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Plasma-Based Inverse Free-Electron Laser for High-Gradient Acceleration of Electrons
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(Received 14 September 1995; revised manuscript received 15 January 1996)

It is shown that the acceleration rate and the maximum energy transfer between the pump wave and
the electron beam in the plasma beat-wave acceleration can be considerably increased by placing the
plasma in the wiggler cavity of an inverse free-electron laser. [S0031-9007(96)00129-9]

PACS numbers: 52.75.Di, 41.60.Cr, 41.75.Lx, 52.40.Mj
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Plasma-based devices for the high-gradient accelera
of electron beams are currently the subject of intense
vestigations. In particular, the plasma beat-wave acce
ation (PBWA), in which the acceleration is provided by
strong electrostatic (ES) wave generated in a cold pla
by the nonlinear resonant beating of two lasers, has b
studied in the past years in considerable detail and
tested experimentally [1–4]. Two important quantities
these experiments are the acceleration rate, i.e., the
crease in the average energy of the beam in MeV per
ter, and the overall maximum increase of the beam ene
that the accelerating process produces before saturatio

The basic aim of this Letter is to show that the
two quantities can be enhanced considerably by plac
the plasma in the wiggler cavity of a free-electron las
(FEL), i.e., by loading with a plasma the wiggler cavity
an inverse FEL, under the basic conditionh  nbynp ø

1, where nb and np are the average numbers per u
volume of the electrons of the beam and of the plas
respectively. The same scheme, a plasma-based inv
FEL, was proposed by Bobin [5], but in essentially t
opposite situation, namely,nbynp ¿ 1.

We may consider that the weak electron beam p
duces only small disturbances in the plasma in equilibri
with the large, static, and spatially periodic magnetic fie
Bw  = 3 Aw of the wiggler. We further assume tha
the equilibrium plasma carries transverse diamagnetic
rents that produce, in turn, a diamagnetic fieldBD  = 3

AD , partially opposing that of the wiggler. In the on
dimensional description, ifAwszd  sawy

p
2 d sêe2ikwz 1

c.c.d, with ê  s1y
p

2 d sex 1 ieyd, is the vector poten-
tial of the magnetic field of a helical wiggler and
the usual relationp'sz, td  mgpu'sz, td  seycdAsz, td
between the average transverse momentum of the e
trons of the plasma and the potentialA is satisfied,
we find that the total vector potential in equilibrium
is AD 1 Aw  gpAwysgp 1 v2

pyc2k2
wd, where vp 

s4pe2npymd1y2 is the plasma frequency of the electro
of the plasma,gp  s1 2 b2

pd21y2  s1 2 u2
'yc2d21y2

is the Lorentz factor of the undisturbed plasma,bp 
aw0ysgp 1 v2

pyc2k2
wd, and aw0  eawymc2 is the wig-

gler parameter.
The large wiggler magnetic field modifies the dispe

sive properties of the plasma. If we write the norm
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modes for both transverse vector potential and plas
number density, respectively, asdA ~ eifsk2kwdz2vskdtg

and dnp ~ eifkz2vskdtg, it can be shown that the dispe
sion relation of the plasma in the strong wiggler magne
field is given by the following equation which is of th
third degree in the quantityu  v2skd 2 v2

pygp:

u3 2 2u2fc2sk2 1 k2
wd 2 Gg1

ufc4sk2 2 k2
wd2 2 4Gc2k2 2 2Gc2k2

wg1

2Gc4k2sk2 1 k2
wd  0 , (1)

where G  v2
pb2

py2gp. This equation reduces to th
usual dispersion of the unmagnetized plasma, in the l
in which bothbp (or aw0) and kw go to zero. Figure 1
shows the three rootsv vs k of the dispersion relation (1)
as compared with the two branches of the unmagnet
case, for a plasma densitynp  1014 cm23 and a wiggler
with wavelengthlw  2 cm and a magnetic field pea
value of 17.5 T (the wiggler parameteraw0 ø 35).

The waves that obey Eq. (1) have a mixed characte
the sense that both axial electric fielddEz (or, equiva-
lently, the plasma number densitydnp) and transverse
radiation fielddE'  2s1ycd≠dAy≠t participate to the

FIG. 1. The three branches of dispersion (1) (solid line
for np  1014 cm23, lw  2 cm, Bw  17.5 T, aw0  35.
Dashed lines are the usual purely transverse (upper dashed
and longitudinal (Langmuir) waves in the nonmagnetic case
© 1996 The American Physical Society
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oscillatory motion. If we write
dnp

np
 MLstdeifkz2vskdtg 1 c.c. (2)

for the longitudinal disturbance, the associated transv
vector potential is given by

e
mc2

dA  MLstdQskdeifsk2kwdz2vskdtg

1 M?
L stdQs2kde2ifsk1kw dz2vskdtg,

where the vectordA has been written in the undulator re
erence system asdA  êdA 1 c.c., and the polarization
ratio Qskd is

Qskd 
gpuskd

p
2bpc2k2

uskd 2 c2sk 1 kwd2

uskd 2 c2sk2 1 k2
wd

.

There are two circularly polarized transverse waves w
the same frequencyvskd and wave numbersk 2 kw and
k 1 kw .

Since we are analyzing the problem within the fram
work of temporal rather than spatial problems, we
sume that an unbunched beam of electrons and
intense wave with frequency and wavelength satisfy
the dispersion relation (1) are present, att  0, inside the
plasma in equilibrium with the wiggler field. Fort . 0,
the beam starts interacting with the longitudinal and tra
verse components of the strong wave, but on a time s
which is slower than that of the carrier frequency in (
We admit that the intense accelerating wave inside
plasma does not give rise to any appreciable decay
other unwanted waves and disregard, therefore, all b
ear terms in the fluid equations of the plasma. We
sume further that the whole acceleration process ta
place over a time scale so short that all nonlinear p
deromotive effects can also be ignored.
:
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Using fully relativistic equations of motion for bot
beam and plasma electrons, the sheet model for
electron beam [6,7] and the slowly varying envelo
approximation, we find that the amplitudeMLstd in (2)
varies according to the following equations:

d
dt

MLstd  2 iS1
1
N

NX
j1

e2iuj

2 iS2
1
N

NX
j1

1
gj

e21uj ,

d
dt

ujstd 
pjq

g2
p 1 p2

j

2 br , (3)

d
dt

pjstd  2 iS3skbleiuj 2 c.c.d

2 i

µ
S4 1

S5

gj

∂
sMLeiuj 2 c.c.d .

In these equations, the indexj ranges from 1 to
N , the total number of electrons of the beam
the wavelengthl  2pyk of the longitudinal wave,
ujstd  kzjstd 2 vskdt is the angle of the phase of the
same electrons in the field of the wave,br  vskdyck
is the relativistic factor of the wave, andt  ckt. Fur-
thermore,pj  bjgj, wheregj  sg2

p 1 p2
j d21y2 is the

dominant part of the Lorentz factor of the beam electr
and bj  s1ycddzjstdydt, while kbl  N21

PN
j1 e2iuj

is the usual beam bunching factor. Finally,S1 
2V2

pV
2
bbpygpM0, S2  2V

2
bbpgpsb2

r 2 V2
pygpdyM0,

S3 
1
2 V

2
b, S4  V2

p , S5  g2
psb2

r 2 V2
pygpd, where

Vp  vpyck, Vb  vbyck, v
2
b  4pe2nbym, and
M0 
s8brgpybpd sb2

r 2 V2
pygpd fb2

r 2 sV2
pygpd s1 2 b2

py2d 2 1 2 k2
wyk2g 2 4brbpV2

ps1 1 k2
wyk2d

b2
r 2 V2

pygp 2 1 2 k2
wyk2

.
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Equations (3) have the following constant of the motion

V2
bkpl 1

gpM0

2bp
jMLj2  const,

wherekpl  N21
PN

j1 pj , which states that the physica
system acts as an accelerator when the energy of the w
is transferred to the beam, or as an amplifier when
beam kinetic energy is transferred to the wave (plasm
based FEL). At the same time, it shows that there i
theoretical maximum energy transfer in the accelerat
process, i.e., that the energy of the beam saturates
value not greater thangpM0jMLst  0dj2y2V

2
bbp.

An important feature of the acceleration process
scribed by Eqs. (3) is its resonant character around
value br  1. This means that the maximum energ
transfer from the accelerating wave to the beam is to
expected when the phase velocityvskdyk of the wave is
equal to the velocity of lightc. This fact can easily be un
covered by assuming that the acceleration imparted to
ve
e
-

a
n
t a

-
e

e

e

electrons of the beam is already so effective that one c
safely writebj ø 1 and consequently disregard all term
proportional to1ygj. The second equation in (3) can the
be integrated to giveuj  s1 2 br dt, apart from constant
values. Taking the average of the third equation over
electrons of the beam then leads to the conclusion that

kpl ~ S4

∑
const3

eis12br dt

1 2 br
1 c.c.

∏
,

which shows thatkpl grows secularly in time when
br  1.

Figure 2 gives the results obtained through direct n
merical integration of Eqs. (3) and shows how the acc
eration process improves by increasing the magnetic fi
of the wiggler. It gives the time behavior of the averag
value kgl of the electrons of the beam and refers toh 
nbynp  1023, a plasma density ofnp  1014 cm23, and
a wiggler wavelengthlw ø 2 cm. The initial value of
3579
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FIG. 2. Time behavior ofkgl in the casenp  1014 cm23,
h  nbynp  1023, lw  2 cm, kgl st  0d  4, jMLst 
0dj  0.3, N  200, for various values of the wiggler param
eter aw0. Curve (a) refers to the nonmagnetic caseaw0  0,
pump wave wavelengthlp  0.33 cm, and angular frequenc
v  5.6 3 1011 sec21; curve (c)aw0  38, bp  0.96, Bw 
19 T, lp  1.78 cm, v  1011 sec21.

kgl is 4, corresponding to a 1.5 MeV beam and the
tial value of jMLj is 0.3, corresponding to a peak val
of the longitudinal component of the accelerating wa
sdnpynpdpeak  0.6.

Curve (a) with the undulator parameteraw0  0, refers
to the acceleration process taking place in a nonma
tized plasma. In this case, the angular frequency of
accelerating wave is equal to the plasma frequencyvp 
5.64 3 1011 sec21. If we assume as reasonable that th
is a relation likeDz  cDt  Dtyk between space an
time variables and that the accelerating waves are all
actly resonant, i.e., in all cases,vskdyk  c, curve (a)
shows that, in the nonmagnetic case, the process satu
at Dz ø 0.5 m with an increase inkgl of roughly 90 MeV
leading to an average acceleration rate of 180 MeV
Curve (b) refers to the valueaw0 ø 30 and to an undula-
tor peak value magnetic field of roughly 15 Tsbp  0.8d.
The process saturates, in this case, in approximately
and leads to a final value ofkgl of about 900 and to
an average acceleration rate of 430 MeV/m. In the
treme case represented by curve (c) in whichaw0 ø 38
and the undulator magnetic field is of approximately 19
sbp  0.96d, the increase inkgl saturates in a distance o
2.5 m and the average acceleration rate is of 980 MeV
The acceleration rates are somewhat higher over the
meter of the acceleration length and are of 0.44
1.5 GeV/m for curves (b) and (c), respectively. Figure
represents the beam electron population in the phase p
huj , gjj in the case (c) of Fig. 2, at timet  900, when
kgl is near the saturated value of abut 5000. It sho
that while a number of electrons are not accelerated
indeed deceleratedsgj > 1d, a considerable fraction o
electrons reaches energy values from 3 to 4 GeV.
this case, with the beam initially unbunched (kbl ø 0 at
t  0), the energy spread

p
jkg2l 2 kgl2jykgl is rather
3580
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FIG. 3. Phase-planegj vs uj representation for the case (c
of Fig. 2 at timet  900.

large, about 60%, for all values oft. Figure 4 gives the
time behavior of both longitudinal and transverse pum
wave amplitudes. It shows clearly that there is no deph
ing of the electrons of the beam and that the accelera
process saturates solely because of pump depletion.

The density of the electron beam submitted to t
acceleration is severely limited by the minimum possib
wavelengths and/or maximum magnetic field strengths
conventional undulators. The preceding example refer
to a beam withnb  1011 electronsycm3. Much higher
values of the beam density, e.g.,nb ø 1015 cm23, would
require correspondingly higher values ofnp, i.e., np ø
1018 cm23, very short magnetic field wavelengths, of th
order of 0.1 cm or less and, above all, very high valu
Bw ø 106 G or more, of the strength of the magnetic fie
structure inside the plasma.

FIG. 4. Time behavior of longitudinal (a) and transverse (
pump wave amplitudes showing nearly complete depletion
t ø 1000.
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In conclusion, we have shown that a static, rippled m
netic field structure perpendicular to the beam is able
increase considerably the acceleration rate in experim
of the PBWA type, along the line suggested in Ref. [
where “surfing” of the electrons of the beam over a
along the crests of the Langmuir wave has been propo
as a means of improving the quality of the accelerat
process. All two- and three-dimensional phenomena,
transverse instabilities of the electron beam, beam e
sion, as well as radiative losses due to the more com
transverse motions of the electrons of the beam, are o
ously absent in the present, one-dimensional treatmen
proof-of-principle experiment could be done with rath
low density electron beams, very limited plasma lengt
pump waves in the microwave region, and using conv
tional undulators. The pump wave is partially a transve
wave and, therefore, it could even be excited in the w
gler cavity by direct outside injection. For instance, w
np  1012 cm23, lw  12 cm, Bw  1.3 T, and an in-
put frequencyv  1.3 3 1010 sec21, a beam with den-
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sity nb  109 cm23 and initial energy 1.5 MeV can be
accelerated in 1 m, up to the valuekgl ø 270, with an
acceleration rate of about 140 MeV/m. Without magne
field, the same experiment would give an acceleration r
of only 37 MeV/m.
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