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Generation of a Population Inversion between Quantum States of a Macroscopic Variable
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(Received 13 December 1995)

A population inversion has been created between the two adjacent fluxoid wells (with energy
difference´) in an rf SQUID subject to weak radiation at 100 GHz. The states in the two wells have
opposite currents, of magnitude,2 mA, circulating through an inductance of 0.2 nH. The steady state
population of the upper wellnus´d shows local maxima whose positions correspond to calculated photon
absorption resonances between the ground state and an intermediate state. The maximumnus´d is 0.94
compared to the expected thermal equilibrium value ofnus´d ­ 2 3 1029. [S0031-9007(96)00100-7]

PACS numbers: 74.50.+r, 73.40.Gk
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Evidence has been obtained which suggests that
quantum effects, e.g., quantized energy levels and
neling, commonly observed in microscopic systems c
also be seen in macroscopic variablessxd describing the
collective motion of a large number of particles. A ke
to this development has been the understanding of
inevitable effects of the environment on these variab
through damping and thermal fluctuations [1]. A curre
biased Josephson junction (x the junction’s phase) and
superconducting loop interrupted by a Josephson junc
(a SQUID, withx being the flux linking it) have proven
to be good models for both the theoretical and exp
mental study of the quantum mechanics of macrosco
variables due to their simple structure and high degree
characterization. Both of these systems can be descr
by potentials with metastable wells. Early experime
showed escape from the wells by tunneling through a b
rier [2–4] and energy level quantization within a well [5
Recent results demonstrate the existence of resonant
neling between these quantized levels in the macrosc
cally distinct fluxoid wells of the SQUID potential (MRT
[6]. It has also been predicted that photoinduced tra
tions between fluxoid wells is greatly enhanced when
energy of photons incident on a SQUID equals the ene
difference of states in two wells [7,8]. These effects
low one to envision a maser based on macroscopic qu
tum transitions. In this Letter, we report an important s
in this direction: the generation of a population inversi
between the two fluxoid wells of a SQUID.

The system which we use is, effectively, a sup
conducting loop interrupted by a Josephson junction
commonly known as an rf SQUID. The state of this sy
tem can be specified by the applied fluxFx and the flux
F linking the loop. In the absence of damping this sy
tem is described by the Hamiltonian

H0sF, Fxd ­
p2

F

2C
1 UsF, Fxd . (1)

HereC is the junction capacitance andpF ­ 2ih̄≠y≠F.
The potential energyU of the system is given by

UsF, Fxd ­
sF 2 Fxd2

2L
1 bLU0 cos

µ
2p

F

F0

∂
, (2)
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where L is the inductance of the rf SQUID,bL ­
2pLIcyF0, Ic the junction critical current, andU0 ­
F

2
0y4p2L. The fluxesF and Fx are measured with

respect toF0y2. This potential, which has been discusse
in detail elsewhere [9], is a symmetric double well fo
Fx ­ 0 and1 , bL , 4.6 with minima located atF ­
6FmsbLd. These wells correspond to fluxoid states wit
phase winding2pf ( f an integer) of the SQUID differing
by 2p , e.g., f ­ 0 and f ­ 1, and are separated by
a barrier whose energyUB, with respect to the ground
state, also depends onbL. For jFxj ø Fm, the potential
tilts linearly in Fx giving an energy differencé .
2FmFxyL between the ground states of two fluxoid wells

The eigenstates of the Hamiltonian, Eq. (1), give typic
level structures such as those shown in Fig. 1. There ar
series of levels (indexed byh f, ij) with energiesEf,i less
than UB which are well localized in either thef ­ 0 or
f ­ 1 well. The level spacing within a well is approxi-
matelyh̄v0, wherev0 is the small oscillation frequency in
the well. For our data presented below,h̄v0ykB . 1.4 K.
For energies aboveUB, the level spacing is reduced an

FIG. 1. SQUID energy levels at two different values of´
showing the idealized transition paths when the level 1,3 is
off the photon absorption resonance and (b) on the resonan
The dotted and dashed lines are the energies of the incid
photons and the potential barrier, respectively.
© 1996 The American Physical Society
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the wave functions forF are no longer localized in a sin
gle fluxoid state. To indicate this delocalization, we i
dex these levels byf ­

1
2 , e.g., E 1

2
,0, realizing that for

levels with E . UB the distinction can become blurred
The level structure within the wells, calculated using th
approach with independently determined system para
ters, has been found to agree very well with that det
mined from resonate tunneling data [6]. The real SQUI
of course, also has a source of damping through which
system interacts with the thermal reservoir. For Ohm
damping, this can be modeled as a resistanceR in par-
allel with the junction. The levels calculated above a
sharply quantized when the classicalQ ; RCv0 ¿ 1, as
is the case for the SQUID studied here. In our system,
damping below 1 GHz is dominated by a AuPd foil enclo
ing the sample SQUID to shield the sample from exter
perturbations [6] and is equivalent to a shunt resista
of R ­ 4.5 6 1.5 kV. SinceC . 80 fF, Q . 50 below
,1 GHz and increases at higher frequency. In this highQ
limit it has also been shown that the effect of the damp
on the level spacing and position is negligible [10,11].

Our approach to the generation of a population invers
is similar to that used in a three level laser. Rough
speaking the system is resonantly pumped from its gro
state, in the lower well, to an excited state, atE , UB,
from which it rapidly decays with a substantial probabili
to thei ­ 0 level of the upper well where it is then trappe
for a relatively long period. In our experiment, the sour
of photons is the 100 GHz oscillation of the dc SQUI
magnetometer, also used to monitorF. The frequency
of these photons is essentially fixed, since signific
coupling occurs only at a resonance in the dc transform
coupling the sample and magnetometer. The rf field
quite weak, having been previously determined [6]
have an amplitudeFrf , 4 3 1025F0. This results in
a maximum occupation of the resonant levels ofnr ,

1026. The values of́ and bL, for which large excess
populations of the upper well occur, should be those
which the level spacing between the system’s ground s
and the pumped (intermediate) state satisfies the reson
condition. An example of the process discussed ab
is shown in Fig. 1(b). Here the system is resonan
excited from the ground stateh0, 0j to the levelh1, 3j in
the opposite well from which it rapidly cascades to t
h1, 0j level. The time for such intrawell decays is rough
t , Qyv0 [10,11] or on the order of a nanosecond f
our system. The lifetime of theh1, 0j state against decay
to h0, 0j is about a millisecond, as extrapolated from t
directly measured transition rate for slightly largerUB

(larger bL) [6]. Thus, this process is able to genera
a significant excessh1, 0j population even with the very
weak photon field. In addition to the process shown
Fig. 1(b), pumping to intermediate states in the initial we
e.g.,h0, 4j, and above the barrier,h 1

2 , 0j andh 1
2 , 1j, is also

possible.
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We determine the population of the upper well from
a measurement of the mean fluxF linking the SQUID.
Since the system temperature is 50 mK for the data p
sented below,kBT ø h̄v0 and only the lowest level in
each well should have a significant population:nu snld for
the upper (lower) well. The mean flux in these levels di
fers by2Fm . 0.4F0. Thus, a measurement of the flux
linking the SQUID gives the occupation of the twoi ­ 0
levels, i.e.,nu 2 nl ­ 2sgns´dfs´d, and nu 1 nl ­ 1
wherefs´d is the mean flux measured with respect to th
average of the mean fluxes of the two wells and norm
ized toFm. This gives the occupation of the upper we
in terms of fs´d to be nu ­ f1 2 sgns´dfs´dgy2. To
achieve the steady state, the transition time between
wells must be short compared to the measurement tim
This condition is achieved by the variation of the barrie
heightUB in situ through the modulation ofbL. The sin-
gle junction in the model presented above is actually
superconducting loop with a low inductancel containing
two junctions in parallel (a dc SQUID). Since2pIcl ø
F0, this is well approximated by a single junction with
critical current that can be modulated by an applied flu
Fmod giving bL ­ bL0 cosspFmodyF0d. For the sample
reported here,bL0 ­ 1.99. Since the two junctions in the
dc SQUID have critical currents which are equal to bett
than 1%, the minimumbL is much less than unity. In
thermal equilibrium, the relative occupation of the upp
well is just given by the Boltamann factor, sofs´d in
thermal equilibrium is justfs´dth ­ tanhs´ykBT d.

FIG. 2. (a) Upper well populationnu vs ´ for different values
of bL. The top curve is the calculated thermal equilibrium
population at 50 mK; the rest are experimental data. (
Squares (triangles) are the position of the outermost (seco
to the outermost) peaks ofnus´d vs bL for the data in (a). The
solid, short dashed, and long dashed lines are the position, in´,
of calculated photon absorption resonance between the ze
level of the lower well and an intermediate state in the oppos
well, same well, or above the barrier, respectively. The sh
horizontal lines indicate the boundaries between different typ
of intermediate states.
3405
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The corresponding calculatednus´dth, as shown in the
top panel of Fig. 2(a), approaches a maximum value
0.5 as´ ! 0. In the lower panels of Fig. 2(a), data a
presented showing the measurednus´d for 1.311 # bL #

1.364. These data represent the steady state, with
system switching rapidly between wells as´ is varied.
This is demonstrated by the fact that the measuredfs´d
is independent of the sign ofdeydt. As one can see
the measured data differ dramatically from the predic
nusthd, exhibiting a series of maxima innus´d with val-
ues as high as 0.94 forbL . 1.35. This nearly complete
inversion of the population represents an occupation
the upper state approximately5 3 108 times the thermal
equilibrium value. AsbL is decreased,nus0d periodi-
cally changes from a local maximum, as in the equil
rium case, to a local minimum and back. In Fig. 2(b
the calculated potential tiltś are shown (lines) for which
a pumping resonances f ­ 101 GHzd occurs as a func-
tion of bL. These energy level calculations use t
same sample parameters (L ­ 210 pH, bL0 ­ 1.99, and
C ­ 82 fF) used to fit MRT and photon assisted tunn
ing data measured for largerbL [6]. These paramete
values also agree well with those independently de
mined (i.e., not using tunneling data):L ­ 210 6 10 pH,
bL0 ­ 2.00 6 0.1, andC ­ 80 6 25 fF. As can be seen
in Fig. 2(b), the data points, representing the location
the two outermost peaks innus´d for eachbL, are well de-
scribed by these calculations. These calculated curves
associated with different intermediate states [cf. Fig. 2
caption]. The resonant peaks associated with the s
lines in Fig. 2(b) involve a direct photoinduced transitio
between states in different wells, i.e., between macrosc
ically distinct states, as depicted in Fig. 1(b). For exa
ple, the intermediate state corresponding to the outerm
nu peaks forbL ­ 1.357 (Fig. 2) has a.93% probability
density in the upper well. These data are the first, in
rect evidence for such photoinduced transitions origina
predicted by Chakravarty and Kivelson [7,8].

The calculation of the position of the pumping re
onances is on a very solid footing since the theory
straightforward and the important sample parameters
be independently determined. In contrast, the calcula
of the actual values ofnus´d, determined by solving the
rate master equation for the first 24 levels of the syst
is rather approximate since it involves the calculation
the ratio in transition rates with significant uncertaintie
In the case of the intewell transitions, complete theor
exist only for´ ø h̄v0, which is usually not the case fo
our data. These rates, along with the intrawell decay ra
also depend on the damping which can only be estima
over a wide range of frequencies, and on the rf pow
for which only the upper limit is known. The intrawe
transition rates for dissipation-induced spontaneous de
from level h f, ij to h f, jj are given by [12,13]

w
sp
f,i!f,j ­

2pdE
h̄

RQ

R
jfi,jj

2

"
1 1 coth

µ
dE

2kBT

∂#
, (3)
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where dE ; Ef,i 2 Ef,j is the energy difference,fi,j
is the F matrix element (normalized toFm) between
the levels, andRQ ; hy4e2 ­ 6.45 kV. The inverse
rates, obtained through detailed balance, are negligible
50 mK. The photon absorption rateswab

f,i!g,j, both in-
terwell and intrawell, are calculated from Fermi’s golde
rule with the density of the states of the final level take
to be Lorentzian with a full widthg , sEg,j 2 Eg,0dyQ.
Because of the very low rf power and the resulting sm
occupation of the intermediate states, simulated emiss
is also a negligible process compared to spontaneous
cay. The spontaneous interwell tunneling rates have b
calculated by several authors [14–20]. Since in our sy
tem the intrawell decay rate is much greater than the tu
nel splitting between levels in the two opposite well
no coherent oscillation is expected during level crossin
Therefore, the expression given in [18],

w
sp
f,i!gfif,j ­

D2

4
g

sEf,i 2 Eg,jd2 1 g2y4
, (4)

is used for i 1 j fi 0, where D is the tunnel matrix
element between the two interwell levels. The transitio
rate between levelsh0, 0j andh1, 0j is calculated according
to the standard incoherent tunneling rate formula for t
dissipative two-state system given, e.g., in Refs. [21,22

The populationnus´d vs ´ for the six values ofbL,
which correspond to all the data sets in Fig. 2, has be
calculated using the sample parameters given above.
calculations reproduce the main features of the data s
Two of the calculatednus´d are shown in Fig. 3, along
with the corresponding energy levels, forbL ­ 1.346 and
1.357. The switching ofnus0d from a local maximum
to minimum for a change of less than 1% inbL along

FIG. 3. The calculated upper well populationnu and the
energy levels vś for two values ofbL. The dark long dashed
lines are the energy barriers and the short dashed lines s
the energy of the incident photons. The arrows indicate t
positions of the photon pumping resonance between the ze
level of the lower well, to which all energies are reference
and the intermediate level.
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with the structure of the individual curves is reproduce
In our calculation,R ­ 4.5 kV and Frf ­ 2 3 1025F0
were used. The positions, iń, of thenu maxima change
very little for 10mF0 # Frf # 50mF0 and 3 # R #

6 kV justifying the more approximate treatment don
previously. In contrast, the location of the maxima an
the main features ofnus´d depend very strongly onbL0,
L, andC which determine the energy level structure. F
instance, increasingbL0 by 1% from 1.99 to 2.01 not
only shifts the location of thenu maximum from1mF0
to 0.2mF0 but also changesnus0d from a local maximum
to a local minimum. Thus, the agreement between the
features of the data and the calculations using previou
determined parameters is quite significant. The deviatio
of some details of the measured and calculated values
nus´d can be attributed to our imprecise knowledge
the damping and rf amplitude as well as the approxima
nature of the theory.

In summary, a population inversion has been produc
between macroscopically distinct quantum states in diff
ent fluxoid wells of a SQUID irradiated with 100 GHz pho
tons. The change in flux between these states is equiva
to a flip in a magnetic moment of1010mB. The maxima
of the population inversion occur when the photon ener
equals the energy difference between the ground state
the system and an excited level near the barrier betw
the fluxoid wells, thus qualitatively giving a macroscop
equivalent to the pumping in a three-level laser. The lev
are calculated using system parameters previously de
mined from measurements of resonant tunneling betwe
the wells and in agreement with independently determin
parameters. The magnitude of the upper level populat
versus applied flux for different barrier heights is well re
produced by solutions to the master equation for transitio
among the levels. These results further provide indire
evidence for previously predicted photoinduced transitio
between levels in different fluxoid wells.
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work was supported by the BMDO through the RADC
with initial support from the Office of Naval Research.
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