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Wave instabilities in open, driven systems cause bursty emission. Local burst propertie
combined with global power balance to predict the source dynamics, energy conversion efficienc
distribution of power levels. Sporadic growth near marginal stability is characterized by nonin
scaling exponents and an exponential distribution of power levels, unlike self-organized crit
or stochastic growth. Predictions are confirmed by particle-in-cell simulations of driven cycl
instabilities. Solar microwave bursts are found to have the predicted distribution of power l
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In many natural and laboratory situations unstable wa
grow in driven, inhomogeneous, open plasmas, leadin
clumpy waves within the source and highly variable r
diation from it. Examples include some solar and stel
flare emissions, interplanetary, planetary and auroral ra
bursts, radiation from beam-plasma experiments, and sp
emissions observed during electron cyclotron heating
mirror plasmas [1–10]. These systems are far from co
mon theoretical idealizations of smoothly varying pla
mas whose instabilities can be studied entirely by lo
uniform-plasma methods. It is a challenge to develop
alytic methods that can handle them. Here, we investig
electron cyclotron maser emission (ECME) from a driv
inhomogeneous open system. This is a problem that is
portant in its own right because of its application in co
texts such as generation of solar microwave spike bu
which derive their energy from hot electrons generated
solar flares [2,3,5]. It also serves as a representative
ample of the broad class of extended systems, comm
in space and astrophysics, in which waves, such as be
driven waves, are driven unstable due to steady buildup
particle free energy; much of our analysis is correspo
ingly general. Unlike coherent laboratory sources, su
systems typically are not contained in a resonant cav
and involve aclassicalpopulation inversion over a finite
continuous range, rather than discrete levels.

Early particle-in-cell (PIC) simulations of ECME
showed that, even when the driving is uniform, wa
growth is highly nonuniform and radiation from th
driven region is bursty, consistent with observed high
spiky solar microwave emissions [1,3,4]. Taking ind
vidual spikes to constituteelementary bursts(EBs) [2],
self-consistent length and time scales of EBs were deri
and it was possible to reconcile the theoretical time sca
of individual bursts with solar observations [5]. In th
picture, it was argued that EBs relax particle free ene
in small localized regions, then propagate away, af
which free energy rebuilds due to particle advection un
another EB relaxes it. Typically, waves interact with
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most a few EB regions before dropping out of resonan
with the energy source because of gradients in the sou
parameters (e.g., magnetic field, density, etc.) [2,
unlike stochastic growth which involves interactions wi
large numbers of uncorrelated regions [6–8]. We a
show below that the bursty energy emission is unli
that in self-organized criticality [11] because it involve
a characteristic scale. Statistical properties are shown
distinguish the three regimes clearly.

Despite the success oflocal EB theory, the physics of
individual bursts has never been incorporated into a mo
of the overall dynamics of the source region, nor has
been possible to compare the predicted scaling expon
directly with simulations.

In this Letter, we combine the local physics of EB
with considerations of global power balance to determ
the dynamics of the source region and scalings of o
servable quantities. The results are then successfully
ified against inhomogeneous PIC simulations and so
microwave observations.

The model investigated here involves wave growth in
extended open system in which free energy is continua
replenished. The particle free energyF is transferred to
energy W in unstable waves as well as being lost v
spontaneous emission of other waves. The waves
escape through one or more boundaries and it is assu
that the instability is narrow band. This implies tha
unstable waves of a given frequency only interact w
particles over a distance much less than the system
L because gradients in the system parameters cause
to drop out of resonance. The resulting equations are

dkFlydt  AsRd 2 akFWl 2 S , (1)

dkW lydt  akFW l 2 ckj≠Wy≠xjl , (2)

wherex is position,t is time,a is a constant, angle bracket
denote global averages, andR is the rate of increase o
free energy in the absence of relaxation. (i) Spontane
emissionS is assumed to be broad band and approximat
© 1996 The American Physical Society
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constant with respect toR in the steady state and its inpu
to the narrow band unstable waves is neglected. (ii) In
steady state, the mean net deposition rate of energyAsRd
is given byAsRd  A0Rf1 2 exps2gtcdg 1 S, whereA0
is a constant andg is an effective relaxation rate, whic
allows for incomplete energy transfer from source to wav
in a wave-particle interaction timetc. Taking EBs to be the
fundamental entities in the system, it has been shown
g , R1y2 [5]. In the systems of interest here,tc ~ 1yR
(see below), and hence

AsRd  A0R

∑
1 2 exp

≥
2

q
RcyR

¥∏
1 S, (3)

whereRc is a constant. Note thatAsRd 2 S , R at small
R, while AsRd 2 S , R1y2 for largeR. (iii) We assume
that the instability growth rate isaF near marginal sta-
bility, a good approximation for many plasma instabi
ties [12]. Inside an EB the local wave energyW then
increases asdWydt  aFW in the absence of losses, wit
F , Rt prior to saturation, which occurs att , R21y2 [5].
The resulting average power transfer to unstable wa
is akFW l , R1y2kW l. (iv) According to previous the-
ory, each EB acts essentially as an independent so
[2,5] and observed waves are an aggregate over the so
The power emitted from an EB region is,cj≠Wy≠xj.
The EB size is predicted to scale asR21y2 [5], implying
kj≠Wy≠xjl , R1y2kWl. Hence, local gradients dominat
in determining the loss rate from each EB region and
resulting total output.

In the steady state the net power input to the s
tem AsRd is balanced by the outputkPl  akFW l 1

S  ckj≠Wy≠xjl 1 S. The above considerations impl
kPl 2 S , R1y2 for largeR and kPl 2 S , R for small
R. The conversion efficiency into unstable waves
esRd  fAsRd 2 SgyR  fkPl 2 SgyR; the remainder of
the gross power inputA0R exits as residual particle en
ergy or via spontaneous emission. Hence,esRd ø const
at small R and esRd , R21y2 at largeR. At small R,
(1) and (2) implykFl , const andkW l , R if S is ne-
glected. Similarly, at largeR, kFl , R1y2 and kW l ,
const. Dominance of EBs thus implies quite different d
namics at largeR, characterized by noninteger exponen

Emission from the driven system is expected to
random with fluctuations about the mean power outp
[3,4]. In a source in which many independent EBs occ
there is a certain probability per unit length of inten
resonant EB radiation being in an unrelaxed source reg
whose free energy it can accumulate. The probabi
distribution of the instantaneous power reaching a le
P is thus expected to have the formfsPd , exps2PyP0d
for P ¿ P0, whereP0 is predicted to be proportional to
kPl, the only relevant power scale. ValuesP ø P0 are
unlikely in a large system, because many EBs are ac
simultaneously, sofsPd should decrease forP , P0. In
general, we predict

fsPd  P21
0 gsPyP0d , (4)
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with gs0d  0 andgsud , e2u for largeu. The distribu-
tion of peak values of instantaneous power should h
the same properties, but withP0 somewhat larger.

We use electromagnetic PIC simulations to test
above theory, following three velocity components
48 000 electrons in one spatial dimension (a1 2

2 dimen-
sional simulation) [3,4]. Ions are treated as fixed, infi
itely massive particles. The simulation system shown
Fig. 1 is analogous to the one studied from a different p
spective in Ref. [3] and consists of a plasma in an ambi
magnetic fieldB directed perpendicular to the system a
having the profile shown. The system has a total len
L divided into 2048 cells, each of lengthcy7vp. The
plasma contains two electron components with initial m
mentum distributions of the form [13]

Fisyk, y'd 
Ni

j! s2pV 2
i d3y2

µ
y

2
'

2V 2
i

∂j

e2y2y2V 2
i , (5)

wherey2  y
2
k 1 y

2
', yk andy' are momentum compo

nents (in units ofmec) parallel and perpendicular toB, Ni

is the number of particles in theith distribution,Vi is the
corresponding thermal momentum, andj is a constant. In
our work we choose an initial electron distribution com
prising a stable cold background component in region
and IV of Fig. 1 (Nc  25 800, Vc  0.5, j  0) and an
unstable hot energetic component in the source, region
(Nh  22 200, Vh  1.0, j  2). Energy is injected by
randomly removing a small fraction of the hot electro
from region III every few time steps and replacing the
with electrons chosen from the initial hot distribution—
the recycling procedure [3,4]. The resulting populatio
inversion iny' drives a maser instability, which tends t
relax the distribution toward marginal stability by flatten
ing it in they' direction. Energy is transferred to wave
which grow in a bursty fashion, exit the hot plasma, a
are damped by the cool plasma in regions II and IV
by the absorbing vacuum [3,4] in regions I and V th
prevents reflections back into the system. In region

FIG. 1. Simulation system, showing the magnetic field profi
and regions of plasma and vacuum described in the text.
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the plasma frequency isvp  Vey7, where Ve is the
electron cyclotron frequency. Also,c  7 in these units.
The probability per unit time of recycling a given hot pa
ticle is 1yTR  RyNh whereR is the recycling rate and
TR is the recycling time, which is also the characteris
interaction timetc. All the simulation parameters excep
R and TR are held constant in what follows and (exce
for R  0) we examine long-term steady-state behavio

A general point regarding the simulations is th
radiation from region III is highly bursty, despite th
driving being spatially uniform (apart from statistica
noise). Also, the steady-state electron distribution
region III is observed to be close to marginal stabilit
highly flattened in they' direction. Both observations
are consistent with previous results [3,4].

Before testing the predicted scalings of the power o
put and other quantities, we estimatees0d by running a
simulation withR  0. The energy of the system initially
decreases rapidly as ECM radiation grows and esca
relaxing the distribution toward marginal stability, a poi
confirmed by direct examination of the velocity distr
bution. Later, the energy decreases at a smaller, ne
constant rate due to spontaneous emission. Extrapola
of this later behavior back tot  0 yields a net maser
conversion efficiency ofes0d  s7.3 6 0.7d% of the to-
tal electron energy. An analytic estimate ofes0d can be
obtained from the difference between the energy of
initial distribution and the marginally stable one, givin
es0d ø 7%, in agreement with the numerical result.

The net power input to the hot electrons can be o
tained by calculating the difference between the gro
energy injected via recycling and the residual energy
particles removed in this process. The squares in Fig
show the resultingkPl vs R1y2 for 2.5 # Ryvp # 160;
data fromR  0 cannot be used because it is not a stea
state system. A least squares best fit yieldskPl ø 0.33 1

0.58sRyvpd1y2, consistent with the expected large-R de-
pendence in the presence of spontaneous emission
more restricted set of runs with twice as many pa
ticles also gave a linear dependence onR1y2. If the con-
stant term is subtracted from these results and a log
least squares fit done to the resulting data, we ob
kPl 2 S , R0.5160.01, in excellent agreement with the
ory over nearly 2 decades; results with twice as ma
particles gave an exponent of 0.49. Triangles show
resulting efficiency obtained fromesRd  fkPl 2 SgyR.
Fitting of (3) to these data, assuming the theoretical va
es0d  0.07, then givesRc ø 0.04vp. The results of ear-
lier local EB theory [5] are thus also confirmed, sin
they are implicit in the above scalings. Unfortunate
we cannot simulateR ø Rc in the steady state in a fea
sible amount of computer time and so cannot reach
regime where the more intuitive scalingkPl , R is at-
tained. Separate estimates of the scalings ofkPl andesRd
can be obtained by calculating the Poynting flux at t
point X in Fig. 1 directly from the PIC fields. A fit to
3560
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FIG. 2. Mean power outputkPl (squares, arbitrary units) and
efficiency esRd (triangles) vsR, showing fits tokPl (straight
line) andesRd  fAsRd 2 SgyR (curve) using (3) withes0d 
0.07 andRc  0.04vp .

this flux as a function ofR for 2.5 # R # 160 yields
kPl 2 S , R0.5060.01 and esRd , R2s0.5060.01d at large
R, in close agreement with theory and the scalings fou
above; consistent exponents were found for a limited
of runs with twice as many particles.

The probability distribution of instantaneous pow
output atX is found to have an exponential tail at larg
P, as predicted by (4). Significantly, the existence
the characteristic scaleP0 implies that the fluctuations
about marginal stability do not represent a case of s
organized criticality, which is scale free with a power-la
distribution of P [11]. Nor is this a case of stochasti
growth via many independent increments of gain,
recently studied in connection with type-III solar radi
bursts, which yields a lognormal distribution ofP [6–8].
Numerically,P0 , R0.5160.02 for 2.5 # Ryvp # 160, in
excellent agreement with theory and the scaling ofkPl.
Figure 3 showsP0fsPd vs PyP0 for the casesR  10vp

and R  80vp . (i) The curves have the same slop
and they peak atP , P0, consistent with (4). (ii) The
predicted valuefs0d  0 is not seen becausefsPd is
accumulated in finite bins, which blur its form, especial
at smallR where the bin size is a larger fraction ofP0.
However, fs0d is found to be a factor of 2–5 smalle
than the peak offsPd. (iii) Spontaneous emission reduce
the chance ofP & S being attained, effectively restricting
fsPd to a smaller range at higherP than would otherwise
be the case. This tends to shift the curves in Fig
upwards and to the right, and is more pronounced
small R, whereSyP0 is larger. Estimation of this offset
implies that it can account for the difference between t
two curves in Fig. 3. (iv) The distributions of maximum
fsPmaxd are found to follow a similar functional form, as
predicted, but with a larger dip at lowP (by a factor of 5–
100), especially at largeR where noise is least important
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FIG. 3. DistributionP0fsPd vs PyP0 for R  10vp (dashed)
andR  80vp (solid).

(v) Consistent results were found for a small set of runs
with twice as many particles.

Figure 4 shows an observed distribution of power maxi-
mums, obtained by us from the first half of the final
frame of Fig. 1 of Ref. [1], which showed a time series of
power emitted in solar microwave spike bursts, believed
to be generated by the ECM instability. This time interval
was chosen because, during it, the mean power level was
reasonably steady. We see an overall form in excellent
agreement with the theoretical expression forPmax [the
analog of (4)] and similar to the simulation results in Fig. 3
with a well defined exponential tail, as predicted above.
Together with previous work that reconciled theoretical
and experimental time scales forindividual EBs [5], this
provides strong support for our global EB model.

The theory developed here combines local elementary
burst theory with considerations of global power balance to
determine the overall dynamics of the source region, aver-
age power output, conversion efficiencies, the distribution
of power levels, and other quantities. It shows the im-
portance of self-generated local inhomogeneities and the
resulting correlations between free energy, wave energy,
and length and time scales in determining the dynamics of
the source, which fall into a newelementary burst regime,
distinct from the categories of self-organized criticality and
stochastic growth previously studied. This new regime is
characterized by sporadic growth, noninteger scaling ex-
ponents, and an exponential distribution of high power
levels. Our simulations numerically verify key features
of the theory, providing the first direct confirmation of
the predicted noninteger scaling exponents and exponential
power-level distributions in this type of system. Similarly,
our successful comparison offsPmaxd with solar radio ob-
servations further supports the theory and its application to
microwave spike bursts.

FIG. 4. Distribution of peak solar microwave spike burst
power levels. Error bars show statistical uncertainties.

The system considered is representative of the broad
class of extended open systems in which waves are driven
unstable by gradual input of particle free energy and the
results obtained are thus expected to be widely applicable.
There is strong evidence that solar microwave spike
bursts and some planetary and auroral radio emissions
are produced by ECME driven by an unstable distribution
similar to the one considered here [2–5], while growth
of beam-driven waves in type-III solar radio bursts and
planetary foreshocks also involves competition between
buildup and relaxation of an unstable distribution.

This work was supported by the Australian Research
Council and NSF Grant ATM 9321665.
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