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Dynamic Scaling of Magnetic Flux Noise near the Kosterlitz-Thouless-Berezinskii Transition
in Overdamped Josephson Junction Arrays

T. J. Shaw,1,2 M. J. Ferrari,1,2,* L. L. Sohn,3,† D.-H. Lee,1 M. Tinkham,3 and John Clarke1,2

1Department of Physics, University of California, Berkeley, California 94720
2Materials Sciences Division, Lawrence Berkeley Laboratory, University of California, Berkeley, California 94720
3Department of Physics and Division of Applied Sciences, Harvard University, Cambridge, Massachussetts 0213

(Received 5 May 1995; revised manuscript received 31 January 1996)

We have used a dc superconducting quantum interference device to measure the magnetic flux
noise generated by the equilibrium vortex density fluctuations associated with the Kosterlitz-Thouless-
Berezinskii (KTB) transition in an overdamped Josephson junction array. At temperatures slightly
above the KTB transition temperature, the noise is white forf , fj and scales as1yf for f . fj.
Here fj ~ j2z , where j is the correlation length andz is the dynamic exponent. Moreover, when
all frequencies are scaled byfj , data for different temperatures and frequencies collapse onto a
single curve.

PACS numbers: 74.50.+r, 74.40.+k
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Arrays of Josephson junctions have been used ex
sively as a model system to study the effects of or
parameter phase fluctuations on the superconducting
sition in two dimensions. Such arrays can be fabrica
with a high degree of uniformity, and their relevant p
rameters can be accurately determined. It is widely
cepted that the zero field transition is described by
Kosterlitz-Thouless- Berezinskii (KTB) theory [1–4] an
its extension to nonzero frequency [5–7]. According
this theory, phase coherence is established throughou
sample below a temperatureTKTB, and the system is su
perconducting. For temperatures aboveTKTB but below
the bulk transition temperature, even though individu
islands are superconducting, the array is not. The th
mal excitations, vortices and antivortices, that trigger t
phase transition are topological defects of the order
rameter. BelowTKTB vortices and antivortices bind in
pairs to produce a vortex dielectric, while aboveTKTB

the pairs dissociate to form a vortex plasma. In the v
tex plasma phase, one can identify a characteristic len
j, as the average separation between free vortices
T ! T1

KTB, j diverges. Thermal fluctuations that pertu
the vortex density away from its equilibrium value rela
through some local dynamic process. Thus, associ
with the characteristic lengthj there is a characteristi
time t (or an inverse characteristic frequencyf21

j ~ t)
corresponding to the time required for the disturban
to propagate across the distancej. As j diverges, so
doests f21

j d, signifying critical slowing down. In gen-
eral t  t0sjyj0dz , where the exponentz depends on
the dynamics of the relaxation andt0 andj0 are nonuni-
versal time and length scales characteristic to the spe
sample. For simple diffusion,z  2.

Previous experimental studies have involved both e
trical resistance [8–16] and two-coil mutual inductan
[17] techniques, both of which apply an external force
the system and are generally confined to a specific
quency. Because the transition to the resistive stat
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determined by the dissociation of vortex pairs by th
mal fluctuations, these external forces, which also diss
ate pairs, affect one’s ability to study the intrinsic critic
phenomena near the true thermodynamic transition t
perature. In this paper we employ anoninvasiveprobe
to study the transition in equilibrium. Specifically, w
measure the spectral density of magnetic flux noise [1
SFs fd, over a frequency range of more than five decad
We find thatSFs fd is white forf , fj and scales as1yf
for f . fj . In addition, by plottingfSFs fd versusfyfj

we show that the data collapse in a manner consistent
dynamic scaling.

The1 mm 3 1 mm array [19] consists of0.2 mm thick
cross-shaped niobium islands patterned on top of a0.3 mm
thick copper film [Fig. 1(a)]. The islands form a square
ray with a lattice constant of10 mm, and the junctions are
4 mm wide and2 mm long. The measurement apparatu
originally used to study vortex motion in high-temperatu
superconductors [20], involves a Nb-based supercond
ing quantum interference device (SQUID) attached to
cold stage inside a vacuum can surrounded by liquid4He.
A Mumetal shield reduces the static magnetic field to l
than 1 mT. The array, equipped with current and vo
age leads, is mounted a distanceds, 100 mmd away on a
variable temperature stage. The SQUID is a square wa

FIG. 1. (a) Photograph of array. Crosses are niobium islan
area between crosses is copper film. (b) Schematic repres
tion of SQUID, with inner and outer dimensions,i and ,o , a
distanced from array; dashed square has area,2

eff  ,i,o.
© 1996 The American Physical Society 2551
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with inner and outer dimensions,i  180 mm and,o 
900 mm [Fig. 1(b)], and is operated in a flux-locked loo
The output signal is proportional to the change in m
netic flux through the SQUID induced by vortex motion
the array.

The inset to Fig. 2 shows the differential resistan
dVydI, of the array versus temperature,T , measured a
zero bias current with an rms current of10 mA at a fre-
quency of 47 Hz. The initial drop in the resistance
approximatelyT  8 K marks the bulk transition tem
perature of the niobium islands. As the temperature
lowered, a resistive plateau develops and is follow
by a second precipitous drop, which is the KTB tran
tion. These data are similar to those obtained in previ
experiments [8–16]. To obtain the average critical c
rent per junction,icsT d, we measuredVydI as a function
of the static bias current. We take the current at wh
dVydI is a maximum as NicsTd, whereN is the number
of junctions across the width of the array [21,22].

Figure 2 shows the spectral density of flux noi
SFs fd, for 15 temperatures aboveTKTB. At each tem-
peratureSFs fd is white for f , fjsT d and ~ 1yf for
f . fjsT d. We definefjsT d as the intersection of line
through the white and1yf noise regions as shown i
Fig. 2 for T  1.978 K. Qualitatively, we understan
the difference between the two frequency regimes
follows. Forf . fj we probe the system at a time sca
shorter than that required for vortex density disturban
to travel over the correlation length. Thus, the syst
appears to be critical. On the other hand, forf , fj the

FIG. 2. Spectral density of magnetic flux noise,SFs fd, versus
frequency for 15 temperatures aboveTKTB; scatter at higher
temperatures is due to subtraction of SQUID noise. Das
lines have slope21 and 0. Inset showsdVydI versusT .
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time scale is longer than the characteristic relaxation tim
so that the system appears disordered. In this picture,
distinctions between the1yf (critical) and white (disor-
dered) power spectra reflect the fundamental differen
in the relaxation dynamics of these two very differe
thermodynamic states. It is worthwhile to point out th
theories based on the two-dimensionalXY model and
time-dependent-Ginzburg-Landau dynamics predict
1yf2 behavior for f . fj [23,24]. This is in marked
contrast to the1yf behavior observed in our experiment

To interpret our data, we now present a brief discuss
of a scaling theory for the flux noise measurements.
our geometry [Fig. 1(b)],̂h is the direction perpendicula
to the planesh  0d defined by the array. We denot
a three-dimensional vector bys $x, hd, where $x is the
component of the vector in the plane of the array.
the absence of the SQUID, the perpendicular compon
of the magnetic field,B', induced at points $x, hd at timet
by a vortex density distributionrys $x0, td at h  0 is

B's$x, h; td  F0

Z
d2x0 Ks $x 2 $x0, hdrys $x0, td . (1)

Here F0  hcy2e and Ks $x 2 $x0, hd ~ hysj $x 2 $x0j2 1

h2d3y2 for j $x 2 $x0j2 1 h2 ¿ a2 [23], where a is the
lattice constant of the array. The total flux,Fstd, detected
by the SQUID isFstd 

R
d2x B's $x, h  d; td, where

the integral is performed over the effective area
the SQUID, ,2

eff  ,i,o. In fact, magnetic field lines
produced by vortices near the SQUID are distorted by
presence of the superconducting washer, modifying
form of K. However, we do not expect this modificatio
to change the scaling dimension ofK from two; that is,
if we replace $x, $x0, d by $xyj, $x0yj, dyj, we still expect
Ksj $x 2 $x0j, dd to becomej22Kssss $x 2 $x0dyj, dyjddd so that
our scaling arguments remain valid. Thus the flux-fl
correlation function,CFstd ; kFstdFs0dl, is

CFstd  F0

Z
d2x d2y d2x0 d2y0 Ks $x 2 $x0, dd

3 Ks $y 2 $y0, dd krys $x0, tdrys $y0, 0dl . (2)

Here, k l denotes the thermodynamic average, and
unprimed integrals are taken over the effective area of
SQUID. Next, we assume a scaling ansatz for the vor
density-density correlation function:

krys $x0, tdrys $y0, 0dl  j24F1styt, j $x0 2 $y0jyj, Lyjd .

(3)
Here we have used the fact that the scaling dimens
of the vortex density is two at the KTB transition (tha
is, ry ~ j22). In Eq. (3), F1 is a scaling function, and
L is the smaller dimension of the array. For Josephs
junction arrays,

j  j0 expsby
p

T 0 2 T 0
KTB d , (4a)

T 0 ; kBTyEJsT d  2ekBTyh̄icsTd , (4b)
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andEJsT d is the Josephson coupling energy per junct
[4]. If we substitute the scaling ansatz, Eq. (3), in
Eq. (2) and perform proper rescaling of the integrat
variables, one can show that

CFstd  F2
0F2styt, dyj, Lyj, ,effyjd , (5)

whereF2 is a new scaling function. The noise spectru
SFs fd, is defined asSFs fd 

R
dt expsi2pftdCFstd.

Substituting Eq. (5) in this expression, we find

fSFsT d  F2
0Fs fyfj , dyj, Lyj, ,effyjd . (6)

HereF is another scaling function, the form of which w
determine from a subsequent data collapse.

If we ignore the dependence ondyj, Lyj, and,effyj,
Eq. (6) predicts

fSFsT d  F2
0Fssss fyf0d expsbzy

p
T 0 2 T 0

KTB dddd , (7)

where we have explicitly put in the temperatu
dependence offj. In Eq. (7), TKTB and bz are
unknown. To determineT 0, we fit icsT d between
T  1.52 and1.93 K using the expected temperatu
dependence icsT d  ics0d exps2a

p
T d [25], finding

ics0d  0.133 A and a  9.14 K21y2, and extrapo-
late to higher temperatures. Equation (7) pred
that by choosing the correct values forTKTB and
bz and plotting fSFs fd versus the scaled frequenc
fyt0fj  f expsbzy

p
T 0 2 T 0

KTB d, we should obtain
a collapse of the raw data onto a single curve. O
procedure for data collapsing is to make iterative chan
in bz and TKTB until the best data collapse is obtaine
The final result is shown in Fig. 3, where the fittin
parameters werebz  4 and TKTB  1.63 K. The
quality of the data collapse is strongly affected by
choice of TKTB but relatively weakly by the choic
of bz. One can compensate an increase (decre
of TKTB of a few mK by a decrease (increase) inbz

FIG. 3. fSFs fd versus fyt0fj for flux noise shown in
Fig. 2; TKTB  1.63 K, bz  4. Insets show lns fjd versus
1y

p
T 0 2 T 0

KTB with line of slope24.10 and lnsSw
FyTd versus

1y
p

T 0 2 T 0
KTB with line of slope 4.13.
,

s

r
s

e)

of about 10%. However, changes inTKTB beyond a
few mK or changes inbz of more than about 10%
always result in a lower quality data collapse. W
can obtain a more accurate estimate ofbz through the
temperature dependence offjsT d. Using Eqs. (4) and
fjsT d  f0fjsTdyj0g2z, we expect a straight line o
slope 2bz on a plot of lns fjd versus1y

p
T 0 2 T 0

KTB.
Inset (a) to Fig. 3, usingTKTB  1.63 K, shows the
resultant straight line which yieldsbz  4.10 6 0.04 and
f0  s2.1 6 0.3d 3 106 Hz.

We note that althoughf0 is in the megahertz frequenc
range, the exponential dependence offj on T 0 2 T 0

KTB
implies that fj is reduced to the order of 1 Hz eve
when T is about 0.2 K aboveTKTB. This sensitivity is
illustrated by the fact that the apparent transition te
perature,TKTBs47 Hzd, associated with the sharp rise
dVydI measured at 47 Hz (inset, Fig. 2) is substantia
higher than the static valueTKTB  1.63 K inferred from
our noise data. However, these values are quite con
tent sinceTKTBs47 Hzd is the temperature at whichfj 
47 Hz. Using the above values ofTKTB, f0, and bz, we
predict TKTBs47 Hzd  1.94 K, in good agreement with
thedVydI data (inset, Fig. 2).

In addition to findingbz, we can extract the critica
exponentz in the following manner. At low frequencies
a two-dimensional sample with a linear conductivitys

produces white noise with spectral densitySw
F ~ kBTs.

In the KTB regime for f ø fj , s is proportional to
kryl21  j2, reflecting the intuitive idea that the low
frequency conductivity is inversely proportional to th
density of free vortices. Therefore, forf ø fj,

Sw
F ~ kBTj2

0 exps2by
p

T 0 2 T 0
KTB d . (8)

To test Eq. (8), we defineSw
F as the horizontal line drawn

through the low frequency data at each temperature
shown for T  1.978 K in Fig. 2, and plot lnsSw

FyT d
versus1y

p
T 0 2 T 0

KTB. Inset (b) to Fig. 3, usingTKTB 
1.63 K, shows the resultant straight line which yield
2b  4.13 6 0.04. Combining this result with the value
bz  4.10 6 0.04 from the temperature dependence
fj yields the dynamic exponentz  1.98 6 0.03.

In summary, we have used measurements of magn
flux noise to study the equilibrium KTB transition in a
array of overdamped Josephson junctions. We empha
that confirmation of the critical dynamics of the KTB tran
sition requires measurement of frequency and tempera
dependent properties such as those presented above.
ing bz  4 andTKTB  1.63 K, we have shown that the
data collapse over more than five decades in frequen
confirming the predictions of dynamic scaling. In add
tion, from the temperature dependences offj andSw

F , we
have extracted the dynamic exponentz  1.98 6 0.03.
Our experimental findingSFs fd ~ 1yf in the critical
frequency regime is inconsistent with theoretical pred
tions based on time-dependent Ginzburg-Landau (TDG
2553
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dynamics with the classical two-dimensionalXY model
[23,24]. The failure of this model is surprising sinc
TDGL dynamics does predictz  2, in agreement with
our extracted value. It is unclear to us whySFs f, Td is
independent ofdyj, Lyj, and,effyj. A possible cause
may be that the data in Fig. 2 are in the regimejsT d ,

,eff , L. Our evidence for this restriction is that at tem
peratures betweenTKTB and 1.825 K (the lowest tem-
perature for which data are shown in Fig. 2), we obse
discrete jumps in the flux threading the SQUID. W
interpret this behavior as the motion of a single vort
under the SQUID, implying thatjsT d . ,eff, and con-
clude thatjsT d , ,eff for the temperatures referred t
in Fig. 2. If we assumejsT  1.825 Kd , ,eff, we de-
duce j0 , 0.2 mm [Eqs. (4)], a value that is conside
ably smaller than the commonly accepted lorej0  a.
Settingj0  0.2 mm, we deducej , 2 mm for the high-
est temperatures2.379 Kd data shown in Fig. 2. The fac
that scaling persists to this temperature where the
relation length is smaller than the lattice constanta is
somewhat disturbing. Further work is needed to reso
this issue, as well as the lack of dependence ofF on
dyj, Lyj, and,effyj, and the1yf behavior of the flux
noise in the critical regime.

In closing, we note that we have carried out simi
measurements on two other arrays, one of square geo
try and the other of triangular geometry, using the SQU
described above as well as two other SQUIDs of differ
geometry. When the apparatus was cooled in a magn
field (,1 mT), the data were similar to those describ
above with minor differences in the high frequency b
havior. When a small field was applied, the noise d
exhibited very different behavior. These additional me
surements will be described elsewhere.
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