscopic phenomenological Coulomb solid fr
tion law. It turns out that this law does not yield an
SOC but only a large avalanche regime due to the lin
growth derived from the Coulomb law. Here we propo
a more microscopic and fundamental description whi
can both display SOC and the large avalanche regime,
© 1996 The American Physical Society 3991
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furthermore provides a good model of solid friction [14
Our basic idea is that the OP presents multistability a
hysteresis. This will ensure the threshold dynamics
well as all the other properties described below. In a
dition, it can be shown that a local hysteretic respon
qualifies as a microscopic model of solid friction [14
which is a key property of dry sand. This justifies furth
our choice to incorporate in the theory this fundamen
two-state property. The simplest way to implement th
condition in a continuous formalism is to write down th
normal form for asubcriticalbifurcation, characterized by
the possible coexistence of two local states:

≠S
≠t

­ xhmS 1 2bS3 2 S5j , (1)

where m ­ fs≠hy≠xd2 2 s≠hy≠xjcd2g and b . 0 (sub-
critical condition). In the supercritical casesb , 0d,
one can show that Eq. (1) together with the feedba
mechanism given by Eq. (2) below reduces to a sim
diffusive relaxation of the slope with small fluctuation
without avalanches [15].≠hy≠xjc is the critical slope be-
yond which the sand begins to flow. The parameterx

fixes the time scales,x21d for the growth of S once
an instability sets in. Odd powers ofS in Eq. (1) en-
sure that the physics is invariant with respect toS ! 2S
since the sand flux should always be downslope (see
low). For the time being, considerm as a fixed pa-
rameter. Expression (1) ensures that the value ofS2

which is selected at long times is not a continuous fun
tion of m, as expected for a hysteresis or first-order b
havior. Indeed, whenm is given, Eq. (1) is variational:
x21≠Sy≠t ­ 2dF y≠S, which implies that the asymp
totic solution forS is one of the states which minimize
F ­ 2s 1

2 mS2 1
1
2 bS4 2

1
6 S6d given bySI ­ 0 and

S2
II ­ b 1

p
b2 1 m sS2

III ­ b 2
p

b2 1 m is an un-
stable fixed point). These two states have the same
ergy F sSId ­ F sSIId at m ­ me ­ 2

3
4 b2. Suppose

now that the local slope≠hy≠x increases steadily to large
and larger negative values (we consider the case of a s
pile whose slope decreases on average from left to rig
The S ­ 0 state remains stable until≠hy≠x reaches
2

p
s≠hy≠xjcd2 1 me. Beyond this slope, theS ­ 0 state

becomes metastable to theS ­ SII state. However, in
the absence of large fluctuations enabling to pass the
rier, the OP will remain zero until the slope reaches t
“spinodal” value≠hy≠xjc sm ­ 0d. At this point, Eq. (1)
shows thatS ­ 0 is linearly unstable (m becomes posi-
tive) asS ­ S0emxt at short times (S0 being some small
initial fluctuation) andS ! SII at long times. The physi-
cal mechanism for this unstability can be tracked back
the unstable branchS2

III which describes an increase o
the OP and therefore flux [see Eq. (3) below] when t
slope decreases in absolute value.

The last ingredient of the theory is the feedback
the OPS onto the CP (≠hy≠x or m) which becomes a
dynamical variable and relaxes by the transition to t
dynamical stateS fi 0 [16]. Physically, when a grain
3992
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starts to roll down the slope, this tends to relax the slo
which has led to its instability. However, any feedba
mechanism leading to the organization of the system cl
to the critical state is not able to give rise to long-ran
order and power-law distributions (explicit examples c
be built [15]). One has also to take into account t
physical fact that a local relaxation of theCP takes place
at the expense of the neighbors, a local relaxation of
slope being associated with an increase of the slope
the neighbors. A sufficient but not necessary condit
for this is, and that will be our last condition, that
conservation law operates on the control parameter [1
We adopt it having in mind the physical conservation
grains in a sandpile or of stress in the earthquake probl
It is expressed as

≠h
≠t

­ 2
≠FsS, ≠hy≠xd

≠x
1 F , (2)

whereF is a (grain) flux andF is a weak, slow random
source term which describes the continuous drivi
of the system. Symmetry considerations now allo
us to get the form ofFsS, ≠hy≠xd: Fs0, ≠hy≠xd ­ 0
(there is no flux if there are no rolling grains
Fs2S, ≠hy≠xd ­ FsS, ≠hy≠xd (the sign of S has
no meaning); FsS, 2≠hy≠xd ­ 2FsS, ≠hy≠xd fsx !

2xd ! sF ! 2Fd sparitydg; ≠hy≠x . 0 ! FsS, ≠hy
≠xd , 0 (the sand falls down the slope). The simple
expression obeying these criteria is

F

µ
S,

≠h
≠x

∂
­ 2a

≠h
≠x

S2, a . 0 . (3)

This expression (3) together with (2) determine t
feedback of the OPS onto the CPh (or better≠hy≠x)
capturing the obvious fact that stress (slope) may
relaxed only on activeS fi 0 sites. Here we neglec
higher order terms in (3).

Now we analyze the set of coupled Eqs. (1)–(3).
the language of dynamical systems, one can represen
dynamics at a given spatial positionx along the system
and given timet as a representative point (RP) in th
phase spacehCP, OPj. Because of the external forcin
and transfer ofh from active neighbors, the RP move
along theSI branch and eventually reaches the spino
point m ­ 0. Then, two main regimes occur dependin
on the value of the key parameterxya. Consider first
the casexya .. 1 for which the dynamics of the OP
is much faster that of the diffusive relaxation of th
CP. In the presence of some background noise,
limit x ! 1` leads to a very fast jump of the OP from
the state of reposeS ­ 0 to the active stateS ­ SII.
Because of the diffusive relaxation (2), the RP th
follows the upper branch downward to lower absolu
values of the CP. This will hold down to the limiting
slope 2

p
s≠hy≠xjcd2 2 b2, at which theSII and SIII

branches coincide and beyond which the only solution
the OP isS ­ 0. At this point, the RP has to jump bac
to the lower stable branch and the avalanche has gone
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FIG. 1. This figure shows the distributionsPsMd of the
avalanche sizes for the two regimes:xya ­ 0.1 and xya ­
100. The curves have been moved with respect to each o
for better clarity. We define an avalanche as the loci
connected points whose local flux is larger than some thresh
here by100. We measure the mass of an avalanche as
integral over time of the flux going out of the system on
right, which corresponds to actual experiments [21]. We ha
found convenient to add a small noise sourcen on the rhs. of
Eq. (1) in order to help start up the instabilities. Most of th
simulations have been done with a time step of integrat
equal to 1023 which is much smaller than the characterist
time scalex21 ­ 1, while we have verified that changin
it by 1 order of magnitude on both sides does not mod
our results. The driving is done by choosing at random
position at each time step at which an increment of flux
added locally. The boundary conditions are≠hy≠xjx­0 ­ 0
and hx­L ­ 0. System sizes range fromLya ­ 64 to 2048.
The parameters are spinodal slopej≠hy≠xcj ­ 1.2, driving flux
F ­ 0.1, subcritical parameterb ­ 1.5.

this point. Because of the slow continuous forcing, th
hysteresis cycle repeats itself, leading to almost perio
large scale avalanches (see Fig. 1). Alternatively, one
see the set of equations (1)–(3) as reducing to the orig
sandpile cellular automaton rules forx ! 1` which in
1D do give rise to repetitive avalanches which span
whole system in a dominolike pattern [1]. This regim
is reminiscent of real sandpiles that are well documen
to exhibit large quasiregular avalanches corresponding
oscillations of relaxation between two different angl
of repose [9,18], the maximum anglej≠hy≠xjcj for
triggering a dynamical flow and the minimum ang
2

p
s≠hy≠xjcd2 2 b2 which can still sustain a sand flow

[19]. Physically, we suggest that this regime stems fro
the fact that the halting of a rolling grain occurs over
time which is comparable or smaller than the time need
for a significant decrease of the local slope by diffusio
hence the conditionxya .. 1.

In the other regimexya not large, the time scalex21

over which the OP grows is now comparable or larg
than the smallest relaxation time scale due to the diffus
relaxation of the CP: The OP has no time to jump to t
upper branch before it is perturbed by the diffusion of t
CP. In this regime, one can approximate the traject
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of the RP in phase space close to the spinodal po
by S2 ­ 2my2B, where 0 , B , b (the upper bound
corresponds to a trajectory which is tangent to the unsta
branchSIII). In the vicinity of the spinodal point, we
report this expression forS2 into (2) and (3) and get
an antidiffusionequation forh with a negativediffusion
coefficient D ­ 2sayBd s≠hy≠xjcd2. The growth of a
given modehq is then given byhqstd . ejDjq2t and is all
the more pronounced for small wavelengths. In practi
a finite mesh sizea or higher order terms will provide
an ultraviolet cutoff. This mechanism corresponds to
cascade from small scales to large scales which is v
sensitive to microscopic heterogeneities and leads to
broad power law distribution of avalanches (see Fig.
This is analogous to the inverse energy cascade in
turbulence and is reminiscent of the inverse cascade in
Kuramoto-Sivashinsky equation leading to scale invari
solutions described by the KPZ equation [20].

These predictions have been checked by a numerical
plementation of the equations of motions (1)–(3). F
ure 1 presents the distributionsPsMd of avalanche sizes
M for the two regimes: Forxya ­ 0.1, the distribution
qualifies as a power lawPsMddM . M2s11mddM, with an
exponentm ­ 1.0 6 0.1 which is found independent o
xya in this regime which extends up to aboutxya ­ 1.
This value is compatible with experiments:m . 1.5 in
Ref. [21] and.1.1 in Ref. [22]. The avalanche mass dis
tributions for different system sizesLya obey finite size
scaling as they collapse on the same master curve u
the reduced variableMyLs, with s ­ 0.7 6 0.1. For
xya . 1, we still observe a power-law distribution a
small avalanche sizes with exponentsm increasing con-
tinuously with xya. However, the dominant structur
is the appearance of very large avalanches spanning
whole system represented on the plot by the peak, in ag
ment with our above analysis.

Figure 2 shows a subtle effect which has also been
served in experiments [23], namely the effect of the noisn
added on the OP. Figure 2 represents the avalanche m
distribution for the samexya ­ 0.1 but decreasing val-
ues of the noisen. While the mass distributions remai
a power law for small masses with the same exponentm,
decreasing the noise introduces a characteristic scale:
cause of the small albeit finite driving (present here
numerical feasibility and corresponding to the discrete
ture of grains in experiments), if the noise is too small, t
spinodal pointm ­ 0 can be bypassed locallysm . 0d and
as a consequence the Lyapunov exponentxm becomes fi-
nite leading to a jump to the upper branchSII even in this
regimexya , 1 for which the upper branch should be i
principle never attained for sufficiently slow driving.

Figure 3 shows the distributionPsJd of flux amplitudes
at the right border, where the flux is going out of th
system in the same condition as for Fig. 1. Forxya ­
0.1 (and all other values less than about 1),PsJddJ .
M2ddJ, with d ­ 0.7 6 0.1 independent fromxya

in this regime. This power law describes thesmall
3993
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FIG. 2. DistributionsPsMd of avalanche sizes for the sam
xya 2 0.1 but decreasing values, from bottom to top, of t
noise. The curves have been moved with respect to each o
for better clarity.

J ! 0 flux distribution, asJ is bound by the intrinsic
value Jmax ­ aS2

II≠hy≠xjc. The massM is related to
the avalanche durationT and the statistics of flux by
M ­

RT
0 Jstd dt . TkJlT . Since d , 1, kJl , J22d

max is
constant and the statistics ofM is the same as that o
the durationT , as we checked directly. This also agre
with experiments. Forxya . 1, we observe even mor
clearly than on Fig. 1 the existence of a characteristic fl
scale, whose size is simply given byJmax.

In summary, since first-order (subcritical) behavi
is much more common than (super) critical transitio
in nature, our theory suggest an explanation for
generiticity of SOC, via the spatiotemporal couplin
of first-order transitions. The remarkable outcome
that this coupling of oscillators of relaxation produc
a spontaneous organization, under suitable conditio
characterized by scale invariant avalanches.

We thank J.-L. Meunier and M. Mendjeli for stimu
lating discussions and the Conseil Général des Al
Maritimes for financial support. INLN (resp. LPMC) i
UMR 129 (resp. URA 190) of the French National Cen
for Scientific Research (CNRS).

FIG. 3. Distribution PsJd of flux amplitudes at the right
border, in the same conditions as for Fig. 1.
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