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Particle-in-cell simulations show that finite width and length laser pulses subject to relativistic
focusing propagate in an underdense plasma in a “bullet” shape and produce a quasistatic m
field. This field remains behind the pulse and forms a magnetic wake associated with a row of el
fluid vortices which are described by the Hasegawa-Mima equation. The vortices propagate much
slowly than the pulse and evolve into an antisymmetric configuration which is shown to be stable
the distance between its vortices is greater than the electron skin depth. [S0031-9007(96)00103
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Vortex dynamics is considered to be important
explaining a wide variety of nonlinear processes in ma
netized plasmas and to represent the final stage of
development of turbulence [1–3]. In this Letter we di
cuss a new area of application of vortex physics and sh
that electron fluid vortices are produced in the interact
of an ultrashort high-intensity laser pulse with an initial
unmagnetized plasma. A laser pulse with finite length a
width, and with sufficiently high intensity, is subject t
relativistic self-focusing and can propagate in the shape
a short, narrow “bullet” [4]. As was shown by compute
simulations [5,6], a quasistatic magnetic field is produc
in the vicinity of the region where the electromagne
radiation is localized. We address here the question
what geometrical structure this quasistatic magnetic fi
can be expected to develop behind the laser pulse.

First we present the results of a particle-in-cell (PI
computer simulation of the interaction of a laser pul
in an underdense plasma, which we performed in or
to analyze the shape and the time development of
quasistatic magnetic field. We used the 2X3V-PIC re
tivistic electromagnetic code described in [4]. All physic
variables depend on two spatial coordinatesx andy. Ions
are treated as a fixed charge neutralizing background
512 3 256 grid is used with approximately 106 particles,
the plasma begins atx ­ 5l and is preceded by a vacuum
region and the pulse is initialized att ­ 210pyv outside
the plasma at thex ­ 0 boundary. The laser pulse i
linearly polarized with its electric field directed along th
z direction, so that thez component of the magnetic field
is initially zero. In Fig. 1 we present the results obtain
in the case of an underdense plasmasvpeyv ­ 0.45d of
a pulse with frequencyv, dimensionless amplitudea ;
0031-9007y96y76(19)y3562(4)$10.00
-
e

w

d

f

d

f
d

r
e
-

A

eEymevc ­ 3 (a . 1 for relativistic pulses), and initia
width and lengthl' ­ 5l and lk ­ 12l, respectively.
For these parameters the pulse powerP ­ a2l' is greater
than the threshold for relativistic self-focusing. As
result, the pulse is focused and propagates in the sh
of a narrow, finite length bullet as shown in Fig. 1.
vortex row is formed behind the pulse: Solid (dotte
lines correspond to constant positive (negative) val
of the z component of the magnetic field. Since=== 3

B is proportional to the electron fluid velocityv, these
isomagnetic curves also correspond to the stream l
of the electron motion. The structure and magnitude
the magnetic field correspond to that of a narrow cen
current sheet directed alongx and carried by relativistic
electrons produced by the wave break of the plas

FIG. 1. Magnetic wakefield generated by an ultrashort la
pulse in an underdense plasma: (a) distribution of the quasis
magnetic field; (b) e.m. energy density on the pulse a
(X ; kx ­ 2pxyl, Y ; ky ­ 2pyyl, B is normalized on
mevcye).
© 1996 The American Physical Society
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wakefield [6]. Plasma charge neutrality is ensured by t
return current sheets which run at the periphery due
opposite current repulsion. This repulsion is the basis
the magnetic field formation through the development
the Weibel instability. The occurrence of wave breaki
makes these laser plasma regimes less interesting
the point of view of laser wakefield acceleration, ev
if per se the focusing properties of the magnetic fie
would be beneficial, as discussed in Refs. [7,8]. Follow
Ref. [6], we estimate the magnetic field strength asB ­
asmevcyed svpeyvd2. We see that the current she
develops an instability which tends to bend it and
produce a vortex row: The small scale vortices me
and an asymmetry appears in the vortex row. The s
of these vortices is typically of the order of or larger th
the collisionless skin depthcyvpe and the period of their
motion is much longer than that of the Langmuir wave
The propagation velocity of the vortex row alongx is ø
1

40 yg, much smaller than the group velocityyg ø c of the
laser pulse. We also see the development of a small s
instability that generates a short wavelength turbulenc
“vortex pairs” at a distanceø2pcyvpe behind the head
of the laser pulse [Fig. 1(a)]. In the distribution of th
electromagnetic energy density shown in Fig. 1(b), we
that the pulse is localized in a well-delimited region a
that its leading part becomes sharper.

In the remaining part of this Letter we will investiga
the bending instability of a finite width current sheet th
has been observed in the PIC simulations. We invoke
freezing of thez component of the rotation of the gen
eralized momentum=== 3 fp 2 seycdAg into the electron
fluid. Here p is the electron momentum andA is the
vector potential. Since their motion is slow compar
to the Langmuir time and their velocity is much small
than speed of lightc, the electron fluid can be regarde
as incompressible. This leads to the following relatio
ship between the electron velocity and the magnetic fie
v ­ 2scy4pend=== 3 B, so that, takingB to be along the
z axis, we obtain

s≠y≠t 1 ẑ 3 =B ? =d sDB 2 Bd ­ 0 , (1)

where the time and space units arev
21
Be ­ a21svyv2

ped,
and cyvpe, respectively. Equation (1) is known a
the Charney equation or the Hasegawa-Mima (H
equation in the limit of zero drift velocity or the electron
magnetohydrodynamics equation [1,2,9,10]. As is w
known (see Refs. [3,11]) Eq. (1) has a discrete vor
solution for which the generalized vorticity is localized
the pointsr ­ rj: V ­ DB 2 B ­

P
j Gjdsssr 2 rjstdddd.

Here Gj are constants andr ­ sx, yd. Then we have
B ­

P
j Bj , Bjsssr, rjstdddd ­ 2sGjy2pdK0sssjr 2 rjstdjddd.

Here and belowKnsjd are modified Bessel functions
The curvesrjstd are determined by the characteristics
Eq. (1) Ùrj ­ ẑ 3 === ?

P
kfij Bksssrjstd, rkstdddd. From these

expressions the equation of motion of the vortices,
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Ùxj ­ 2
1

2p

X
kfij

Gk
yj 2 yk

rjk
K1srjkd,

Ùyj ­
1

2p

X
kfij

Gk
xj 2 xk

rjk
K1srjkd , (2)

follows, whererjk ­ jrj 2 rkj ­ fsxj 2 xkd2 1 s yj 2

ykd2g1y2. We will assume that all vortices have the sam
absolute amplitude and takejGjj ­ 1.

We consider the problem of the stability of an infini
vortex chain. In the initial equilibrium the vortice
have coordinatesx0

j ­ js, y0
j ­ 0, 2` , j , 1` and

amplitudesGj ­ 1. If the distances between neigh-
boring vortices is much smaller than 1 (in dimension
units much smaller than the collisionless skin dept
for s ø j yj ø 1 the chain separates two subregion
an upper and lower one, with opposite electron veloc
along x, yx ­ 7U ­ 71ys2sd. This is equivalent to a
vortex film with uniform surface density of generalize
vorticity 21ys. Far from the film forj yj ¿ 1, bothB and
yx tend to zero exponentially. This structure correspon
to two, oppositely directed, electric current sheets t
have a width of order one. In the analysis of a vort
chain stability we extend the approach developed in
drodynamics [12] to the Hasegawa-Mima point vortic
We consider the motion of thejth vortex with coordinates
x ­ js 1 xjstd and y ­ yjstd. Because of the trans
lational invariance of the initial configuration we see
solutions of Eqs. (2), linearized around the equil
rium configuration, of the form xj ­ X expfgt 1

is jwdg, yj ­ Y expfgt 1 is jwdg, with 0 , w , 2p.
If w is small, the perturbation has the form of a sinusoi
wave with wavelengthl ­ 2pyk ­ 2psyw, wherek is
the wave number. The perturbations grow exponenti
in time, and the growth rateg is given by

g ­
1
p

(" X̀
j­1

K1s jsd
js

s1 2 cosjwd

#

3

"X̀
k­1

√
K2sksd 2

K1sksd
ks

!
s1 2 coskwd

#)1y2

.

(3)

If s ø 1 and w ¿ 2ps, l , 1 and Eq. (3) reproduce
the result obtained in Ref. [12]:g ­ ws2p 2 wdy4ps2.
When w ø 1, we haveg ø wy2s2 ­ kU, whereU ­
1ys2sd, which coincides with the growth rate of th
Kelvin-Helmholtz instability. Fors ø 1 and w , 2ps,
i.e., for wavelengths greater than the width of the curr
sheet sl . 1d, Eq. (3) givesg ­ w2yps3 ­ k2Uy2p.
In the long wavelength limit the instability becomes slo
compared to the Kelvin-Helmholtz instability. In th
limit s ¿ 1, when the distance between two neighbori
vortices is larger than one, Eq. (3) givesg ø s1 2

coswd exps2sdys
p

2p and the instability is exponentially
slow.

In order to determine the nonlinear stage of the vor
film instability, we have performed a numerical integrati
of Eq. (1). At the initial time the generalized vorticit
3563
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FIG. 2. Bending instability of a vortex film. (a) Curve
of equal generalized vorticityV for t ­ 19v

21
Be , lengths

are normalized tocyvpe, the initial vorticity is V ­ 1:
Vmin ­ 20.03, Vmax ­ 1.3; (b) isomagnetic curves:Bmin ­
20.037, Bmax ­ 0.1.

is assumed to be localized in a region narrow in they
direction and infinitely long in thex direction. Then
a small amplitude perturbation that depends on botx
andy is superimposed. The width of the vortex layer
0.05cyvpe, while the perturbation wavelength is equal
2cyvpe. This corresponds to the case when the wid
of the vortex layer is much shorter than the collisionle
skin depth while the perturbation wavelength is longer.
Fig. 2(a) we see the bending of the chain and the forma
of bunches of generalized vorticity on the vortex film. T
isomagnetic curves have the form of “squint cat eye
as shown in Fig. 2(b). This instability slows down wi
time. This can be explained by the exponential decrea
of the instability growth rate when the distance betwe
neighboring vortices becomes of order or larger than
consistent with the analytical results obtained above.

Now we consider the stability of a thin current she
We note that the instability of a current sheet agai
n
.

3564
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bending in the framework of the MHD description ha
been investigated in Ref. [13]. Let us consider a do
ble chain of opposite vortices in which the coord
nates and the amplitudes of point vortices are eq
to x0

j ­ js 1 Ut, y0
j ­

1
2 q, 2` , j , 1`, Gj ­ 21

for the upper chain, andx0
k ­ sk 1 sds 1 Ut, y0

k ­
2

1
2 q, 2` , k , 1`, Gk ­ 1 for the lower chain, re-

spectively. The distance between neighboring vortices
a chain iss, the distance between the chains in they di-
rection is q, and the lower chain is shifted along thex
direction byss: s ­ 0 and s ­ 1y2 correspond to the
symmetrical and to the antisymmetrical configurations,
spectively. Here

U ­
q
p

X̀
k­0

K1sr
0
kd

r
0
k

, r0
k ­ fsk 1 sd2s2 1 q2g1y2

(4)

is the global velocity of the double chain in thex direction.
When s ø 1 and q ø 1 we recover known results
[12]: U ­ s1y2sd cothspqysd for s ­ 0, and U ­
s1y2sd tanhspqysd for s ­ 1y2. Far from the vortex
row the magnetic field and the electron fluid veloci
tend to zero exponentially. Forq , 1 this configuration
corresponds to an electron current sheet with thicknesq
surrounded by two opposite current sheets with thickn
of order 1, and is similar to the configuration observ
behind the laser pulse (see Fig. 1).

In our PIC simulation the velocity of the row prop
agation is of ordercy40. For a pulse witha ø 3 and
vpeyv ­ 0.45, we estimateeBymecv ø 1 which is
consistent with our normalizationjGjj ­ 1. Then, from
Eq. (4) we find that the distance between neighbor
vortices must be approximately equal to2cyvpe in
agreement with Fig. 1. From Eqs. (2) we can obta
to the first order in perturbation amplitude, the lin
earized equation of motion of the vortices. Lookin
for solutions of the form xj ­ X expfgt 1 is jwdg,
yj ­ Y expfgt 1 is jwdg, x0

k ­ X 0 expfsgt 1 ikwdg, y0
k ­

Y 0 expfgt 1 iskwdg, for the perturbations of the coor
dinates of vortices from the upper and the lower cha
respectively, we find the dispersion relation which giv
the relationship between the real and imaginary parts og

andw:
g ­
iß
p

X̀
k­0

sk 1 sdsq

r
02
k

K2sr0
kd sinsk 1 sdw 6

1
p

("
2

X̀
j­1

K1srjd
rj

s1 2 cosjwd

1
X̀
k­0

√
K1sr

0
kd

r
0
k

2
q2K2sr0

kd
r

02
k

!
f1 1 ß cossk 1 sdwg

# "X̀
j­1

√
K1srjd

rj
2 K2srjd

!
s1 2 cosjwd

2
X̀
k­0

√
K1sr

0
kd

r
0
k

2
sk 1 sd2s2K2sr

0
kd

r
02
k

!
f1 2 ß cossk 1 sdwg

#)1y2

, (5)
n

whereß ; 61 depends on the parity of the perturbatio
The symmetricals ­ 0 vortex row is always unstable
In the limit s ø q ø 1 and q ø 2psyw ø 1, we
. recover Rayleigh’s result for the growth rateResgd ­
wUsqwd1y2ys3y2 ­ kUskqd1y2 of the bending instability
of a finite width, fluid stream. When the perturbatio
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FIG. 3. Bending instability of a current sheet. (
Curves of equal generalized vorticityV for t ­ 19v

21
Be :

Vmin ­ 21.193, Vmax ­ 1.198. (b) Isomagnetic curves
Bmin ­ 20.02, Bmax ­ 0.02.

wavelength is larger than 1 andq sq , 1 , 2psywd,
we can estimate the instability growth rate asResgd ø
k2Uskqd1y2. If the distance between neighboring vortic
is larger than 1,s . 1, the growth rate is exponentiall
small.

In the case of the antisymmetrical vortex row wi
s ­ 1y2 we expect a more complicated behavior of t
perturbations, compared to that of the symmetrical c
figuration. As noted in Lamb’s monograph [9], in sta
dard hydrodynamics the antisymmetrical von Karma
vortex row is stable forqys ø 0.281. In the hydrody-
namic case a point vortex is described bysGjy2pdlnjr 2

rjstdj instead of the expression (2) which involves t
Bessel functionK0sssjr 2 rjstdjddd. By direct inspection of
Eq. (5) we see that for large distance between neigh
ing vortices the antisymmetric vortex row is stable wh
3s2y4 . q2 . sy2.

For the parameters of Fig. 1(a) the growth rate (5) le
to an e-folding time of order30yv, which is consistent
with the time taken by the symmetric vortex row on t
left of Fig. 1(a) to transform into an antisymmetric ro
with values of s and q in agreement with the abov
stability condition.
e
-

-
s

r-
n

s

In order to investigate the nonlinear stage of t
bending instability of a current sheet with finite width an
a smooth distribution of the generalized vorticityV ­
B 2 DB, we have performed a numerical integration
Eq. (1). We have analyzed the case corresponding
current width smaller than one (than the collisionless s
depth). The initial perturbation amplitude of 0.1 and t
wavelength is equal to two.

In Fig. 3 the result of the development of the bendi
instability of a thin current sheet is presented. Initiall
the width of the current sheet is0.05cyvpe and the total
electric current inside it is one. This current sheet
formed by two generalized vorticity layers with opposi
vorticity and distance0.05cyvpe. In Figs. 1(a) and 3(b)
we see the development of an antisymmetric vortex ro
In the initial stage, fort # 20v

21
Be , the instability grows

exponentially in time. However, in the nonlinear sta
t $ 20v

21
Be , the growth is not so fast.
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