
VOLUME 76, NUMBER 19 P H Y S I C A L R E V I E W L E T T E R S 6 MAY 1996

a
e
a
ti

ie

a
ni
ie
it
a
e
e

ly
a

en
e
te
a

o

t i
-

o
a

o

l
f
e
ra

io
n

o
b
h

ing
es

ging
tion
nger
by

al
of

nce
and

m

e

ng

t
s
old
e
to
re

ng

ds
ls
].

-4]
Poliatzky Replies: In the case of a Dirac equation with
central potentiallV srd one has to differentiate between th
weak and strong forms of Levinson’s theorem. The we
form is a statement about the sum of positive and nega
energy phase shifts (see Ref. [1] for more details):
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whereh6mks0d are the phase shifts at threshold energ
e  6m, N1

k is the number of positive, andN2
k is the

number of negative energy bound states. The first c
refers to a situation without a threshold resonance (a fi
and yet not normalizable solution at threshold energ
e  6m) and the second case refers to a situation w
a threshold resonance. As explained in Ref. [1] the m
physical message of the weak form of Levinson’s theor
(as well as of Levinson’s theorem for the Schröding
equation) is the completeness of states. Consequent
is a rather general statement and is valid even in the c
of a strong potential withjlV srdj . 2m in some region of
the radial variabler.

The strong form of Levinson’s theorem is a statem
about the positive and negative energy phase shifts s
rately and it is also related to the completeness of sta
but the situation is more subtle here. In Ref. [2] it w
shown that
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wheren6
k are the numbers of nodes of the large comp

nent of the Dirac wave function at energiese  6m, re-
spectively (in notations of Ref. [2] the large componen
u1ek at positive andu2ek at negative energies). An equiv
alent statement is to say thatn1

k andn2
k are the numbers

of bound states which in the process of increasing the c
pling constant from 0 tol have entered the spectral gap
e  m and e  2m, respectively. Levinson’s theorem
as given by (2) is valid only for the case of a weak p
tential: jlV srdj , 2m for all r. This has been correctly
pointed out by Ma [3]. In the case of a strong potentia
new phenomenon occurs which reflects the possibility o
pair creation in the vicinity of such a potential. Below w
give a brief description of this phenomenon and a gene
ization of (2) to the case of a strong potential.

The way (2) was proved is to convert the Dirac equat
to a pair of effective Schrödinger equations [see (22) a
(23) of Ref. [2]] and then to use the usual connecti
between the phase shift at zero energy and the num
of bound states (equivalently the number of nodes). T
proof fails in the case of a strong potential because
the point r where jlV srdj  2m the effective potential
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becomes singular in a way that a simultaneous vanish
of the radial wave function and its first derivative becom
possible. Consequently, at this critical pointr pairs of
nodes can be created and annihilated as a result of chan
the coupling constant and hence the usual connec
between nodes, bound states, and phase shifts is no lo
valid. However, the fact that the phase shift increases
p (decreases by2p), if a node enters (leaves) the interv
s0, `g throughr  `, remains valid. Hence, as a result
changing the coupling constant from 0 tol the phase shift
accumulates a value which is determined by the differe
between the total number of nodes which have entered
the total number of nodes which have left the intervals0, `g
throughr  `. Therefore, generally Levinson’s theore
states that

h6mks0d 

8><>:
sn6

,k 2 n6
.kdp , jkj  1, 2, . . . ,

sn6
,k 1

1
2 2 n6

.kdp, k  71 ,

sn6
,k 2 n6

.k 2
1
2 dp, k  71 ,

(3)

where n6
,k sn6

.kd is the number of nodes of the larg
component of the Dirac wave function at positives1d and
negatives2d energies, which in the process of increasi
the coupling constant from 0 tol has entereds,d [left s.d]
the intervals0, `g throughr  `, and1

1
2 p s2 1

2 pd is for
the case of a threshold resonance with a node atr  `

which is entering (leaving)s0, `g. An equivalent statemen
is to say thatn6

,k sn6
.kd is the total number of bound state

which have entered (left) the spectral gap at thresh
energiese  6m, respectively. The statement (3) of th
strong form of Levinson’s theorem, while equivalent
(2) in the case of a weak potential where everywhe
jlV srdj , 2m, remains valid even in the case of a stro
potential where in some regionjlV srdj . 2m. Notice that
the weak form (1) follows from the strong form (3).

The formal proof of the above statements procee
using a strategy similar to the one of Ref. [4] which dea
with a similar problem. More details are given in Ref. [5
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