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Simultaneous Action of Electric Fields and Nonelectric Forces on a Polyelectrolyte
Motion and Deformation
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We describe the deformation and drift of a charged polymer in solution under the simultaneous actio
of an electric field and a nonelectric force. This should be of interest for current micromanipulation
experiments on DNA fragments and for electrophoretic separation methods. Our description
qualitatively different from existing theories. The main results are (i) that the force to hold a
polyelectrolyte immobile in an electric fieldE` is proportional to its 3D size (and not to its
curvilinear length or total charge), and (ii) that its deformation is then essentially identical to tha
in a purely hydrodynamic uniform flow of velocityV ­ melE` (mel is the electrophoretic mobility of
the polyelectrolyte). [S0031-9007(96)00185-8]

PACS numbers: 82.45.+z, 07.10.Cm, 36.20.Ey
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Micromanipulation of “soft” objects (DNA, vesicles
filaments, motor-coated beads) in aqueous buffers
very trendy theme in current condensed matter phy
[1–5]. It has been prompted by the development
experimental techniques, allowing the manipulation
optical tweezers, micropipettes, etc.) and the direct v
alization of single objects in various situations (fluor
cence, phase contrast, etc.). DNA fragments have b
the subject of considerable attention as, in addition
their biological importance, they are individually obse
able model polymers [1,2,5].

Electric fields constitute an interesting way to indu
motion and deformation of such polyelectrolytes (char
polymers) to probe their structure and properties. E
trophoresis (i.e., the motion under the sole action of
electric field) in various media is furthermore the lea
ing separation technique of these charged macromolec
[6,7]. Its theoretical analysis even in solution is on a th
retical standpoint quite difficult, as it combines featu
specific of polymer physics to the intrinsic complexity
electrokinetic phenomena [8].

In this Letter we consider an even more general s
ation: a polyelectrolyte under thesimultaneouseffect of
an electric fieldE` and a nonelectric forceF. Not only
is this a theoretically challenging problem, but it is of
rect relevance for recent electrophoretic DNA separa
methods and for micromanipulation experiments whe
polyelectrolyte is moved or held immobile in an elect
field: The presence of the counterions generically indu
a hydrodynamic flowthat may or not be visible dependin
on the visualization technique, but induces shear force
drag, and deformation of the visible polyelectrolyte a
way. Although the problem at hand is complex and v
nonlinear [9], we propose for a given conformation of
chain to linearize the coupled electrohydrodynamic eq
tions (CEHE), so that by an appropriate superposition
situations in which only the force or only the electric fie
acts, we are able to make quantitative predictions
should be experimentally testable and that disagree
0031-9007y96y76(20)y3858(4)$10.00
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the formalism used in earlier analysis [10–12]: (i) Th
stall force F0 to immobilize a coily polyelectrolyte un-
der an electric field is proportional to its spatial size (a
not to its curvilinear length); (ii) a hydrodynamic-electr
(HE) equivalence that, in particular, predicts that an en
anchored polyelectrolyte deforms in a similar way in
electric fieldE` and in a hydrodynamic flow at velocity
V` ­ melE` (where mel is the electrophoretic mobility
of the polyelectrolyte). We stress that these predictio
require linearization of the CEHE, but not that the defo
mation of the chain remains in its linear elasticity doma

The outline of this Letter is as follows. We firs
recall the behavior of a polyelectrolyte under the so
force F or the sole electric fieldE`, and stress the
differences between the two cases. We then describe
result of their simultaneous action, in the regime wh
linearization of the CEHE holds, successively for low a
high deformation of the polyelectrolyte. Eventually, in
brief discussion we point out the differences between
predictions and earlier ones, the relevance of our res
for different practical situations and for other deformab
soft objects.

Take a linear polyelectrolyte of uniform linear charg
densityl, local radiusa, persistence lengthLp (charac-
terizing its rigidity), and overall curvilinear lengthL (pro-
portional to its polymerization index).L andLp are taken
much larger than the thicknessk21 of the sheath of coun-
terions that surrounds the backbone. We will consid
here long polyelectrolytessL ¿ Lpd so that their aver-
age unperturbed morphology is coil-like of radiusR .
LpsLyLpdn, with n ­ 1y2 for ideal chains andn . 3y5
if excluded volume effects are important [13]. The d
scription of dynamical properties of polyelectrolytes
difficult on many grounds (for a recent review see [14
but a few generic features are presented below.

A weak nonelectric forceF uniformly applied to the
chain will induce its motion at a velocityUF proportional
to F. In many cases the deformation of the counteri
cloud can be neglected so that the resulting elec
© 1996 The American Physical Society
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“retardation effect” can be neglected [8,14]. Theref
the polyelectrolyte behaves as a neutral polymer wo
Hydrodynamic interactions between monomers separ
by a distancer decay as.ayr , so that a collective
response builds up [13]. The polyelectrolyte is opa
to flow, and its friction coefficientj ­ FyUF is given
by a Stokes formula with a hydrodynamic radius roug
similar toR so thatj . 6phR up to a prefactor of orde
unity (h is the solvent viscosity).

Note that the forceF can be distributed inhomoge
neously between the monomers. An extreme case of p
tical interest corresponds to a forceF applied at only one
extremity. One then expects the chain to deform, w
tension increasing from zero at the free end toF ­ jFj

at the pulled one [15,16]. WhenF . kBTyR, the chain
elongates in a quantitative manner (in a “trumpet” sh
in this force geometry) to reach a lengthl. The conforma-
tion, and thus the effective friction coefficient, will the
depend onF, with typically j . 6phl. Note that this
problem is identical to the extension of an end-ancho
chain in a uniform flow, which has recently been the
ject of both theoretical and experimental studies [1,12,

Let us now consider pure electrophoresis of polye
trolytes. It is a difficult problem from a colloid physici
point of view as one of their dimensionssLd is usually
much larger than the Debye lengthk21, while a is typi-
cally comparable to it. This prevents the use of res
available in the literature for surfaces almost flat at
k21 length scale (see, e.g., [17]). Furthermore, the e
trostatic energies are typically (e.g., for DNA) compara
to the thermal energykBT so that the use of the Deby
Huckel approximation is questionable [14].

However, from a polymer physicist point of view
clear-cut statements can be made [14]. When a
E` is applied, electric forces act on the counterio
and are transmitted to the chain by viscous shear
Thus, during the drift of the polyelectrolyte at a veloc
UE , most of the dissipation occurs in the double la
around the backbone, and the hydrodynamic interact
between monomers arescreened. Papers that describ
the polyelectrolyte as an infinitely thin line conclude
a .exps2krd decay of the interaction [14,18], where
taking into account the finite radius leads to a.sayrd3

decay [19]. In both cases, the decrease is fast eno
to induce the breakdown of the collective respon
This is in agreement with the experimental observa
[14,20] that the electrophoretic mobilitymel ­ UEyE is
independent of the total lengthL. The coil is transparen
to the “electro-osmotic” flow in this so-called fre
draining picture. The chain experiences an electric fo
and a viscous friction thatlocally cancel each othe
Thus no deformation of the coil in pure electrophoresi
expected, and the electrophoretic mobility is independ
of the instantaneous conformation.

The fact that (contrary to a nonelectric force) the el
tric field acts on the counterions explains the failu
:
d

c-

e

d

].
-

s

-

d

.

s

h
.

e

t

-

of the too simple guess mobility = chargeyfriction, i.e.,
mel ­ lLyj. To recover from this drawback, polyele
trolyte electrophoresis is often described in terms of alo-
cal picture in which the dynamics of the polyelectroly
in an electric field is well represented by a local “effe
tive” or “electrophoretic” charge densityleff [10,11] and
a local friction coefficient per unit lengthfeff, so that
mel ­ leffyfeff, independently of length or configuratio
Although of some use to describe pure electrophore
this picture is dangerous whenever nonelectrical forces
applied, the situation which we address now.

Consider first a forceF and an electric fieldE` weak
enough so that their effects do not lead to apprecia
deformation of the coil, but induce its motion at a veloc
U. To deal with their combined effect, we lineariz
the set of CEHE describing the motion of the solve
the ionic fluxes, and electrostatics, in the vicinity
their equilibrium solution (F ­ O, E` ­ O, no flow).
This linearization procedure is commonly used for rig
particles [8] and seems to be valid in many practi
cases. Then our problem is solved by superposi
of the pure force (F active, E` ­ O), and the pure
electrophoresis problem (F ­ O, E` active). The solven
flow is the superposition of a Stokes-like flow arou
the coil proportional toF and an almost uniform flow
penetrating freely the coil proportional toE`. The
velocity of the object is the sum of that in the tw
problems, as can be extracted, for example, from
global force balance on the object:

F 2 j ? sU 2 mel ? E`d ­ O . (1)

This equation actually holds for any object, if the scal
j andmel are replaced by the friction and electrophore
mobility tensors of the object. As the coil is her
undeformed and thus symmetric, these tensors are act
scalars. Formula (1) can be of interest, e.g., to determ
in the linear regime of the CEHE, thestall force F0
required to maintain the coil immobilesU ­ Od in an
electric field:

F0 ­ 2j ? mel ? E` . (2)

As the electrophoretic mobility does not depend on
size of the coil, the stall force is thus proportional toj

and thus toR. In particular, this force is not2leffLE`

as a local force picture would suggest, but scales asLn.
If the combined effect ofF and E` induces tensions

larger thankTyR, significant deformation of the chain wi
occur. However, this does not preclude the lineariza
of the electrohydrodynamics equations for the solvent
the small ions around the polyelectrolytein its eventual
deformed conformation. So Eq. (1) is still valid in this
regime even though the polyelectrolyte is very deform
if j and mel are replaced by the friction tensor and t
electrophoretic mobility tensor in this deformed conform
tion. Let us recall now that, in the simple description
polyelectrolytes presented above, (a) the mobility is c
formation independent, and (b) in a pure electrophor
3859
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situation, electric and hydrodynamic forces on the po
electrolyte balance locally, so that no stress results on
backbone whatever its conformation.

We can then make profit of our superposition sche
Take first the purely nonelectric problem:F distributed in a
given way,E` ­ O. The coil then adopts a deformed a
erage conformation, say,C and moves at a velocityUF .
Consider now the electrophoresis of the polyelectro
“stuck” in the conformationC. As stated previously, the
polyelectrolyte moves atUE ­ melE`, and stresses ex
erted on the backbone balance locally. So, superimpo
the two problems does not lead to any further deformat
Local force balance is satisfied in the conformationC, and
the coil moves at a velocityU ­ UF 1 UE , which coin-
cides with Eq. (1) ifj is now the friction coefficient of the
chain in the conformationC (along its extended direction
i.e., parallel toF). The flow is still the sum of a Stokes-lik
part avoiding the interior of the deformed coily object a
of a homogeneous electro-osmotic one. The former
has to be calculated, but we have on our way proven w
we call a hydrodynamic-electric equivalence: As long
statements (a) and (b) in the preceding paragraph hold
polyelectrolyte adopts the same conformation if (i) mov
at a velocityU in the electric fieldE` or (ii) moved at
U 2 melE` in the absence of electric field. In particula
we predict that an end-anchored polymer should deform
the same way in an electric fieldE` and in a uniform hy-
drodynamic flow of velocityV` ­ melE`, a result at odds
with previous propositions [10,12].

Let us now discuss the interest, limitations, and dom
of application of our results. First, our two main resu
(stall force and HE equivalence) are in opposition to b
previous estimates drawn from a local force picture t
would predict a stall force proportional to the length a
a deformation in an electric field qualitatively differe
from that in a flow (e.g., Rouse trumpet and not Zim
trumpet in the language of [15]). Second, our predictio
should be easily checked with current micromanipulat
techniques [1,2,5].

To reach these simple propositions we, however, m
a few hypothesis.

First, we linearized the electrohydrodynamic equatio
This is a common procedure in electrophoresis textbo
for rigid colloids [8]. Let us stress again that the deform
bility threshold of the polyelectrolyteskTyRd has nothing
to do with the description of small ions, and, furthermo
this threshold decreases withL. Thus, for long polyelec-
trolytes, there will be a regime where forces and fie
weak from the point of view of electrohydrodynamics a
still strong enough to stretch the chain considerably. O
HE analogy should then fully apply. Considering the a
tual value of the rigidity of a DNA chain, one can als
argue that it should apply even for rather short (i.e., r
like) segments.

To discuss a second approximation, we remark
electrophoretic mobility should, in fact, be weakly d
3860
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pendent on the conformation due to the anisotropy of
electrophoretic mobility tensor for rodlike molecules [21
This local anisotropy could, in principle, induce defo
mation of very long chains undergoing electrophoresis
can be inferred from the formal analysis of [22], althou
available experimental results do not support the existe
of a strong effect [23]. This weak breakdown of sta
ments (a) and (b) may induce a slight departure from
(HE) equivalence, and should be taken into account i
more elaborate theory. Note also that for higher fie
one should take into account form and intrinsic birefr
gence of the flexible objects [13,23], whereas we focu
on the electrohydrodynamics and the sole polarization
the counterionic cloud.

As to their relevance, our novel predictions for pol
electrolytes suggest the reconsideration of earlier exp
mental results aimed at determining elastic or elec
properties of DNA chains [24]. Furthermore, electrica
induced DNA motion in the presence of obstacles und
lies most of their current separation methods [6,11,2
27], and the analysis of such situations should ben
from our approach. Another situation of practical inter
where forces and field act on a charged chain is the
cently proposed electrophoresis of composite objects
tained by attaching a buoy (protein or polymer) to t
DNA fragments to be separated. Our predictions ind
allow one to compute the electrophoretic mobility of su
complexes [28], correcting estimates based on a local
ture. Eventually, the arguments in this Letter of course
not hold for DNA chains in gels [6], where hydrodynam
flows are screened on a scale comparable to the pore
[9], so that the forces exerted by the gel do not give r
to collective effects. A local picture (at the pore scale)
thus relevant, and the extensive theoretical corpus de
oped for gel electrophoresis [29] remains valid.

In conclusion, we have analyzed the motion and
formation of polyelectrolytes under both forces and el
tric fields, obtained results in disagreement with previo
theories, and proposed experimentally testable checks
similar approach could also be undertaken for the anal
of the micromanipulation of other flexible objects und
electric fields. In particular, the statement that the s
force isnot the total charge times the field is rather ge
eral, and useful to keep in mind. The linearization pro
dure leading to Eqs. (1) and (2) is also broadly applicab
but, in general, does not allow one to derive the even
conformation of the deformed object. Only features s
cific to polyelectrolytes allowed us to go further here.

We are grateful to L. Leibler, J. Marko, and J. Prost
useful comments.
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