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Two-Mode Laser Power Spectra
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We investigate the properties of power spectra of a two-mode laser and predict that universal relations
among the peaks of the power and noise spectra for different modes but the same frequency hold for
deterministic and stochastic perturbations. These results are confirmed experimentally.

PACS numbers: 42.50.Ne, 42.55.Rz

In recent studies on multimode solid state free-runninghe peak of the power spectrui(/,, };) for model,
lasers (i.e., in the absence of either mode or phasat frequency(); and the peak of the power spectrum
locking), it has appeared that the peaks of the powep(31,Q;)for the total intensitys/ = >, I, atthe same
spectra verify remarkable relations [1]. The purpose ofrequency
this Letter is to present a study of the two-mode case
for which additional and more explicit results can be ul
obtained. We also present experimental results Whicrf)(zl’ﬂf) - ZIP(I"’QJ')

confirm the theoretical analysis. AV
Multimode free-running solid-state lasers can pe de- +2 Z \/P(In,ﬂj)P(Im,Q;) COL@rmj) -
scribed by the Tang, Statz, and deMars rate equations [2] vy B ‘ ' ‘
dZ N Zn (4)
d—;):W_Zo— ZW(ZO— ?)In» 1)
n=1 This result holds in the limite — 0. It involves the
parameterp,,; = 6,; — 0,;, whered,; is the phase of
dz, N the nth component of the eigenvector associated with the
gy Yntoln =z 1+ kzlwlk ; (2)  eigenvalueA; whose imaginary part i§); as shown in

[1]. Inanumber of situations, the phase difference may be
independent of the preparation of the system. In this case
,dl, Zn the resulting power spectrum relation becomes universal.
“u [7"<Z0 B 7) B 1}1"’ n=12...N, In the case of two modes, there are two frequencies

(3) Q; < Qg and y, = y. It can be shown analytically

which couple the intensity of th& modes, to the space hal ¢12c = 7 + O(€) and g1op = O(e). This result

average of the population inversiap and the population ndicates that the low frequenc§), is associated with

gratingsz,. The incoherent pumping is represented byantiphase dynamics while the relaxation oscillation fre-
w = 1, the gain of mode: relative to the gain of the first quency(lg is associated with inphase dynamics. There-

mode isy, = 1, and € is the photon lifetime divided fore the power spectra equalities become
by the atomic inversion lifetime. In agreement with

gxperimental data [3], we have assumed thas mode P(3I1,Qp) = [\/P(II’QR) + \/P([Z’QR)T,

independent. 5)
The essential feature which will be exploited in this 2

Letter is thate is a small parameter with typical values P21, Q) = [\/P(II’QL) B \/P(IZ’QL)} ’

in the rangel0~2 to 1073, In a previous paper [1], we

have shown that the smallnesseotan be used to derive The universality of these relations stems from the fact
universal relations for the power spectrum of such laserghat they relate peaks of different modal intensitiethat
What makes this derivation possible is that the lineasame frequencyHence they express a relation between
stability analysis around the steady state is governed bglifferent components of the same eigenvector and can
complex eigenvalues with different scaling for the real andherefore be independent of the preparation of the system.
imaginary parts. The imaginary parts, which determine We wish to determine both numerically and experimen-
the oscillation frequencie$);, are O(1/¢e) while their tally the extent to which the relations (5) are valid. The
real parts, which determine the damping rates,@(¢é). reason to expect a large domain of validity is that the re-
The main result obtained in [1] is a connection betweenations (5) are derived from a linearized analysis around
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TABLE |. Power spectrum normalized ®(21, Q) for the relaxation towards steady state with= 2 X 107> andw = 2.25.
Initial condition:w = 2.5. (@)y = 0.99. (b)y =0.9. (c)y = 0.8.

Q JP(1,,Q) VP, Q) P(21,Q) P(21,Q)
numerical calculated
@ Q, 0.1283 0.1291 < 0.0001 < 0.0001
Qr 0.5202 0.4798 1 1.0000
(b) (075 0.4200 0.5420 0.0149 0.0149
Qr 0.7124 0.2876 1 1.0000
(c) Q, 1.0105 1.6474 0.4057 0.4056
Qr 0.9184 0.0816 1 1.0000
the steady state for the variablés, ¢, andJ, defined An experimental verification of the power spectrum

by z, = zus + €&ny 20 = z0s + €0, I, = I,y + J,, and  relation (5) has been carried out by using a microchip
7 = t/e where the subscrips stands for steady state LiNdP,O;, (LNP) laser oscillating in the two-mode
[4,5]. It follows from this scaling that perturbations which regime. The LNP laser consists of a 1 mm thick crystal
result in the addition of a ternO(e) in Eqgs. (1)—(2) with dielectric mirrors coated on both surfaces and it
and a termO(e?) in Eq. (3) will not affect the relations is pumped by an Ar laser. The oscillation wavelength
(5). This means that correctiofi(e?) to zo andz, and  was 1.32um and the TEM, mode lasing threshold was
correctionsO(e€) to I,, do not affect the relations (5). 250-260 mW depending on the pump position on the
Tests have been performed to assess the validity of therystal. By changing the pump position, the pump power
relations (5). The first test is a study of the relaxationfor the onset of the second cw lasing mode (and therefore
towards a steady state [6,7]. The laser is initially iny) was changed resulting from a slight change in the
a steady state corresponding to= 2.5. The pump cavity length (e.g., crystal thickness). We tested the
parameter is abruptly reduced to 2.25 and the transiemelations (5) at two different pump positions. The second
relaxation towards the new steady state is recordethresholdw, was 1.185 and 1.260, respectively.
and spectrum analyzed. The results of this numerical An example of power spectra averaged over a long
integration are summarized in Table | and show arperiod of time for modal and total intensities of the free-
excellent agreement with the relations (5): The differenceunning LNP laser driven by “white” noise is shown in
between the last two columns is indeed less than Fig. 1, where the pump power i = 3.27 and w,. =
The second test is the influence of noise. We considet.26. Results obtained from different pump and gain are
a two-mode laser in the steady state and introduce asummarized in Table Ill, together with calculated values
external source of noise. We added to the right hand sideased on the measured power spectral intensities using
of the modal intensity equation (3) a source term of thg5). Experimental results are found to verify the universal
form al,;l(t) where @ = 0.05 is the noise amplitude, relation (5) of two-mode laser power spectra excellently.
I, is the steady intensity of theth mode(n = 1 or2), Thus we have shown analytically, numerically, and
and £(¢) is a sequence of random numbers uniformlyexperimentally that the relations (5) have a large domain
distributed on the intervdl-1, 1]. The time evolution is of applicability. Additional tests have been made with
spectrum analyzed and the result is displayed in Table ligain and loss modulation. They also verify the relations
Here again, the agreement between the numerical valu®) provided that the modulation amplitude is less than or
of P(21,Q) and the result obtained using the relationsequal toe>.
(5) is excellent, with a discrepancy which is always lower The simplicity of the two-mode case is related to the
thane. existence of only two internal frequencieQ,; and Qg,

TABLE Il. Noise spectrum normalized t8(21, Qz) with €2 =2 X 1073, w = 2.25 and noise leveb X 1072, (a) y = 0.99.
(b) y =0.9. (c)y = 0.8.

Q VP, Q) VP, Q) P(21,Q) P(3I,Q)
numerical calculated
@ Q; 1.4238 1.4714 0.00295 0.00226
Qr 0.5285 0.4728 1 1.0026
(b) Q; 1.4633 1.8197 0.1287 0.1270
Qr 0.7212 0.2804 1 1.0032
(c) Q; 0.4760 0.7538 0.0781 0.0772
Qr 0.9248 0.0756 1 1.0008
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(@) ("
FIG. 1. Two-mode LNP laser power spectra in the free-running condition. (a) Power spectrum forfmo¢s) Enlarged/,

spectrum. (b) Power spectrum for motle (b') Enlargedl, spectrum. (c) Power spectrum for the total intengjty+ I,, where
the vertical scale is twice that of (a) and (b). The horizontal scale is 100 kHz/div.

which are determined by solving a quadratic equationbe derived analytically. In particular, we have

In the case of three or more nondegenerate modes, 5

there is practically no analytic information which can P(l, Qg)/P(I1, Q) = S3,

be obtained. Using the results of [4], one finds that for P(L, Q) /P(I;,Q;) = S2, (6)
N = 2 additional relations between the power spectra can

. = D@ -y £ VIly = D@ = yP + 16[1 — ¥ = DPe = Dlyz = D
- 4y(z = D1 = y(z = D]

(7)

TABLE lIl. Observed noise spectrum normalized R§2.1, Qx) of free-running two-mode LNP laser. (&) = 1.6, w. = 1.18.
(b) w = 1.55, w, = 1.26. (c)w = 3.27, w.1.26.

Q VP, Q) VP, Q) P(21,Q) P(2I1,Q)
numerical calculated
@ O, 0.22 0.26 < 0.01 < 0.01
Qr 0.56 0.44 1 1.00
(b) O, 0.26 0.27 < 0.01 < 0.01
Qr 0.54 0.43 1 0.94
(©) O, 0.16 0.16 < 0.01 < 0.01
Qr 0.55 0.46 1 1.02

2696



VOLUME 76, NUMBER 15 PHYSICAL REVIEW LETTERS 8 ARRIL 1996

with y =1y, and z is the steady state value of government. K.O. is indebted to T. Yamada of NTT Ba-
z0. Therefore, the ratiosP(l,,Qz)/P(I;,Qg) and sic Research Laboratories for supplying an LNP crystal.
P(I1,Q1)/P(I,,Q;) increase withw at constantvy.

For a constant pump, there is a critical value of the

gain y. below which the laser is single mode. The *Present address: Department of Applied Physics,

three peaksP(/;,€).), P(l».Qg), and P(I», Q) van- School of Engineering, Tokai University, 1117 Kita-
ish for y = y.. However, the analytical expression kaname, Hiratsuka, Kanagawa 259-12 Japan.

(7) implies9/4 < P(I,,Q)/P(I;,Q;) < 4 in the limit [1] P. Mandel and J.-Y. Wang, Phys. Rev. Lef5, 1923
0<vy—1vy.— 0. For instance,y. = 0.76 for w = (1995).

2.25, and Table | givesP(l,,Q;)/P(1;,Q;) = 2.6578 [2] C.L. Tang, H. Statz, and G. deMars, J. Appl. Phgd,
fory = 0.8. 2289 (1963).

An essential property of the relations (5) is that they are [3] K. Otsuka, M. Georgiou, and P. Mandel, Jpn. J. Appl.
independent of the parameters of the system. In contrast Phys.31, L1250 (1992).
the relations () require an explicit knowledge of all the 4] Dl.gsl;ieroux and P. Mandel, Opt. Commud07, 245
parameters. We have verified that the relations (6) are in ( )
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