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One-Dimensional Modulational Instability in a Crossed-Field Gap
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(Received 27 December 1995; revised manuscript received 18 March 1996)

Cycloidal electron flows in a gap with crossed electric and magnetic fields are found to be violently
unstable when a small ac voltage is imposed across the gap. This instability is electrostatic and one
dimensional. It occurs over a wide band of frequencies and is insensitive to the precise level of the
injected current density. The physical origin of this instability is the formation of a virtual cathode
right in front of the cathode. An analytic theory is presented which accurately predicts the onset of the
instability in the low-frequency limit. [S0031-9007(96)00076-2]

PACS numbers: 52.25.Wz, 52.35.Ra, 52.65.Cc, 84.47.+w
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Electrons flow in crossed electric and magnetic fields
many devices such as magnetron, crossed-field ampl
magnetically insulated diode, and single-species par
trap experiment. As a result, there exists vast litera
on the stability of such electron flows. With a fe
exceptions, most of the theories consider only equilib
in which all electrons flow at the localE 3 B velocity.
Cycloidal motions in the equilibrium state are ignor
altogether. The dominant instability is the diocotr
instability, whose existence requires perturbation elec
fields to vary in two directions [1].

In this paper, we report a new instability in cycloid
flows in a crossed-field gap. This instability is o
dimensional, and its excitation requires only a sm
ac voltage imposed across the gap. It occurs ove
wide range of frequencies, possibly from 1y10 to a few
times the electron cyclotron frequency. Its excitation
insensitive to the precise values of the electron cur
density, and may occur even if the ac voltage is less t
1% of the dc voltage. This instability is quite violen
In the low-frequency regime, breakdown of the flow m
occur in less than one rf cycle of the ac voltage.

The unexpected results reported above were obta
from the electrostatic, one-dimensional codePDP1 [2].
The model is shown in Fig. 1, which shows a planar g
of gap separationD exposed to an external magnetic fie
ẑB. The anode, located atx ­ D, is held at a voltage
V ­ V0 1 V1 sinsvt 1 fd with respect to the cathode
located atx ­ 0. Here,V0 is the dc gap voltage andV1

is the amplitude of the ac gap voltage of frequencyv and
phasef. We assume that all electrons are emitted fr
the cathode with the same initial energyUi ­ mu2

0y2 at
the initial velocityx̂u0, and carrying an injected current o
current densitŷxJ.

When V1 ­ 0, stable time-independent electron flow
exist only if the injected currentJ is less than some critica
value Jc [1,3–6]. If J . Jc, the electron flow quickly
breaks into turbulence. This critical currentJc is shown
in Fig. 2 for general values ofByBH [5] where BH ­p

s2mV0yeD2d 1 smu0yeDd2 is the Hull cutoff magnetic
field. WhenB . BH and J , Jc, all emitted electrons
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will return to cathode, after having reached the maximu
heightxT (Fig. 1). Hereafter, we consider only the effe
of a small ac gap voltageV1 on such an initially time-
independent, stable cycloidal flowsB . BH , J , Jcd.
Specifically, two such initial states are studied: (A
J ­ 0.75Jc, Ui ­ 0.5 eV, as represented by the soli
diamond in Fig. 2, and (B)J ­ 0.25Jc, Ui ­ 5 eV, as
represented by the open diamond in Fig. 2. Note t
case A represents a stable equilibrium flow with a hi
injection current and low injection velocity, whereas ca
B represents the opposite regime, viz., that of a sta
equilibrium flow with a low injection current and high
injection velocity.

The computer simulations for cases A and B were do
using the electrostatic 1D codePDP1[2] with the following
parameters: D ­ 2.16 mm, V0 ­ 12 kV, B ­ 0.27 T.
There were 400 cells across the gap, and the cathode
was set at 31.22 cm2.

Shown in Figs. 3 and 4 are the simulation resu
for case A of Fig. 2, when a small ac voltageV1 ­
4 V (0.033% of V0) at the frequencyvy2p ­ 1 GHz
is imposed across the gap. Figure 3 shows the ti
history of the surface charge density on the catho
sc and the potential midway through the gapfmid,
which is a vacuum potential. Three regions can

FIG. 1. The model. In the absence of the ac voltageV1, an
electron emitted atx ­ 0 at t ­ 0 reaches a maximum heigh
x ­ xT at t ­ tT , and returns tox ­ 0 at t ­ 2tT .
© 1996 The American Physical Society
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FIG. 2. The solid (dashed) curve shows the critical curre
densityJc, normalized to the Child-Langmuir valueJCL, when
the injection energy is 0.5 eV (5 eV). The points A, B ma
the cases simulated.

identified in Fig. 3: Region I shows a laminar stat
region II shows the transition to turbulence, and region
shows the fully developed turbulent state. The pha
spacesyx vs xd plot in the laminar region I is shown in
Fig. 4(a); it exemplifies all of the electron orbits belo
the transition to turbulence, where all particles follo
the same elliptical trajectory in the phase space. T
phase space plot in the transition region II is show
in Fig. 4(b). There we see that the cycloidal orb
becomes perturbed as some electrons are slowed toyx ­
0 before reaching the cathode. These electrons
then spend a long time in front of the cathode surfa
and their number increases as time goes on beca
electrons are continuously released from the catho
This buildup of space charge retards the acceleration
the electrons especially in the immediate vicinity of th
cathode and causes a contraction of the orbits in ph
space. This contraction is especially apparent in
fully turbulent case [Fig. 4(c)] which shows the high

FIG. 3. Time history of the cathode surface charge dens
sscd and of the electrostatic potentialsfmidd midway inside the
gap. Region I: laminar state; region II: transition to turbulenc
region III: fully developed turbulent state.
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FIG. 4. Phase space plots for (a) laminar region I, (b) tran
tion region II, and (c) fully developed turbulent region III.

randomized phase space typical of region III of Fig.
and this turbulent flow exhibits qualitative features
the classical Brillouin flow solution. The simulation
at this late stage is practically indistinguishable fro
a case where the injected current density exceeded
critical current density (J . Jc [5]). The potential at the
midpoint oscillates at a frequency (Fig. 3) which is ju
below the cyclotron frequency (at 7.56 GHz), and we
above the rf frequency (at 1 GHz) of the ac gap voltag
The cathode surface charge densitysc oscillates about a
positive value at a frequency which is not well resolve
in the simulations. The fact thatsc changes sign from
region II to region III (Fig. 3) indicates the presence
a potential minimum. That is, a virtual cathode right
front of the cathode has been formed in region III. No
from Fig. 3 that turbulence is fully developed in less tha
three rf cycles.

The above simulation results for case A are quali
tively the same as case B whenever turbulence is trigge
by the presence of a small ac gap voltageV1. In fact, this
transition to turbulence occurs over a wide range ofV1

and frequenciesv. In general, we find that at a given fre
quencyv there is a threshold rf voltageV1 above which
turbulence will develop and below which the flow remain
laminar and stable. The simulation results are shown
Fig. 5 where the solid diamonds correspond to case A a
the open diamonds correspond to case B. Each simula
point has a vertical bar 1 V in height. If the ac voltageV1

lies below the bottom of the vertical bar, the flow remai
3325
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FIG. 5. Minimum ac gap voltage,V1, as a function of
frequencyv, for the onset of the modulational instability. Als
shown is the analytic theory for both cases A and B.

laminar. If the ac voltageV1 lies above the top of the ver
tical bar, the flow becomes turbulent. The simulation d
shown in Fig. 5 suggest that whenV1 is sufficiently large
the instability occurs over a finite (through large) band
frequencies.

The surprising result that a very small ac gap volta
over a wide range of frequencies, leads to the breakdo
of an initially stable flow is corroborated by the followin
simple analytic theory. We begin with the equation
motion of an electron, which reads

ẍ 1 V2x ­ 2
e
m

fE0sxd 1 E1 sinsvt 1 fd 1 Essx, tdg ,

(1)

whereV ­ eBym is the cyclotron frequency,E0sxd is the
total dc electric field which includes both the vacuum fie
V0yD and the dc space charge field,E1 ­ V1yD is the ac
vacuum field, andEssx, td is the additional space charg
field in response to the ac gap voltageV1. Long before
the onset of turbulence, such as in region I of Fig. 3, o
may argue that this additional space charge fieldEs may
be neglected, in which case the force law (1) yields
energy conservation relation

Ùx2

2
1

V2x2

2
1

e
m

Z x

0
dx E0sxd

­
u2

0

2
2

e
m

E1

Z t

0
dt Ùxstd sinsvt 1 fd ,

(2)

where we have used the initial condition that the electr
is emitted from the cathodesx ­ 0d at time t ­ 0 with
injection energyUi ­ mu2

0y2. It is clear that this electron
will not return to the cathodesx ­ 0d if the right-hand
side of Eq. (2) is less than zero, when evaluated att ø
2tT (Fig. 1). Thus, the condition for electrons to pile u
3326
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in front of the cathode is approximately given by

Ui

eV1
,

1
D

Z tT

0
dt Ùxstd f sinsvt 1 fd

2 sinsf 1 2vtT 2 vtdg

(3)

for somef. In writing (3), we have further assumed tha
the electron velocityustd ­ Ùxstd is subject only to the dc
electric field E0sxd and magnetic fieldB, in which case
ustd ­ 2us2tT 2 td for tT , t , 2tT (Fig. 1).

Note that the inequality (3) is consistent with th
simulation results that the modulational instability occu
only whenV1 exceeds some value, and only for a finit
range of v, as the right-hand side of (3) vanishes i
the low-frequency limitv ! 0 and in the high-frequency
limit v ! `.

The integral in Eq. (3) may readily be evaluated whe
we use the Llewellyn solution forÙxstd [3,4],

Ùxstd
VD

­ 2J̃ 1 sũ0 2 2J̃d cossVtd 1 c̃ sinsVtd , (4)

where J̃ ­ eJym´0V3D, ũ0 ­ u0yVD, and c̃ repre-
sents the initial acceleration of the electron; it is propo
tional to the dc electric field on the cathode surface [7
The dimensionless quantitiesJ̃, ũ0, c̃, and t̃T ; VtT de-
pend only on the dc condition. They are determined (n
merically) from the Llewellyn solutions onceD, B, V0, J,
and u0 are specified [8]. Upon substituting (4) into (3)
and maximizing the integral in (3) with respect tof, we
obtain the analytic results displayed in Fig. 5.

The stability boundaries shown in Fig. 5 have a simp
analytic formula at low frequencies. We first substitu
(4) into (3) and denote the right-hand member of (3)
Isvd. We next Taylor expandIsvd ø Is0d 1 vI 0s0d ­
vI 0s0d where the prime denotes differentiation with
respect tov [under the integral sign in (3)]. Equation (3)
in the low-frequency limitsv ø Vd, then readsµ

Ui

eV1

∂ µ
V

v

∂
, 2sũ0 1 c̃t̃T 1 J̃ t̃2

T d , (5)

upon settingf ­ p and usingÙxstT d ­ 0. The right-hand
member of the inequality (5) is independent of the ac g
voltage. It is of order unity typically [8].

Equation (5) gives the lower bound of the unstable fr
quency band onceV1 is given. On the other hand, for a
givenv sv ø Vd, it yields the minimum value ofV1 for
the excitation of the modulational instability. This mini
mum V1 is proportional to 1yv for small v according to
Eq. (5), and is in excellent agreement with the simulatio
data displayed in Fig. 5 forvy2p , 2 GHz. This agree-
ment confirms the piling up of electrons right in front o
the cathode as the major cause of this modulational
stability. Note that the low-frequency stability boundary
Eq. (5), is remarkably accurate for both the high injectio
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current case AsJ ­ 3Jcy4d and the low injection current
case BsJ ­ Jcy4d.

We have thus far not been able to provide a simp
analytic estimate that reliably predicts the upper bound
the unstable frequency band. The following observatio
from our simulations also require further study: (a) th
enhanced instability when the gap was resonantly driv
at some value ofv a few percent less thanV, and
(b) a “superstable” point for case B at the frequen
vy2p ø 15 GHz.

The present study reveals, perhaps for the first tim
a major difference in the multistream model (in whic
electrons are emitted from the cathode and return to
cathode in the equilibrium state as studied in this pap
and the single stream model (in which the electrons a
injected externally in the form of a parallel, lamina
flow) in a crossed-field gap [9]. The multistream electro
flows are found to be intrinsically much more ready
develop into turbulence—the only requirement is an
voltage across the gap approximately satisfying Eq. (
This behavior is not expected in the single stream mod
Although most crossed-field amplifiers and magnetro
are more closely approximated by the multistream mod
at least during the initial stage of operation, this on
dimensional instability has not been suspected in the p
because (1) the familiar diocotron instability requires
two-dimensional perturbation and (2) this modulation
instability is closely related to the low energy electrons
the immediate vicinity of the cathode, and the microshea
right in front of the cathode is computationally expensiv
to resolve, especially in two-dimensional particle code
It is also difficult to treat analytically. The present stud
reinforces the necessity to pay close attention to the l
energy electrons near the cathode [6].

It remains to be seen whether the modulational i
stability reported here has any bearing on the difficu
unresolved problem of noise in crossed-field devices (
cluding magnetron injection guns which are widely use
in gyrotrons). This old problem of noise and unwante
frequencies in crossed-field devices continues to be of
le
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terest, one example being the interference with cellu
communication by the magnetron in a microwave oven.
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