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To understand the electronic shell and supershell structure in large metal clusters we have pe
self-consistent calculations in the homogeneous, spherical jellium model for a variety of diff
materials. A scaling analysis of the results reveals a surprisingly simple dependence of the sup
on the jellium density. It is shown how this can be understood in the framework of a periodic-
expansion by analytically extending the well-known semiclassical treatment of a spherical cav
more realistic potentials.

PACS numbers: 36.40.Cg, 31.15.Ew, 31.15.Gy
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The structure observed in the mass spectra of la
warmed metal clusters [1–4] can be attributed to
properties of itinerant electrons moving in a finite vo
ume [5,6]. The most prominent finite-size effect is t
occurrence of pronounced oscillations in the density
states [7] giving rise to an oscillating partẼ of the total
energy, which is superimposed on the smooth Thom
Fermi energyĒ. With increasing cluster radius, one fin
regular oscillations (shells) whose amplitude is modulate
(supershells).

Two different theoretical approaches have been u
to describe the electronic shell and supershell struc
in large metal clusters. One is the self-consistent jelli
model [8]. In its simplest form a cluster is described
a homogeneous sphere of given charge density, dre
with N valence electrons. Treating the electrons s
consistently using density functional theory, the only inp
parameter for such a calculation is the Wigner-Seitz rad
rs. Although it describes the electronic structure of alk
clusters quite well, this model provides little physic
insight into the mechanisms underlying the shell a
supershell oscillations. It is here that the second appro
comes in. Given an effective one-particle potential o
can find a semiclassical expansion of the oscillating p
of the density of states in terms of classical periodic or
[7,9]. Introducing a suitable damping factor one finds
the spherical cavity that the oscillations in the density
states are essentially determined by the contribution
triangular and square orbits. The supershells can
be understood as a beating pattern originating from
contributions of these orbits.

The semiclassical approach draws its power from
fact that the periodic-orbit expansion is known analy
cally for the model case of the spherical cavity. Howev
potentials with hard walls are only a crude approximat
to realistic cluster potentials, which have a soft surfa
Such potentials can also be treated using semiclas
techniques [10,11]. In particular, ultrasoft potentials ha
received much attention [12,13]. Unfortunately in the
cases the action integrals entering the semiclassical
malism have to be evaluated numerically.
0031-9007y96y76(15)y2678(4)$10.00
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In order to find out what determines the shell and sup
shell structure in metal clusters, we have carried out
following program. First we performed a series of calc
lations in the homogeneous, spherical jellium model fo
range of different electron densities. A scaling analy
of the results suggested that changing the electron den
merely introduces a phase shift in the supershell struct
It is shown how this can be understood semiclassically
terms of aleptodermous expansion, where the action in-
tegrals for the potential under consideration are expan
around a cavity. Thereby we obtain ananalyticalexpres-
sion for the shift of the supershells. Finally it is show
that the leptodermous expansion works for realistic cl
ter potentials by comparing the shifts of supershells
tracted from self-consistent calculations to those given
the semiclassical formulas.

As the starting point of our analysis, we have perform
extensive calculations in the homogeneous, spherical
lium model. We use the local density approximation
the parametrization given in Ref. [14]. Electron densiti
range fromrs  2.07a0 for aluminum to rs  5.63a0,
corresponding to bulk cesium. Cluster sizes were c
sen fromN  100 to 6000 valence electrons, thus includ
ing the first two nodes of the supershell oscillation for
densities considered. Typical results forẼsNd are shown
in Fig. 1. It can be seen that the supershells are shi
towards largerN as the Wigner-Seitz radius decrease
while the positions of the shell minima are fairly indepe
dent ofrs. To quantify the supershells we determine t
envelope ofẼsNd by low-pass filtering its absolute value
The position of the supershell nodes is given by the m
ima in the envelope. Filtering out the shell structure,
course, introduces an uncertainty of the order of the d
tance between adjacent shell minima. The results of
jellium calculations are listed in Table I.

To make a quantitative comparison of the differe
jellium calculations, we describe the problem in terms
dimensionless quantities. In order to do so, the relev
scales of the problem have to be identified. Obviously o
such scale is the Wigner-Seitz radius. In fact, we find t
the amplitude of the oscillations̃EsNd is proportional to
© 1996 The American Physical Society
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FIG. 1. Oscillating part of the total energy extracted from
self-consistent calculations in the homogeneous, spherical
lium model. The positions of the supernodes are indicated.

1yr2
s . The existence of a surface introduces an addition

scale: the widtha of the surface region. As has bee
shown in [15],a is fairly independent ofrs. Assuming
the shift of the supershells to be a surface effect, w
identify ayrs ~ 1yrs as the relevant scaling paramete
By plotting the positions of the supernodes as a functi
of 1yrs (cf. Fig. 2) we indeed find a simple relation: The
supernodes are linearly shifted as a function of1yrs. In
particular, the first and second supernodes are shiftedin
parallel. Describing ẼsNd semiclassically as a simple
beating pattern [5], it is therefore tempting to conclud

TABLE I. Position of supernodes (given asN1y3) for differ-
ent jellium densities.

Material rs in a0 1st supernode 2nd supernode

Cs 5.63 8.39 14.59
Rb 5.20 8.43 14.67
K 4.86 8.47 14.75
Na 3.93 8.95 15.11
Li 3.26 9.15 15.45
Tl 2.48 9.79 16.01
In 2.41 9.85 16.11
Ga 2.19 10.13 16.37
Al 2.07 10.20 16.49
l-

l

e

n

that the shift of the supershells is caused by a phase s
in the contributions of the periodic orbits.

To check this conjecture, we derive an explicit period
orbit expansion for the oscillating part̃EsNd of the
total energy. Our approach is based on the fact t
Ẽ can, to first order, be extracted from the spectru
of smooth potentials that fit the self-consistent resu
[16]. We start from the observation [17] that in th
semiclassical approximation the density of states natur
separates into two contributions: the smooth Thom
Fermi term r̄ and an oscillating contributioñr. The
latter term describes the quantum corrections to Thom
Fermi theory and is given by an expansion over
classical periodic orbits which exist in the potential und
consideration. For a spherically symmetric potential w
exactly two classical turning points the periodic orbits c
be uniquely labeled by two positive integers: the numb
of timesl it turns around the origin and the numbern of
vertices it has. Denoting the classical action along su
a periodic orbit bySsl,nd, one finds an expression of th
form [7]

r̃sEd dE 
X

sl,nd
Asl,nd cossSsl,ndyh̄ 2 wsl,ndd dE , (1)

wherewsl,nd is the so-called Maslov phase. Unfortunate
the expansion (1) converges quite slowly. This is obvio
since it is supposed to approximate the density of sta
which is a sum ofd functions. Therefore one usuall
introduces some damping as to broaden the eigenst
and make the expansion (1) converge more rapidly.
we are actually not interested in the density of stat
rather inẼsNd. In the limit of largeN (which corresponds
to the semiclassical limit) the oscillating part of the tot
energy is given by

ẼsNd  2
Z ĒF sNd

0
dE

Z E

0
dE0 r̃sN; E0d . (2)

FIG. 2. Position of the first and second supernodes a
function of 1yrs. The error bars are due to the uncertain
in locating the supernodes as minima of the envelope ofẼsNd.
The solid line gives a linear fit to the data, the parameters
which are given in the plot.
2679
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Here ĒFsNd is the Fermi energy in Thomas-Fermi ap
proximation. Integrating twice by parts overr̃ essentially
divides the expansion parametersAsl,nd in (1) by the
square of the classical action along the orbit, there
reducing the importance of the longer orbits,

ẼsNd  Ē2
F

X
sl,nd

4Asl,nd

S2
sl,nd

cossSsl,ndyh̄ 2 wsl,ndd . (3)

Thus there is no need of introducing a damping fac
to accelerate convergence. Actually,ẼsNd is dominated
by the contributions of the shortest plane periodic orb
namely, the triangular and the square orbit. Furthermo
inspection of (3) shows that variations in the bounda
conditions, which strongly shift the oscillations iñr [18],
hardly influenceẼ, since the changes in the density
states are compensated by those in the Fermi energy.

As an immediate application of the expansion (3
we can investigate how an increase in density for sm
clusters compared to the bulk affects the electronic sh
and supershells. Such alattice contractionwas suggested
by extended x-ray absorption fine structure (EXAF
analyses of small clusters [19]. Changing the dens
clearly will change the Fermi energy for a given cluste
As we can see from Eq. (3), this will obviously chang
the overall amplitude of̃EsNd. But apart from that the
oscillations are determined by the classical actionsSsl,nd
along the periodic orbits. For a spherical cavity of radi
R0 we find

Ssl,ndyh̄  2n sinsplynd k̄FR0, k̄F 
q

2mĒFyh̄ ,

(4)
where the product̄kFR0 depends on the numberN of
electrons inside the cavity, but is independent of t
electron density. Hence the electronic shell structure
spherical-cavity clusters does not depend on any lat
contraction, except for an overall change in amplitud
This result suggests that the same is true for smo
potentials, provided the lattice contraction is not t
large. We have confirmed this by numerically solvin
the quantum-mechanical problem for realistic potenti
introducing contractionsDR0 of up to 1

2 rs. Thus we
can conclude that a possible lattice contraction will n
noticeably affect the electronic shells and supershells.

Next we turn to the problem of understanding wh
the supernodes are phase shifted as a function of jell
density (cf. Fig. 2). The most straightforward approa
would be to solve the integrals, which enter Eq. (3
explicitly. Unfortunately, this cannot be done analy
cally. But in the semiclassical limit, which correspond
to N ! `, it is sufficient to know the integrals to leadin
order in 1yN . The basic idea is then to use the sph
ical cavity as a starting point and expand the action
more realistic potentials around this case, using the s
2680
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face width a as small parameter (leptodermous expan
sion). For the classical action we then find

Ssl,ndyh̄  S
cavity
sl,nd yh̄ 1

µ
I1 1 I2

a
rs

∂
1 O sN21y3d , (5)

where the expansion parametersI1 andI2 are independen
of cluster size; i.e., to leading order surface softn
introduces a phase shift in the periodic-orbit expans
(3), while the period of the oscillations is still determine
by S

cavity
sl,nd yh̄. An additional phase shift arises from th

difference of the Maslov phaseswsl,nd for a soft potential
or a cavity. Finally an inspection of the amplitudes
(3) shows that, to leading order in1yN, they are not
dependent on the shape of the potential. We thus find
replacing a cavity by a soft potential with small surfa
parametera amounts to merely shifting phases in th
periodic-orbit expansion of̃EsNd.

Now the question arises whether typical cluster pot
tials are such that their surface parameter is small eno
for the above expansion to be valid. To judge this,
have to fit the potentials obtained from our self-consist
calculation with some analytical model potential. Sin
the classical action depends only on the potential in
classically allowed region, it seems reasonable to fit o
for E , EF . There the self-consistent potential, exce
for possible Friedel oscillations, can be well described
a Woods-Saxon function

V srd 
2V0

1 1 expfsr 2 R0dyag
. (6)

But fitting only for E , EF seems to imply an error in
calculating the Maslov phases which serve to capture
influence of the classically forbidden region. From WK
quantization it can be seen that the Maslov phases f
separable system are given by the sum of the quant
mechanical scattering phases at the classical turn
points. For Woods-Saxon potentials we can calcu
these analytically. To leading order, they coincide w
the Maslov phases for a square-well potential of de
2V0 [18]. Thus, the error in the potential forE . EF

will not enter the leptodermous expansion.
Given the potential (6), we have found analytical expr

sions for the parametersI1 andI2 in the expansion (5) of
the classical action. Introducing the abbreviations

P 

s
EF 1 V0

V0
and PL  P cos

µ
pl

n

∂
,

the expansion parameters for a given periodic orbitsl, nd
are

I1 
3n

2
sin

µ
pl

n

∂ "µ
1

P2 2 2

∂
arcsinsPd 2

s
1

P2 2 1

#
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I2  4n

µ
9p

4

∂1y3
(

PL

P
lns2PLd 2

s
1 2 P2

L

P2
arcsinsPLd 2 sin

µ
pl

n

∂ ∑
lns2Pd 1

µ
1

P2
2 1

∂3y2

arcsinsPd 2
1
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Details of the calculation will be published elsewhere [2
We are now in the position to find a simple estimate

the shift of the supershells. Following [5] we start fro
a drastically simplified version of Eq. (3): All periodi
orbits except the triangulars1, 3d and the squares1, 4d
orbits are neglected. Furthermore, it is assumed that
amplitudes for these orbits are equal. This leaves us w
an expression of the form

Ẽ  Afcoss f1N1y3 1 w1d 1 coss f2N1y3 1 w2dg . (7)

Fitting the self-consistent potentials with (6), we c
compare the shift observed in the jellium calculations
that determined by the leptodermous expansion using
ansatz (7). This is shown in Fig. 3. Although we ha
introduced a number of approximations, the agreemen
remarkable. We can thus conclude that the leptoderm
expansion applies to typical cluster potentials.

To summarize, we have demonstrated how the se
classical description of a spherical cavity can be gen
alized to describe the electronic supershells of reali
potentials. Starting from a periodic-orbit expansion f
the oscillating part of the total energy, we have sho
that ẼsNd is hardly influenced by the Maslov phases o
lattice contraction. Introducing a leptodermous expans
for the classical action we have established that a soft
tential gives phase shifts in the semiclassical expres
for ẼsNd. We can thus understand the dependence of
supershell on the electron density, revealed by a sca
analysis of our jellium calculations.

Moreover, the leptodermous expansion can be use
analyze how the supershell structure will change if
underlying model is changed. Introducing a pseudopo

FIG. 3. Shift of supernodes (in units ofN1y3) for different
jellium clusters. The shift obtained from the periodic-orb
expansion is compared to that observed in the self-consis
calculations. If these shifts agreed perfectly, the points wo
fall on the full line.
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tial, as, e.g., in the stabilized jellium model [21], increas
the spill out of the electrons and leads to a softening
the potential at the surface of the cluster. This induc
a shift of the supernodes towards largerN , which can be
estimated by the semiclassical technique described ab

Finally, the identification ofrs as the typical length
scale for the supershell problem suggests a justificat
of the ad hocprocedure proposed in [4] to improve th
results of jellium calculations for gallium clusters. The
it was found that the introduction of a nonhomogeneo
jellium background is essential for treating GaN clusters,
while alkali clusters are well described by a homogeneo
jellium. Assuming that the typical length scale fo
features in the jellium is the ionic radiusrat, while the
length scale for the electrons is the Wigner-Seitz radiusrs,
we find that the importance of inhomogeneities increa
with the number of valence electronsZval ~ sratyrsd3.

I am much indebted to O. Gunnarsson for his inval
able advice. Helpful discussions with T. P. Martin an
M. Brack are gratefully acknowledged.
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