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Noncommuting Mixed States Cannot Be Broadcast
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We show that, given a general mixed state for a quantum system, there are no physical means
broadcastingthat state onto two separate quantum systems, even when the state need only be reprodu
marginally on the separate systems. This result extends the standard no-cloning theorem for pure sta
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The fledgling field of quantum information theory [1
draws attention to fundamental questions about wha
physically possible and what is not. An example is t
theorem [2,3] that there are no physical means by wh
an unknown purequantum state can be reproduced
copied—a result summarized by the phrase “quant
states cannot be cloned.” In this paper we formulate a
prove an impossibility theorem that extends the pure-s
no-cloning theorem to (invertible) mixed quantum stat
The theorem answers the question: Are there any phys
means forbroadcastingan unknown quantum state ont
two separate quantum systems? By broadcasting we m
that the marginal density operator of each of the sepa
systems is the same as the state to be broadcast.

The pure-state “no-cloning” theorem [2,3] prohibi
broadcasting pure states, for the only way to broadca
pure statejcl is to put the two systems in the product sta
jcl ≠ jcl, i.e., to clonejcl. Things are more complicate
when the states are mixed. A mixed-state no-cloning t
orem is not sufficient to demonstrate no broadcasting,
there are many conceivable ways to broadcast a mixed s
r without the joint state being in the product formr ≠ r,
the mixed-state analog of cloning; the systems might
correlated or entangled in such a way as to give the ri
marginal density operators. For instance, if the density
erator has the spectral decompositionr 

P
b lbjbl kbj, a

potential broadcasting state is the highly correlated jo
stater̃ 

P
b lb jbl jbl kbj kbj, which, though not of the

product formr ≠ r, reproduces the correct marginal de
sity operators.

The general problem, posed formally, is this. A qua
tum systemAB is composed of two parts,A andB, each
having anN-dimensional Hilbert space. SystemA is se-
cretly prepared in one state from a setA  hr0, r1j of
two quantum states. SystemB, slated to receive the un
known state, is in a standard quantum stateS. The ini-
tial state of the composite systemAB is the product state
rs ≠ S, wheres  0 or 1 specifies which state is to b
broadcast. We ask whether there is any physical proc
E , consistent with the laws of quantum theory, that lea
to an evolution of the formrs ≠ S ! E srs ≠ Sd  r̃s,
wherer̃s is anystate on theN2-dimensional Hilbert space
AB such that
0031-9007y96y76(15)y2818(4)$10.00
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trAs r̃sd  rs and trBsr̃sd  rs . (1)

HeretrA andtrB denote partial traces overA andB. If there
is anE that satisfies Eq. (1) for bothr0 andr1, then the set
A can bebroadcast. A special case of broadcasting is th
evolution specified byE srs ≠ Sd  rs ≠ rs; we reserve
the wordcloning for this strong form of broadcasting.

The most general actionE on AB consistent with
quantum theory is to allowAB to interact unitarily with
an auxiliary quantum systemC in some standard state an
thereafter to ignore the auxiliary system [4]; that is,

E srs ≠ Sd  trCfUsrs ≠ S ≠ YdUyg , (2)

for some auxiliary systemC, some standard stateY on C,
and some unitary operatorU on ABC. We show that such
an evolution can lead to broadcasting if and only ifr0

andr1 commute. This result strikes close to the heart
the difference between the classical and quantum theor
because it provides another physical distinction betwe
commutingand noncommutingstates. We further show
that A is clonable if and only ifr0 andr1 are identical
or orthogonal (r0r1  0).

To see that the setA can be broadcast when the state
commute, we do not need to attach an auxiliary syste
Since orthogonal pure states can be cloned, broadcas
can be obtained by cloning the simultaneous eigensta
of r0 andr1. Let jbl, b  1, . . . , N , be an orthonormal
basis forA in which both r0 and r1 are diagonal, and
let their spectral decompositions bers 

P
b lsbjbl kbj.

Consider any unitary operatorU on AB consistent with
Ujbl j1l  jbl jbl. If we chooseS  j1l k1j and let

r̃s  Usrs ≠ SdUy 
X
b

lsbjbl jbl kbj kbj , (3)

we immediately have that̃r0 andr̃1 satisfy Eq. (1).
The converse of this statement—that ifA can be

broadcast,r0 and r1 commute—is more difficult to
prove. Our proof is couched in terms of the conce
of fidelity between two density operators. The fidelit
Fsr0, r1d is defined by

Fsr0, r1d  tr
q

r
1y2
0 r1r

1y2
0 , (4)

where for any positive operatorO, i.e., any Hermitian
operator withnon-negativeeigenvalues,O1y2 denotes its
© 1996 The American Physical Society
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unique positive square root. (Note that Ref. [5] defin
fidelity to be the square of the present quantity.) Fide
is an analog of the modulus of the inner product
pure states [5,6] and can be interpreted as a measu
distinguishability for quantum states: it ranges betwee
and 1, reaching 0 if and only if the states are orthogo
and reaching 1 if and only ifr0  r1. It is invariant
under the interchange0 ! 1 and under the transformatio
r0 ! Ur0Uy, r1 ! Ur1Uy for any unitary operatorU
[5,7]. Also, from the properties of the direct product, o
has thatFsr0 ≠ s0, r1 ≠ s1d  Fsr0, r1dFss0, s1d.

Another reasonFsr0, r1d defines a good notion of dis
tinguishability [8] is that it equals the minimal overlap b
tween the probability distributionsp0sbd  trsr0Ebd and
p1sbd  trsr1Ebd generated by a generalized measu
ment orpositive operator-valued measure(POVM) hEbj
[4]. That is [7],
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Fsr0, r1d  min
hEbj

X
b

q
trsr0Ebd

q
trsr1Ebd , (5)

where the minimum is taken over all sets of positive o
eratorshEbj such that

P
b Eb  '. This representation o

fidelity has the advantage of being defined operationally
terms of measurements. We call a POVM that achie
the minimum in Eq. (5) anoptimalPOVM.

One way to see the equivalence of Eqs. (5) and
is through the Schwarz inequality for the operator i
ner producttrsAByd: trsAAyd trsBByd $ jtrsABydj2, with
equality if and only ifA  aB for some constanta. Go-
ing through this exercise is useful because it leads dire
to the proof of the no-broadcasting theorem. LethEbj be
any POVM and letU be any unitary operator. Using th
cyclic property of the trace and the Schwarz inequali
we have that
X
b

q
trsr0Ebd

q
trsr1Ebd 

X
b

q
trsUr

1y2
0 Eb r

1y2
0 Uyd

q
trsr

1y2
1 Eb r

1y2
1 d $

X
b

jtrsUr
1y2
0 E

1y2
b E

1y2
b r

1y2
1 dj (6)

$

É X
b

trsUr
1y2
0 Ebr

1y2
1 d

É
 j trsUr

1y2
0 r

1y2
1 dj . (7)
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We can use the freedom inU to make the inequality
as tight as possible. To do this, we recall [5,9] th
maxjtrsVOdj  tr

p
OyO, where O is any operator and

the maximum is taken over all unitary operatorsV . The
maximum is achieved only by thoseV such thatVO 
eif

p
OyO, f being arbitrary; that there exists at least o

such V is ensured by the operator polar decompositi
theorem [9]. Therefore, by choosing

Ur
1y2
0 r

1y2
1 

q
r

1y2
1 r0r

1y2
1 , (8)

we get that
P

b

p
trsr0Ebd

p
trsr1Ebd $ Fsr0, r1d.

Consulting the conditions for equality in steps (6) a
(7), we find that a POVM is optimal if and only if

Ur
1y2
0 E

1y2
b  mbr

1y2
1 E

1y2
b (9)

and the terms in the sum (7) have a common phase.
absorbing this phase intoU by virtue of its phase freedom
this second condition becomes

trsUr
1y2
0 Ebr

1y2
1 d  mb trsr1Ebd $ 0 , mb $ 0 .

(10)

Whenr1 is invertible, Eq. (9) becomes

ME
1y2
b  mbE

1y2
b , (11)

where

M  r
21y2
1 Ur

1y2
0  r

21y2
1

q
r

1y2
1 r0r

1y2
1 r

21y2
1 (12)

is a positive operator. Therefore one way to satis
Eq. (9) with mb $ 0 is to takeEb  jbl kbj, where the
vectorsjbl are an orthonormal eigenbasis forM, with mb
t

y

the eigenvalue ofjbl. When r1 is noninvertible, there
are still optimal POVMs. One can choose the firstEb

to be the projector onto the null space ofr1. In the
support of r1 (the orthocomplement of its null space
r1 is invertible, so we may construct the analog ofM
restricted to the support and choose the remainingEb ’s to
project onto its eigenvectors. Note that if bothr0 andr1

are invertible,M is invertible.
We begin the proof of the no-broadcasting theore

by using Eq. (5) to show that fidelity cannot decrea
under the operation of partial trace; this gives rise
an elementary constraint on all potential broadcast
processesE . Suppose Eq. (1) is satisfied for the proce
E of Eq. (2), and lethEbj denote an optimal POVM for
distinguishingr0 and r1. Then, for eachs, trfr̃ssEb ≠

'dg  trAftrBsr̃sdEbg  trAsrsEbd; it follows that

FAsr0, r1d ;
X
b

q
trf r̃0sEb ≠ 'dg

q
trfr̃1sEb ≠ 'dg

$ min
hẼcj

X
c

q
trs r̃0Ẽcd

q
trsr̃1Ẽcd

 Fs r̃0, r̃1d . (13)

Here FAsr0, r1d denotes the fidelityFsr0, r1d; the sub-
script A emphasizes thatFAsr0, r1d stands for the par-
ticular representation on the first line. The inequality
Eq. (13) comes from the fact thathEb ≠ 'j might not
be an optimal POVM for distinguishing̃r0 and r̃1; this
demonstrates the said partial-trace property. Similarly

FBsr0, r1d ;
X
b

q
trf r̃0s' ≠ Ebdg

q
trfr̃1s' ≠ Ebdg

$ Fs r̃0, r̃1d , (14)
2819
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where the subscriptB emphasizes thatFBsr0, r1d stands
for the representation on the first line.

On the other hand, we can just as easily derive
inequality that is opposite to Eqs. (13) and (14). By th
direct product formula and the invariance of fidelity unde
unitary transformations,

Fsr0, r1d  Fsr0 ≠ S ≠ Y, r1 ≠ S ≠ Yd

 FsssUsr0 ≠ S ≠ YdUy, Usr1 ≠ S ≠ YdUyddd .

(15)

Therefore, by the partial-trace property,

Fsr0, r1d # FssstrCfUsr0

≠ S ≠ YdUyg, trCfUsr1 ≠ S ≠ YdUygddd ,

(16)

or, more succinctly,

Fsr0, r1d # FsssE sr0 ≠ Sd, E sr1 ≠ Sdddd  Fs r̃0, r̃1d .

(17)

The elementary constraint now follows, for the onl
way to maintain Eqs. (13), (14),and (17) is with strict
equality. In other words, we have that if the setA can
be broadcast, then there are density operatorsr̃0 and r̃1
on AB satisfying Eq. (1)and

FAsr0, r1d  Fs r̃0, r̃1d  FBsr0, r1d . (18)

Let us pause at this point to consider the restrict
question of cloning. IfA is to be clonable, there must
exist a processE such thatr̃s  rs ≠ rs for s  0, 1.
But then, by Eq. (18), we must have

Fsr0, r1d  Fsr0 ≠ r0, r1 ≠ r1d  Fsr0, r1d2,

(19)

which means thatFsr0, r1d  1 or 0; i.e., r0 and r1
are identical or orthogonal. There can be no cloning f
density operators with nontrivial fidelity. The converse
that orthogonal and identical density operators can
cloned, follows, in the first case, from the fact that the
can be distinguished by measurement and, in the sec
case, because they need not be distinguished at all.

Like the pure-state no-cloning theorem [2,3], this no
cloning result for mixed states is a consistency requir
ment for the axiom that quantum measurements can
distinguish nonorthogonal states with perfect reliabilit
If nonorthogonal quantum states could be cloned, the
would exist a measurement procedure for distinguishi
those states with arbitrarily high reliability: one could
make measurements on enough copies of the quan
2820
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state to make the probability of a correct inference of
identity arbitrarily high. That this consistency require
ment, as expressed in Eq. (18), should also exclude m
general kinds of broadcasting is not immediately obv
ous. Nevertheless, this is the content of our claim th
Eq. (18) generally cannot be satisfied; any broadcast
process can be viewed as creating distinguishabilityex ni-
hilo with respect to measurements on the larger Hilb
spaceAB. Only for commuting density operators doe
broadcasting not create any extra distinguishability.

We now show that Eq. (18) implies thatr0 and r1

commute. We assume thatr0 andr1 are invertible. We
proceed by studying the conditions necessary for the r
resentationsFAsr0, r1d and FBsr0, r1d in Eqs. (13) and
(14) to equalFs r̃0, r̃1d. Recall that the optimal POVM
hEbj for distinguishingr0 and r1 can be chosen so tha
the POVM elementsEb  jbl kbj are a complete set of
orthogonal one-dimensional projectors onto orthonorm
eigenstates ofM. Then, repeating the steps leading fro
Eqs. (7) to (10), one finds that the necessary conditions
equality in Eq. (18) are that eachEb ≠ '  sEb ≠ 'd1y2

and each' ≠ Eb  s' ≠ Ebd1y2 satisfy

Ũr̃
1y2
0 s' ≠ Ebd  ab r̃

1y2
1 s' ≠ Ebd , (20)

Ṽ r̃
1y2
0 sEb ≠ 'd  bb r̃

1y2
1 sEb ≠ 'd , (21)

whereab andbb are non-negative numbers andŨ andṼ
are unitary operators satisfying

Ũr̃
1y2
0 r̃

1y2
1  Ṽ r̃

1y2
0 r̃

1y2
1 

q
r̃

1y2
1 r̃0r̃

1y2
1 . (22)

Although r0 and r1 are assumed invertible, one canno
demand that̃r0 andr̃1 be invertible—a glance at Eq. (3)
shows that to be too restrictive. This means thatŨ andṼ
need not be the same. Also we cannot assume that th
is any relation betweenab andbb.

The remainder of the proof consists in showing th
Eqs. (20)–(22), which are necessary (though perhaps
sufficient) for broadcasting, are nevertheless restrict
enough to imply thatr0 andr1 commute. The first step is
to sum overb in Eqs. (20) and (21). Defining the positive
operators

G 
X
b

abjbl kbj and H 
X
b

bbjbl kbj , (23)

we obtain

Ũr̃
1y2
0  r̃

1y2
1 s' ≠ Gd and Ṽ r̃

1y2
0  r̃

1y2
1 sH ≠ 'd .

(24)

The next step is to demonstrate thatG and H are
invertible and, in fact, equal to each other. Multiplyin
the two equations in Eq. (24) from the left byr̃

1y2
0 Ũy and
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r̃
1y2
0 Ṽy, respectively, and tracing the first overA and the

second overB, we get

r0  trAsr̃
1y2
0 Ũyr̃

1y2
1 dG and r0  trBsr̃

1y2
0 Ṽyr̃

1y2
1 dH .

(25)

Since, by assumption,r0 is invertible, it follows thatG
andH are invertible. Returning to Eq. (24), multiplyin
both parts from the left bỹr

1y2
1 , and tracing overA andB,

respectively, we obtain

trAs r̃
1y2
1 Ũr̃

1y2
0 d  r1G and trBsr̃

1y2
1 Ṽ r̃

1y2
0 d  r1H .

(26)

Conjugating the two parts of Eq. (26) and inserting t
results into the two parts of Eq. (25) yields

r0  Gr1G and r0  Hr1H . (27)

This shows thatG  H, because these equations ha
a unique positive solution, namely, the operatorM of
Eq. (12). This can be seen by multiplying Eq. (2
from the left and right byr

1y2
1 to get r

1y2
1 r0r

1y2
1 

sr
1y2
1 Gr

1y2
1 d2. The positive operatorr

1y2
1 Gr

1y2
1 is thus

the unique positive square root ofr
1y2
1 r0r

1y2
1 .

Knowing that G  H  M, we return to Eq. (24).
The two parts, taken together, imply that

ṼyŨr̃
1y2
0  r̃

1y2
0 sM21 ≠ Md . (28)

If jbl andjcl are eigenvectors ofM, with eigenvaluesmb

andmc, Eq. (28) implies that

ṼyŨs r̃
1y2
0 jbl jcld 

mc

mb
sr̃

1y2
0 jbl jcld . (29)

This means that̃r
1y2
0 jbl jcl is zero or it is an eigenvecto

of the unitary operator̃VyŨ. In the latter case, since th
eigenvalues of a unitary operator have modulus 1, it m
be true thatmb  mc. Hence we can conclude that

r̃
1y2
0 jbl jcl  0 when mb fi mc . (30)

This is enough to show thatM andr0 commute and hence
fr0, r1g  0. Consider the matrix element

kb0j sMr0 2 r0Md jbl  smb0 2 mbd kb0jr0jbl

 smb0 2 mbd
X

c
kb0j kcjr̃0jcl jbl .

(31)

If mb  mb0 , this is automatically zero. If, on the othe
hand, mb fi mb0 , then the sum overc must vanish by
Eq. (30). It follows thatr0 and M commute. Hence,
e

e

)

st

using Eq. (27),

r1r0  M21r0M21r0  r0M21r0M21  r0r1 .

(32)

This completes the proof that noncommuting quant
states cannot be broadcast.

Note that, by the same method as above,r̃
1y2
1 jbl jcl 

0 when mb fi mc. This condition, along with Eq. (30)
determines the conceivable broadcasting states, in w
the correlations between the systemsA andB range from
purely classical to purely quantum. For example, sin
r0 and r1 commute, the states of Eq. (3) satisfy the
conditions, but so do the perfectly entangled pure staP

b
p

lsb jbl jbl. Not all such broadcasting states can
realized by a physical processE , but sufficient conditions
for realizability are not known.

In closing, we mention an application of this resu
In some versions of quantum cryptography [10], t
legitimate users of a communication channel encode
bits 0 and 1 into nonorthogonal pure states. This
done to ensure that any eavesdropping is detectable, s
eavesdropping necessarily disturbs the states sent to
legitimate receiver [11]. If the channel is noisy, howev
causing the bits to evolve to noncommuting mixed sta
the detectability of eavesdropping is no longer a giv
The result presented here shows that there are no m
available for an eavesdropper to obtain the signal, no
and all, intended for the legitimate receiver without
some way changing the states sent to the receiver.
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