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Bosonic two-loop electroweak radiative corrections to the muon’s anomalous magnetic
ment, am ; sgm 2 2dy2, are presented. We findDaEW

m s2 loop bosonicdyaEW
m s1 loopd ø saypd 3

f23.6 lnsM2
W ym2

md 1 0.10g ø 20.11 for MHiggs ø 250 GeV. Combining that result with our previous
two-loop fermionic calculation, we obtain an overall 22.6% reduction inaEW

m from 195 3 10211 to
151s4d 3 10211. Implications for the full standard model prediction and an upcoming high precis
measurement ofam are briefly discussed. We also give the two-loop electroweak corrections to
anomalous magnetic moments of electron and tau lepton; they result in a reduction of the on
estimates by 35% and 15%, respectively. [S0031-9007(96)00049-X]

PACS numbers: 13.40.Em, 12.15.Lk, 14.60.Ef
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The anomalous magnetic moment of the muon,am ;
sgm 2 2dy2, provides both a sensitive quantum loop te
of the standardSUs3dC 3 SUs2dL 3 Us1d model and a
window to potential “new physics” effects. The curren
experimental average [1]

aexp
m ­ 116 592 300s840d 3 10211 (1)

is in good agreement with theoretical expectations a
already constrains physics beyond the standard mo
such as supersymmetry and supergravity [2,3], dynami
or loop muon mass generation [4], compositeness [
leptoquarks [6], etc.

An upcoming experiment E821 [7] at Brookhaven Na
tional Laboratory is expected to start in 1996. With on
month of dedicated running, it is expected to reduce t
uncertainty ina

exp
m to roughly640 3 10211, more than a

factor of 20 improvement. With subsequent longer de
icated runs it could statistically approach the anticipat
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systematic uncertainty of about6s10 2 20d 3 10211 [8].
At those levels, both electroweak one and two loop effe
become important and new physics at the multi-T
scale is probed. Indeed, generic muon mass gener
mechanisms (via perturbative or dynamical loops [4]) le
to Dam ø m2

myL2, whereL is the scale of new physics
At 640 3 10211 sensitivity, L ø 5 TeV is being
explored.

To fully exploit the anticipated experimental improv
ment, the standard model prediction foram must be known
with comparable precision. That requires detailed stud
of very high order QED loops, hadronic effects, and el
troweak contributions through two-loop order. The co
tributions toam are traditionally divided into

am ­ aQED
m 1 ahadronic

m 1 aEW
m . (2)

QED loops have been computed to very high order [9,
aQED
m ­

a

2p
1 0.765 857 381s51d

µ
a

p

∂2

1 24.050 531s40d
µ

a

p

∂3

1 126.02s42d
µ

a

p

∂4

1 930s170d
µ

a

p

∂5

. (3)
n

ired

di-
n-
rror

nic
)
by
Employinga ­ 1y137.035 999 44s57d obtained from the
electronge 2 2, implies [10]

aQED
m ­ 116 584 706s2d 3 10211. (4)

The uncertainty is well within the6s20 2 40d 3 10211

goal. Indeed, even if we take the last known term in
as indicative of its truncation uncertainty, the QED err
remains relatively small.

Hadronic vacuum polarization corrections toam enter
at O saypd2. They can be evaluated via a dispersi
relation usinge1e2 ! hadrons data and perturbative
QCD (for the very high energy regime). Employing
recent analysis ofe1e2 data [11] along with an estimat
)
r

of the leadingO saypd3 effects, we find [12]

ahadronic
m svac pold ­ 6934s153d 3 10211. (5)

Unfortunately, the error has not yet reached the des
level of precision. Ongoing improvements ine1e2 !
hadrons measurements at low energies along with ad
tional theoretical input should significantly lower the u
certainty in (5). Nevertheless, reducing the hadronic e
below620 3 10211 or even640 3 10211 remains a for-
midable challenge.

The result in (5) must be supplemented by hadro
light by light amplitudes (which are of three-loop origin
[13–15]. Here, we employ a recently updated study
© 1996 The American Physical Society 3267
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of
Hayakawa, Kinoshita, and Sanda [14] which gives

ahadronic
m slight by lightd ­ 252s18d 3 10211. (6)

However, we note that the result is somewhat depend
on the low energy model of hadronic physics employ
and continues to be scrutinized. Combining (5) and (
leads to the total hadronic contribution

ahadronic
m ­ 6882s154d 3 10211. (7)

Now we come to the electroweak contributions
am, the main focus of our work and the impetus fo
forthcoming experimental effort. At the one-loop leve
the standard model predicts [16–20]

aEW
m s1 loopd ­

5
3

Gmm2
m

8
p

2 p2

3

∑
1 1

1
5

s1 2 4s2
W d2 1 O

µ
m2

m

M2

∂∏
ø 195 3 10211, (8)

where Gm ­ 1.166 39s1d 3 1025 GeV22, M ­ MW or
MHiggs, and the weak mixing angle sin2 uW ; s2

W ­ 1 2

M2
W yM2

Z ­ 0.224. We can safely neglect theO sm2
myM2d

terms in (8).
The one-loop result in (8) is about 5 to 10 time

the anticipated experimental error. Naively, one mig
expect higher order (2 loop) electroweak contributions
be of relativeO saypd and hence negligible; however
that is not the case. Kukhto, Kuraev, Schiller, an
Silagadze (KKSS) [21] have shown that some tw
loop electroweak contributions can be quite large a
must be included in any serious theoretical estimate
aEW

m or future confrontation with experiment. Given
the KKSS observation, a detailed evaluation of the tw
loop electroweak contributions toam is clearly warranted.
Here, we report the complete results of such an analys

The two-loop electroweak contributions toaEW
m natu-

rally divide into so-called fermion and boson parts

aEW
m ­ aEW

m s1 loopd

1aEW
m s2 loop; fermd 1 aEW

m s2 loop; bosd (9)

The aEW
m s2 loop; fermd includes all two-loop elec-

troweak corrections which contain closed fermio
loops while all other contributions are lumped int
aEW

m s2 loop; bosd. In a previous study [12], we com-
puted aEW

m s2 loop; fermd. For MHiggs ø 250 GeV it
reducesaEW

m by 11.8%. We have now completed tha
effort by computingaEW

m s2 loop; bosd. Our results are
described below.

FIG. 1. One-loop electroweak corrections toam (including the
QED contribution).
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The one-loop diagrams which contribute to the lowe
order electroweak corrections toam are shown in Fig. 1.
[There is another diagram obtained by exchangingW and
G in Fig. 1(c) but its value is the same as Fig. 1(c). Th
is true also for mirror reflections of two-loop diagrams
and hence we do not depict them.] The diagrams
Fig. 1, minus Schwinger’s photon exchange diagram
Fig. 1(a), lead to the formula (8).

The two-loop diagrams fall in two general categorie
The first and largest group consists of all diagrams whi
can be viewed as corrections to the one-loop diagrams
Fig. 1. Those are one-loop insertions in the propagat
and vertices, but also nonplanar diagrams and diagra
with quartic couplings. The second group includes all t
new types which appear at the two-loop level, as shown
Fig. 2.

The complete set of all two-loop diagrams is qui
large; together with fermionic loops it includes the tot
of 1678 diagrams [22]. However, the diagrams wi
two or more scalar couplings to the muon line a
suppressed by an extra factor ofm2

myM2
W and can be

discarded. This is true already at the one-loop lev
where one neglects the diagrams with the Higgs bos
loop and with two Goldstone boson couplings to th
muon. Making this approximation and taking advanta
of the mirror symmetry mentioned above reduces t
number of relevant diagrams to about 240 in the line
’t Hooft–Feynman gauge. This number can be almo
halved by choosing a nonlinear gauge [23] in which th
gW6G7 vertex vanishes. We performed the calculatio
in both gauges to have a sensitive check of the accur
of our procedures. For both gauges, two-loop divergen
are canceled by counterterm insertions in the one-lo
diagrams of Fig. 1.

The smallness of the muon mass compared to
electroweak scales allows us to employ the asympto
expansion method [24]. In the present calculation w
also assume that mass of the Higgs is large compared
MW ,Z and compute the first two terms in the expansion
M2

W ,ZyM2
H . In diagrams where bothW andZ bosons are

present we also expand in their relative mass differen
This corresponds to an expansion in sin2 uW and we keep
the first four terms in this expansion. This number

FIG. 2. New types of diagrams at the two-loop level.
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powers is also sufficient to obtain an exact coefficient
the large logarithms lnM2

W ym2
m; these terms are generate

by diagrams with eitherZ or W boson and hence the
coefficient is a polynomial, rather than a series, in sin2 uW .

The large logarithms have been considered by KK
[21] in the approximation sin2 uW ­ 1y4. We obtain a
slightly different coefficient even in this special cas
The difference between KKSS and our calculation is t
KKSS did not consider the diagram shown in Fig.
where a contribution to the leading logarithm com
t

a

v

o

k

of
d

S

e.
at

3,

from a loop with the Higgs boson. There is no Higg
mass suppression in this diagram because of theHG1G2

coupling. Without this diagram the result is gaug
dependent. For example, this diagram vanishes exa
in the nonlinear gauge we adopted in the cross-check,
not in the linear gauge. It should, therefore, have be
included in the linear gauge calculation as in KKSS.

Altogether, we find for the two-loop electroweak co
rections
aEW
m s2 loop; bosd ­

m2
maGm

8
p

2 p3
3

"
2X

i­21

√
a2is

2i
W 1

M2
W

M2
H

b2is
2i
W

!
1 O ss6

W d

#
(10)

with

a22 ­
19
36

2
99
8

S2 2
1

24
ln

M2
H

M2
W

,

a0 ­ 2
859
18

1 11
p
p

3
1

20
9

p2 1
393
8

S2 2
65
9

ln
M2

W

m2
m

1
31
72

ln
M2

H

M2
W

,

a2 ­
165 169

1080
2

385
6

p
p

3
2

29
6

p2 1
33
8

S2 1
92
9

ln
M2

W

m2
m

2
133
72

ln
M2

H

M2
W

,

a4 ­ 2
195 965

864
1

265
3

p
p

3
1

163
18

p2 1
223
12

S2 2
184

9
ln

M2
W

m2
m

2
5
8

ln
M2

H

M2
W

,

b22 ­
155
192

1
3
8

p2 2
9
8

S2 1
3
2

ln2 M2
H

M2
W

2
21
16

ln
M2

H

M2
W

,

b0 ­
433
36

1
5

24
p2 2

51
8

S2 1
3
8

ln2 M2
H

M2
W

1
9
4

ln
M2

H

M2
W

,

b2 ­ 2
431
144

1
3
8

p2 1
315
8

S2 1
3
2

ln2 M2
H

M2
W

2
11
8

ln
M2

H

M2
W

,

b4 ­
433
216

1
13
24

p2 1
349
24

S2 1
21
8

ln2 M2
H

M2
W

2
49
12

ln
M2

H

M2
W

,

(11)
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S2 ;
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9
p

3
Cl2

µ
p

3

∂
­ 0.260 434 1 . . . . (12)

We have used the mass shell renormalization prescrip
[25]. Part of the two-loop bosonic corrections have be
absorbed into the lowest order result, by expressing o
loop contributions in Eq. (8) in terms of the muon dec
constantGm.

Employing sin2 uW ­ 0.224 and MH ­ 250 GeV in
Eqs. (11) and (8) gives

aEW
m s2 loop bosd
aEW

m s1 loopd
ø

a

p

µ
23.6 ln

M2
W

m2
m

1 0.10

∂
, (13)

which corresponds to a 11.0% reduction. For comp
ison, the partial leading log calculation of KKSS ga
2

49a

15p lnsm2
Zym2

md, a 10.3% reduction.
Combining our new result and previous fermionic tw

loop calculation leads to a total reduction ofaEW
m by

a factor 1 2 97ayp ø 0.77 and the new electrowea
on
n
e-
y

r-

-

prediction

aEW
m ­ 151s4d 3 10211. (14)

The assigned error of64 3 10211 is due to uncertain-
ties in MH and quark two-loop effects. It also allow
for possible three-loop (or higher) electroweak contrib
tions. In that regard, we note that our calculation of t
lnsMW ymmd coefficients can be combined with a reno
malization group analysis to sum up leading log co
rections of the formf a

p lnsMW ymmdgn, n ­ 1, 2, . . . ; that
analysis will be given in a future publication.

With minor modifications, our results give also th
two-loop electroweak corrections to anomalous magne
moments of other leptons. For the electron we find
the combined fermionic and bosonic loops

aEW
e s2 loopd

aEW
e s1 loopd

ø 2150
a

p
. (15)

The two-loop corrections result in a 35% reduction of t
one-loop prediction.
3269
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FIG. 3. An effectiveggH coupling diagram which gives a
contribution to the leading logarithms in linear gauges.

For the tau lepton the total result of two-loop boson
and fermionic loops is

aEW
t s2 loopd

aEW
t s1 loopd

ø 265
a

p
. (16)

The fermionic contribution has been computed assumi
charm quark mass equal approximately to the tau mass.
the case of thet lepton the two-loop corrections amoun
to a 15% reduction of the one-loop result.

Our final result in (14) along with the current bes
estimates foraQED

m andahadronic
m are illustrated in Table I.

For comparison, the 1990 values are also given [2
Changes reflect the evolution and continuing scrutiny
theoretical studies. At present

atheory
m ­ 116 591 739s154d 3 10211 (17)

with extremely small QED and electroweak uncertaintie
What remains is to reduce the hadronic uncertainty by
factor of 4 (or more) via improvede1e2 ! hadrons data
and additional theoretical input. Then, one can fully ex
ploit the anticipated improvement ina

exp
m from E821 at

Brookhaven, a measurement we anxiously await.
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TABLE I. Update inam ; gm22
2 since the 1990 estimate. All

numbers have to be multiplied by10211.

Current value 1990 estimate Change

aQED
m 116 584 706 (2) 116 584 696 (5) 110

ahadronic
m 6 882 (154) 7027 (175) 2145

aEW
m 151 (4) 195 (10) 244

atheory
m 116 591 739 (154) 116 591 918 (176) 2179
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