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Stability and the Fractal Structure of a Spherical Flame in a Self-Similar Regime
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Stability of a discontinuous flame front propagating in a self-similar regimeR  Ata is considered.
It is shown that the regime witha . 1 is more unstable compared to the flame propagating with a
constant front velocity. The destabilizing effect is more pronounced for flames with the ratio of th
fuel density to the density of the products of burningr1yr2 . 2 which is typical for usual laboratory
flames. A formula for the velocity of a flame with a fractal structure of the front is discussed.
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It is well known that a flame front propagating in a pr
mixed gaseous fuel is hydrodynamically unstable aga
Landau-Darrieus instability [1–3]. Recent experiments
spherical flames [4] showed that the flame instability lea
to the self-similar regime of the front propagation. In th
self-similar regime the radius of the flame front chang
with time as

R  Ata , ÙR  aA1yaRsa21dya , (1)

whereA is a coefficient which presumably depends up
the flame parameters. The approximate value of
exponenta measured experimentally for several mixtur
is a ø 3y2. The self-similar regime is associated with th
development of a fractal structure on the flame front w
total surface of the front,

S  4pR2 aA1ya

Quf
Rsa21dya , (2)

whereuf is the flame velocity andQ is the ratio of the fuel
densityr1 to the density of the products of burningr2.
According to Eq. (2) the fractal dimension of the unstab
flame front is2 1 sa 2 1dya, so that the fractal exces
is d  sa 2 1dya. Qualitatively the same behavior of
spherical flame was observed in numerical simulations
model nonlinear equations for a flame front [5,6], thou
different values for the fractal dimension were obtained
different papers.

The fractal structure of a flame front may be describ
as cascading cells: cells of smaller scale are imposed
cells of large scale and so on. The total surface o
fractal flame may be estimated in the following simp
way [4]. Let every step of the cascade decrease
cell size by factorb, Lk11  Lkyb, and increase the
front surface by factorb, Sk11  bSk . The cascading
process is limited from below, since the cell size cann
be less than the cutoff wavelengthlc, for which thermal
conduction suppresses the instability [7–11]. The c
size is limited from above too since perturbations w
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a length scale larger than2pRync are stable due to the
spherical geometry [12,13] (nc is the critical number of a
spherical function). The fractal structure implies a larg
number of cascadesN  lns2pRylcncdy lnsbd ¿ 1 and
the total flame surface is

Sf  SN  4pR2bN  4pR2

µ
2pR
nclc

∂d

, (3)

where the fractal excessd  lnsbdy lnsbd. In Eq. (3)
the cutoff wavelengthlc  lcsQd is known from the
linear stability theory of a planar flame front [7–11]
and b and b should be determined from the nonlinea
theory of a curved stationary flame. To obtain the critic
number nc one must consider stability of a spherica
flame taking into account the self-similar regime of flam
propagation, Eq. (1).

In [4] it was assumed that the flame acceleration
the self-similar regime influences the cutoff waveleng
too, which was taken in the formlc ,

p
xufyR̈. This

assumption may be true ifa . 2, but it is definitely
erroneous for the experimentally observed self-simi
regimes witha , 2. Indeed, in this case the acceleratio
of the front R̈  asa 2 1dta22 tends to zero fort !

` and cannot be the main reason of the flame fro
instability.

In the present Letter we consider stability of a disco
tinuous flame front propagating in the self-similar regim
Eq. (1). We show that the regime witha . 1 is more un-
stable compared to the flame propagating with a const
front velocity. The destabilizing effect is more pronounce
for flames with the expansion coefficientQ  r1yr2 . 2,
which is typical for usual laboratory flames. The obtaine
results specify the parameterA in Eq. (1) as a function of
the expansion coefficientQ and the exponenta of the self-
similar law.

Since the flow is incompressible, the hydrodynam
equations describing flame propagation and stability c
© 1996 The American Physical Society



VOLUME 76, NUMBER 15 P H Y S I C A L R E V I E W L E T T E R S 8 APRIL 1996

-

ve

ur

er
n-

au
ot

ed
ant
e
ad

e

to
e

l
ns

e

n
ce

is
be taken in the form

1
r2

≠

≠r
sr2ud 1 ='w  0 , (4)

≠w
≠t

1 u
≠w
≠r

1 sw='du  2
1
r

='P , (5)

≠u
≠t

1 u
≠u
≠r

1 sw='du  2
1
r

≠P
≠r

, (6)

whereu, w are the radial and the angular velocity com
ponents, respectively, and=' is the angular part of the
operator=. For the unperturbed spherical flame we ha
w  0 and the flow ahead of the flame front is given by

u  Bstdyr2, sP 2 P`dyr1  ÙByr 2 B2y2r4. (7)

The gas behind the flame front is at rest:u  0 for r , R.
The boundary conditions at the spherical flame front

r1su1 2 ÙRd  2r2
ÙR , (8)

P1 1 r1su1 2 ÙRd2  P2 1 r2
ÙR2 (9)

give the relationBstd  R2 ÙRsQ 2 1dyQ. Then the un-
perturbed flow ahead of the flame front (r . R) is de-
scribed by

u 
Q 2 1

Q

R2

r2
ÙR , (10)

Pyr1
ÙR2 

Q 2 1
Q

3a 2 1
a

R
r

2
1
2

sQ 2 1d2

Q2

R4

r4 .

(11)

Pressure behind the flame frontsr , Rd follows from
Eqs. (9)–(11),

Pyr1
ÙR2 

Q 2 1
Q

3a 2 1
a

1
1
2

Q2 2 1
Q2

. (12)

The linearized hydrodynamic equations for small pert
bations of the spherical self-similar flame have the form

r21 ≠

≠r
sr2ũd 1 l̂w̃  0 , (13)

≠

≠t
l̂w̃ 1 u

≠

≠r
l̂w̃  2

1
rr

l̂2P̃ , (14)

≠ũ
≠t

1
≠

≠r
suũd  2

1
r

≠P̃
≠r

, (15)

where perturbations are denoted by a tilde and the op
tor l̂  r=' is introduced. The perturbed boundary co
ditions at the flame front are

ũ1 2 ≠R̃y≠t 1 s≠uy≠rd1R̃  Q21sũ2 2 ≠R̃y≠td , (16)

P̃1 1 s≠Py≠rd1R̃  P̃2 , (17)

l̂w̃1 1
u1

R
l̂2R̃  l̂w̃2 . (18)
-

a-

As an additional boundary condition we take the Land
condition that the velocity of flame propagation is n
changed by the small perturbations, i.e.,

ũ1 2 ≠R̃y≠t 1 s≠uy≠rd1R̃  0 . (19)

It should be mentioned that the condition Eq. (19) appli
to the self-similar regime Eq. (1) does not mean a const
velocity of the flame front any more, as it was in th
original statement by Landau and Darrieus [1–3]. Inste
it means that the instanteneous normal velocityÙR remains
unchanged by perturbations of an infinitely thin front in th
linear regime.

Equations (14)–(20) may be solved in a way similar
the classical work by Istratov and Librovich [12]. Th
flow ahead of the flame front is potentialũ  ≠w̃y≠r,
w̃  ='w̃, Dw̃  0. Taking into account the spherica
symmetry of the unperturbed flow, we obtain perturbatio
ahead of the flame front in the form

w̃  ÙRRF1stdYn,msRyrdn11, (20)

ũ  2sn 1 1d ÙRF1stdYn,msRyrdn12, (21)

l̂w̃  2nsn 1 1d ÙRF1stdYn,msRyrdn12, (22)

whereYn,m are the spherical harmonics,l̂2Yn,m  2nsn 1

1dYn,m. The perturbation of pressure ahead of the flam
front follows from Eqs. (15) and (21),

P̃yr1
ÙR2  Yn,msRyrdn11F1

3

∑
2

t
aF1

dF1

dt
2 n 2 2

2
a 2 1

a
1 sn 1 1d

Q 2 1
Q

R3

r3

∏
. (23)

As it follows from Eqs. (14) and (15) the perturbatio
of pressure behind the flame front satisfies the Lapla
equation

DP̃  0 . (24)

Then solution of Eqs. (13)–(15) behind the flame front

P̃yr1
ÙR2  Yn,msryRdnF2

3

∑
t

aF2

dF2

dt
2 n 1 1 1

a 2 1
a

∏
, (25)

ũ2  2nQ ÙRYn,msryRdn21F2 1 QYn,mF3srd , (26)

l̂w̃2  nsn 1 1dQ ÙRYn,msryRdn21F2

2 QYn,m

µ
r

dF3

dr
1 2F3

∂
. (27)

Taking the perturbations of the flame front in the form

R̃  RYn,mF4 , (28)
2815
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rdinary
and substituting Eqs. (21)–(23), (25)–(28) into the boundary conditions, Eqs. (16)–(19), we obtain the system of o
equations for the unknown functionsF1, F2, F3, F4,

sn 1 1dF1 2 nF2 1 F3y ÙR 1
Q 2 1

Q

µ
3F4 1

t
a

dF4

dt

∂
 0 , (29)

t
a

dF1

dt
1

µ
1 1

a 2 1
a

1
n 1 1

Q

∂
F1 1

µ
a 2 1

a
2 n 1 1

∂
F2 1

t
a

dF2

dt
1

Q 2 1
Q

µ
a 2 1

a
1 2yQ

∂
F4  0 ,

(30)

nsn 1 1dF1 1 nsn 1 1dQF2 2
Qt

a ÙR

dF3

dt
2

µ
a 2 1

a
1 2

∂
QF3

ÙR
1 nsn 1 1d

Q 2 1
Q

F4  0 , (31)

sn 1 1dF1 1
t
a

dF4

dt
1 f1 1 2sQ 2 1dyQgF4  0 . (32)

We look for the solution of Eqs. (29)–(32) in the formF1, F2, F4 , ts , F3 , ts1a21, wheres is the instability growth
rate. Then the dispersion relation for the instability growth rate isµ

s

a

∂2

s1 1 n 1 Qnd 1
s

a
f3sn 1 1d 1 ds1 1 n 1 Qnd 1 2ns2Q 1 ndg

2
Q 2 1

Q
n2sn 1 Qdd 2 s3Q 1 2Qd 1 3dn 2 2n2 1

n
Q

2 2 2 d  0 , (33)
-
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where d  sa 2 1dya. For the casea  1, Eq. (34)
coincides with the result obtained in [12].

The critical spherical numbernc, for which s  0, is
determined by

n2
csnc 1 Qdd sQ 2 1d 2 2Qn2

c 1 nc

2 s3Q 1 2Qd 1 3dQnc 2 2Q 2 Qd  0 . (34)

The critical numbernc as a function of the expansion co
efficient Q is shown in Fig. 1 for a flame front with con
stant velocitysa  1d and for the experimentally observe
self-accelerating flamessa  3y2d. The stability limits
are almost the same for flames with a small expansion c
ficient Q , 2:nc ø 2ysQ 2 1d. The self-similar regime
a  3y2 becomes essentially more unstable for flam

FIG. 1. Stability boundaries for a spherical flame (1) w
a constant velocity; (2) propagating in the self-similar regim
with a  3y2.
2816
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with larger expansion coefficientQ . 2. For example,
for Q  20 the stability boundary moves fromn  10 for
the flame with constant velocitysa  1d to n  7 for the
self-similar regime witha  3y2.

The instability growth rate is shown in Fig. 2 versu
the number of the spherical harmonicn for the flame with
the expansion coefficientQ  10. The instability growth
rate for the self-similar regime of the flame propagati
sa  3y2d differs noticeably from the increment for th
flame with a constant velocity even for the case when
stability limits change slightly. For high order harmonic
n ! ` the instability growth rate is proportional to th
exponent of the self-similar regime,

s ! anSyQ , (35)

FIG. 2. The instability growth rates vs the spherical number
n for the flame (1) with a constant velocity; (2) propagatin
in the self-similar regime witha  3y2. The expansion
coefficient isQ  10.



VOLUME 76, NUMBER 15 P H Y S I C A L R E V I E W L E T T E R S 8 APRIL 1996

or

es

n
o

of
e-
n
i

e
fo
c
v
e
e

l
r

o
nt

-
,

,

a

e

h-

.

.

where

S 
Q

Q 1 1

≥p
Q 1 1 2 1yQ 2 1

¥
(36)

is the coefficient obtained in the Landau-Darrieus the
of flame stability [1–3].

The obtained results give an explicit analytical expr
sion for the factorA in the self-similar law, Eq. (1),

A 

µ
2pQuf

anclc

∂a nclc

2p
. (37)

This expression follows from comparison of Eqs. (2) a
(3). Thus a spherical flame with the fractal structure
the front propagates with the velocity,

Uf  Quf

µ
2pR
nclc

∂sa21dya

, (38)

where the critical spherical numbernc  ncsQd is deter-
mined by Eq. (35). The analytical estimate for the cut
wavelengthlc in the case of a simple Arrhenius type r
action and neglected stoichiometry effects may be fou
in [7–11]. Accurate estimates of the cutoff wavelength
more general cases are available in [14].

Of course, Eqs. (37) and (38) are valid for flam
unstable only against the Landau-Darrieus instability
which the self-similar regime Eq. (1) was observed (rea
methane-air or hydrogen-air mixtures or lean hea
hydrocarbon-air mixtures). Additional influence of th
thermal-diffusion instability makes behavior of a flam
front even more complicated.
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