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Close-Coupling Symmetrized Variational Continuum Distorted-Wave Theory:
Electron Capture to Excited States inp-H Collisions
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We present the first results of anab initio coupled-channel calculation of electron capture to the
n ­ 2 states of hydrogen in proton-hydrogen collisions using symmetrized variational (SV) continuum
distorted-wave (CDW) theory. In SVCDW theory the collision ansatz includes both outgoing- and
incoming-wave components in the wave functions, and represents in a compact and elegant form a very
complete basis set for describing the electron capture process. We calculate total cross sections for
nonresonant capture to the2s and 2p states of the projectile, in the energy range 7–150 keV. The
results are a substantial improvement over a previous variational CDW theory, and in particular are
found to be in good accord with the available experimental data.

PACS numbers: 34.70.+e, 31.50.+w
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Symmetrized variational continuum distorted-wa
(SVCDW) theory has recently been formulated [1], a
applied successfully to1s ! 1s resonant electron captur
in proton-hydrogen collisions. In SVCDW theory the ge
eral one-electron capture process for a target (projec
of chargeZT sZPd is described by a collision ansatz whic
includes a linear combination of incoming and outgoi
continuum distorted waves (CDWs). These outgo
and incoming components of the wave functions are a
mented by time-dependent phases chosen in such a w
to satisfy the long-range Coulomb boundary conditio
that is, they ensure that the initial (final) wave functio
has a Coulomb distortion appropriate to the asympto
two-body systemZP sZT d, ZT 2 1 sZP 2 1d. Using this
ansatz, the close-coupling quantal equations of mo
are derived from a variational principle, thereby ensur
unitarity, detailed balancing, and gauge invariance of
theory. In the homonuclear case (that is,ZT ­ ZP), the
SVCDW wave functions have the additional propert
of well-defined parity and time symmetries [1]; indee
SVCDW theory is an exact CDW analog of undistort
traveling atomic orbital theory [2–4].

The inclusion of both outgoing and incoming wav
in the SVCDW ansatz is designed to make the basis
more complete by simulating the dynamical molecu
processes that are present during the collision when
two heavy particles are close together. In Ref. [1]
examined1s ! 1s resonant electron capture inp-H col-
lisions using a two-state SVCDW model. In comparis
with previous variational CDW (VCDW) models, it wa
shown that for small and intermediate impact parame
the capture probability was greatly increased particula
at energies below 100 keV. This increase in proba
ity was manifest in the1s ! 1s capture cross sections
which, when multiplied by 1.202 to estimate empirica
the contribution to capture fromn $ 2, were in good
accord with experimental data for capture to all stat
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Resonant electron capture is however, a relatively ea
process to model both from the point of view of theor
and numerical tractability. In particular, when only th
ground state of the target and the projectile are includ
in the calculation, the gerade and ungerade transition a
plitudes admit analytic solutions [1].

It is the purpose of this Letter to further investigat
the versatility of the SVCDW ansatz by performin
a coupled-channel SVCDW calculation of total cros
sections for capture to then ­ 2 states of the projectile.
These nonresonant processes are a much better test o
SVCDW ansatz, particularly the1s ! 2s case, for which
the total cross section shows a peak at about 25 keV. T
calculations are also more demanding numerically, d
to the fact that in both gerade and ungerade symmet
the transition amplitudes are strongly coupled even
large internuclear separations. Included in these n
coupled-channel calculations are then ­ 1 and n ­ 2
states of both the target and the projectile, with th
axis of quantization for thep states taken along the
internuclear vector [3]. This basis set is sufficient fo
a theoretical calculation of total electron capture to t
projectile since the contribution from then ­ 3 states
is an order of magnitude less than that fromn ­ 2 at
the energies considered. To our knowledge the resu
presented in this Letter are the first truly coupled-chann
CDW calculations.

For the purposes of this Letter then, we consider t
homonuclear one-electron capture process

PZ1 1 T sZ21d1

s1sd °! PsZ21d1

s1s, 2s, 2pd 1 TZ1

in which a projectile (P) of chargeZ, velocity v, and
impact parameterb impinges upon a hydrogenic targe
(T), also of chargeZ, in the ground state, with the resul
that the electron is captured into then ­ 1, 2 states of the
projectile. To describe this process we take as the to
© 1996 The American Physical Society
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C ­
4X

k­1

fbkstdFT
k 1 bk14stdFP

k14g ,

where bkstd are time-dependent coefficients whose op
mum values are determined by the Sil variational pr
ciple [5], and

FT
k ­

1
2

fE 1
Tk 1 sybd12iZ2yyE 2

Tkg , (1)

FP
k14 ­

1
2

fE 2
Pk14 1 sybd22iZ2yyE 1

Pk14g , (2)

where

E 6
Tk ­ j6

Tk expfi argsssD7
v sn, Rddddg ,

E 6
Pk14 ­ j6

Pk14 expfi argsssD7
v sn, Rddddg ,

and j
6
Tk , j

6
Pk14 are the usual continuum distorted wave

that is,

j6
tK ­ ET

k,v exp

"
6i

Z2

y
lnsyR 7 y2td

#
D6

2v sn, rPd , (3)

j6
Pk14 ­ EP

k14,2v exp

"
6i

Z2

y
lnsyR 7 y2td

#
D6

v sn, rT d .

(4)

In Eqs. (3) and (4)

D6
u sn, rd ­ epny2Gs1 7 ind1F1s6in; 1; 6iur 2 iu ? rd

are the normalized outgoings1d and incoming s2d
continuum distorted waves, and

EG
k0,u ­ fG

k0srGd exp

∑
i
2

u ? r 2
i
8

y2t 2 ieG
k0 t

∏
is a traveling atomic orbital withfG

k0 srGd a hydrogenic
bound-state orbital centered on the target (project
whenG ­ T sPd. The coordinatesrT andrP have their
usual meanings within the impact parameter picture, w
the internuclear vectorRstd ­ b 1 vt andn ­ Zyy.

With the row vector of VCDW wave functions,

j6 ­ sj6
T1, j6

T2, j6
T3, j6

T4, j6
P5, j6

P6, j6
P7, j6

P8d ,

where thej
6
k are given by Eqs. (3) and (4), and th

corresponding row vector of SVCDW wave functions

F ­ sFT
1 , FT

2 , FT
3 , FT

4 , FP
5 , FP

6 , FP
7 , FP

8 d ,

where theFk are given by Eqs. (1) and (2), we define t
matricesS6 andK6 of VCDW matrix elements,

S66std ­
1
4

kj6 j j6l ,

K66std ­
1
4

kj6jH 2 i
d
dt

jj6l ,

and similarly the matricesS and K of SVCDW matrix
elements
ti-
n-

s,

le)

ith

e

e

Sstd ­ kF j Fl ,

Kstd ­ kFjH 2 i
d
dt

jFl .

Hence, by defining the matrices

Pstd ­ S11std 1 e2iuS21std ,

Qstd ­ K11std 1 e2iuK21std .

where

u ; ustd ­ argfD7
v sssn, Rstddddg ,

we may expressS and K in terms of S6 and K6 and,
thus,

Sstd ­ Pstd 1 e1Pps2tde1 ,

Kstd ­ Qstd 1 e1Qps2tde1

1 ÙustdPstd 2 Ùus2tde1Pps2tde1 .

Finally, taking into account the rotation of the quantiz
tion axes

K0std ­ Kstd 1 i
yb
R2 Sstde2 ,

where the matricese1 ande2 may be written in terms of
elementary matrices, thus,

se1dij ­ di,j 2 2sdi,4 1 di,8d ,

se2dij ­ di21,3 2 di11,4 1 di21,7 2 di11,8 ,

wheredi,j is the Kronecker delta function.
From Sil, the close-coupling quantal equations

motion are given by

iS Ù̃b ­ K0b̃ , (5)

where a tilde denotes transposition and a dot differen
tion with respect to time. Because of the non-Hermiti
nature of the matrixK0 these equations are rendered n
merically tractable by using Löwdin-Wannier symmetr
orthonormalization [6] which uses the transformation

c ­ F̂kF̂ j F̂l21y2,

(where the caret denotes normalization of the basis
as a function ofb and t) to transform the set of coupled
equations (5) into the new set

i Ù̃c ­ Hc̃

in which H is Hermitian.
In order to highlight the success of the SVCDW ansa

we present our results in conjunction with those of
corresponding full-house VCDW calculation, in which th
basis is taken to be the set of outgoing CDWs includ
in Eqs. (3) and (4); that is, outgoing CDWs are us
for the entire heavy-particle trajectory [7]. Althoug
concentrating on nonresonant capture, it is opportune
this point to comment upon1s ! 1s resonant capture.
Cross sections for resonant capture with the eight-st
basis are increased by 7% at most over those calcula
393
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in the two-state case. This demonstrates the stability
SVCDW as more states are added to the basis. The r
of the presentn ­ 2 capture results to those of two-sta
resonant capture shows an additional enlargement u
a maximum of 37% at 40 keV. At 10 keV the ratio
15% and at asymptotically high (nonrelativistic) energi
it is 12.5% in line with Oppenheimer scaling, namel
n23 with n ­ 2. The result of this is that the theoretica
predictions of the present eight-state SVCDW model
total capture are in very good agreement with experime
and in particular lie within the experimental error bars.

Figure 1 shows the total cross sections for the proce

H1 1 Hs1sd °! Hs2sd 1 H1.

Clearly full-house VCDW fails to model this process we
at energies below 200 keV, where the two theoreti
curves coalesce. The improvement of the SVCDW mo
over the full-house VCDW model is dramatic, and su
cessfully predicts the turnover in the cross section at ab
25 keV. We note that the SVCDW results agree very w
with the highest energy points of the Bayfield [8] an
Ryding, Wittkower, and Gilbody [9] experiments, thu
minimizing any discrepancies due to a lack of norm
ization of the experimental data. Other theoretical clo
coupling calculations give similarly good agreement w
experiment; see the recent review by Fritsch and L
[10]. To achieve this agreement, however, many of th
calculations utilize large basis sets including the use
pseudostates on both target and projectile, which of
embrace overcompleteness. We emphasize theab initio
nature of our calculations. For reasons of clarity we ha
not shown other theoretical calculations in the figure.

Figure 2 shows total cross sections for the process

H1 1 Hs1sd °! Hs2pd 1 H1.

In this case full-house VCDW tends to overestimate t
cross sections by a factor of around 3 once the imp
energy is below about 20 keV. Also the cross sect

FIG. 1. Total cross sections (10217 cm2) for 1s to 2s electron
capture by protons from atomic hydrogen vs proton imp
energy E (keV) for SVCDW (solid curve) and full-house
VCDW (dashed curve). Experimental results: Ref. [8]h,
Ref. [11] e, Ref. [9] n, and Ref. [12]p.
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appears to continue increasing as the energy decrease
contradistinction to the experimental results. Once ag
the SVCDW results show a marked improvement, w
the curve flattening off in line with experiment, althoug
clearly there appears to be an almost constant discrepa
between SVCDW theory and experiment across virtua
the entire range of the experimental results. It is difficu
in this case to gauge how this discrepancy may be affec
by a lack of normalization of the experimental dat
since the highest available experimental point is at abo
30 keV. We simply note that the SVCDW results are
almost perfect agreement with the experiment of Morga
Geddes, and Gilbody [13] if we renormalize at 30 ke
Other theoretical calculations again give similarly goo
agreement with experiment. Nevertheless, in the ene
range 7–30 keV other theory also tends to lie abo
experiment by amounts similar to that shown in Fig.
see, for example, Fig. 3.3 in [10]. The normalization
experiments [14] and [15] are based on measureme
of Lyman-a excitation in e-H collisions which are in
turn normalized to the first Born approximation at 100
and 300 eV, respectively. That of [13] is based on
measurement of a 2p capture cross section at 18 keV i
H1-H2 which is normalized to an absolute cross secti
of Lyman-a production inH1-Ne . As seen in Fig. 2
all three experiments are in good accord with each oth
and the question of a possible lack of normalization in t
experimental results must remain an open one.

In conclusion, we have shown that SVCDW theo
gives results which are in agreement with experime
for the reactions described above. This is in mark
contrast to full-house VCDW which fails to reproduc
experiment once the impact velocity is at or below t
average velocity of the electron in the ground state. W
attribute this to the more complete SVCDW basis s
which lifts the outgoing- and incoming-wave degenera
by including components of both in the wave function

FIG. 2. Total cross sections (10217 cm2) for 1s to 2p electron
capture by protons from atomic hydrogen vs proton impa
energy E (keV) for SVCDW (solid curve) and full-hous
VCDW (dashed curve). Experimental results: Ref. [13]h,
Ref. [14] e, and Ref. [15]n.
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In this way a very complete basis set is achieved with
the use of pseudostates and their attendant probl
[16]. We have also shown that coupled-channel SVCD
theory is capable of reproducing experiment at low
impact energies than might previously have been thou
while at the same time guaranteeing correct behav
of the cross sections when the impact velocities
asymptotically (but nonrelativistically [17] large). In
real sense then, SVCDW theory represents a synth
of the molecular orbital (MO) and the atomic orbita
(AO) approaches by including the best characteristics
both (see [10] for a fuller discussion of MO and AO
techniques). A definite conclusion on this point awa
further theoretical work; currently calculations involvin
heteronuclear collisions are being carried out. The pres
work also bridges a gap that has always existed
the theory of heavy-particle rearrangement collisio
between CDW models based on perturbation theory,
the one hand, and large coupled-channel calculati
(including pseudostates), on the other hand.
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