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Comment on “Universal Scaling Functions in
Critical Phenomena”

Recently, Hu, Lin, and Chen (HLC) [1] studied the un
versity of the finite size scaling functions (FSSF) by si
ulating percolation on several planar lattices with free
and periodic (p) boundary conditions (bc). Simulating
probability RLspd that a system of sizeL percolates a
site (or bond) occupancyp, near the percolation thresho
pc, they presented their data (collected for a single va
of L) in the scaling formRLspd  FsssDsp 2 pcdL1ynddd ;
FsDxd ; Fsx̂d, with the nonuniversalmetric scale factor
D having the same value for all problems on a given lat
[including different bc and also the percolation probab
ity PLspd  L2bynSsx̂dyD3], and with theuniversalFSSF
Fsx̂d [and Ssx̂d] depending only on the bc. HLC claime
that RLspd is not related to the “free energy,” and, ther
fore, the above results extend the earlier published sc
[2]. The fact thatD (andD3) was the same for all prob
lems was also presented as surprising.

In this Comment we show that the “surprising” nume
cal results of HLC are direct consequences of the renorm
ization group (RG), as discussed in this context in Ref.
Furthermore, HLC’s numerical data for the small-x̂ expan-
sion ofF for fbc are in agreement with those published
Ref. [3]. However, their results for pbc strongly disagr
with those recently obtained by us [4].

The RG maps any initial problem onto another pro
lem, which is close to the RG fixed point (fp). This ne
problem is described by the linearized scaling fields n
the fp, including the “temperaturelike” scaling field,m,
the symmetry breaking “ghost” field at sitej, Hj , and
the irrelevant fields,vi . Given these fields, the singu
lar part of the free energy density (i.e., the statisti
generating function),f, is completely determined by th
neighborhood of the fp, and is therefore universal. U
ing the linearized recursion relations for the various fiel
we havef  b2dfsmb1yn , Hjbyh , vib2ui , Lybd, with the
length rescale factorb [3]. The only nonuniversal as
pect here involves the mapping of the initial paramet
p and ghost fieldshj onto the variables which appear
f. Sincem  0 whenp  pc, one expects to leading o
der m  Dsp 2 pcd. Similarly, Hj  Bhj . Note that
the scale factorsD and B depend only on the transien
stage of mapping our problem to the vicinity of the f
and have nothing to do with the specific quantity which
being measured. In contrast to HLC, we now argue
both RLspd and PLspd are obtainable as derivatives off
with respect to somehj at hj  0. For example, for fbc,
RLspd is the conditional probability that one of the sit
on one edge of the sample is connected to another si
the opposite edge. This can clearly be expressed in te
of correlation functions, which are derivatives off with
respect to the ghost fields on these two edges. There
RLspd is also a function of thesamescaled variables a
f above, with the same scale factorsD and B (which de-
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termines HLC’sD3). The same will apply to pbc, and
certainly to the simpler case ofPLspd.

To obtain the FSSF, one setsb  L. This results with
corrections to scaling terms. For example, the coefficie
of the small-̂x expansion ofF depend onL via viL2u ,
allowing for an efficient (and cheap) extrapolation toL !
` [3,4]. These corrections cannot be seen from a singlL
simulation, as used by HLC. In contrast, we studiedRLspd
for severalL’s. For example, in [3] we measuredF for fbc,
with L # 40 [typically 40 differentp’s and s2 5d 3 106

samples perp] finding thatFsx̂d 
1
2 1 x̂ 1 K3x̂3 1 · · ·,

with the universal amplitude ratioK3  21.02 6 0.02
(the metric factorD is normalized by setting≠F

≠x̂ jx̂0  1).
For the site problem on the square lattice we measu
Dsite,sq  0.760 6 0.005. These results are in agreeme
with, and even more accurate than, HLC’s data which g
K3 ø 21.1, Dsite,sq ø 0.762.

More recently [4], we studied pbc by simulatin
the site and bond problems on the square lattice
pc. Generalizing the hull generating walk method [5
we collected 106–107 samples with sizes up toL 
1000. Extrapolating toL ! `, we find R`spcd  Fs0d 
0.63 665 6 0.0008 [4]. This agrees well with the re-
cent Monte Carlo data for helical bc,R`spcd ø 0.63
[6], which are in this case very similar to the pb
but strongly disagrees with HLC’sFs0d  0.93s4d.
Additional simulations, usingL # 64, and collect-
ing s1 2d 3 106 samples for 60 differentp’s, yielded
Fsx̂d  Fs0d 1 x̂ 1 K2x̂2 1 K3x̂3 1 K4x̂4 1 · · ·, with
the universal ratiosK2,3,4  20.517 6 0.010, 21.08 6

0.1, 0.94 6 0.15. This is again very different from HLC’s
K2,3,4 ø 25.9, 11.8, 30.3. We suspect HLC used som
unconventional pbc.
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