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A dispersion relation for electron differential cross sections in the momentum transfer squaredK2, at
fixed energy,leads to a complex angular momentum Regge pole representation. This description,
embeds the more reliable large scattering angular measurements, allows an accurate extrapolatio
generalized oscillator strength down toK2 ­ 0, giving the optical oscillator strength. The XeP3y2 and
P1y2 data at 100 and 500 eV are used to illustrate the method. An experimental protocol is des
for this procedure which results in a reduction of experimental noise and fluctuations.

PACS numbers: 34.80.Dp, 32.70.Cs
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Lassettre, Skerbele, and Dillon [1] have deduced t
the generalized oscillator strength (GOS) converges to
optical oscillator strength (OOS) asK2 ! 0 (this is re-
ferred to as the Lassettre limit theorem). Additional
they inferred that their result should be valid also for
elastic electron transitions, regardless of the applicab
of the Born approximation, namely, at any impact ene
E. The limiting behavior of the GOS asK2 ! 0 is im-
portant in the normalization of the experimentally det
mined relative differential cross sections (DCS) for ex
tation of atoms by electron impact [2,3], calculation
cross sections for energy transfer [4], and in the de
mination of the OOS’s [5,6]. The limiting behavior o
the GOS asK2 ! 0, has been examined [5,7,8] with n
clear departure from the limit theorem. Therefore, o
of the major theoretical difficulties is that, for finiteE,
the valueK2 ­ 0 is nonphysical, and it is necessary
use an interpolation-extrapolation algorithm on the exp
mental data to reach it. Also, accurate measurement
the DCS at small scattering angles are difficult to obt
and the experimental errors increase dramatically as
angle approaches zero, particularly for optically allow
transitions.

For the GOS, many authors use [9]

FsK2d ­
1

s1 1 x2d6
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#
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where f0 is the OOS andx ­ KyY with Y ­
p

2I 1p
2sI 2 W d, I andW being the ionization and excitatio

energies, respectively. The exponent “6” is associated
with the s ! p transitions that we specifically study i
this Letter. FsK2d is analytic in the cut complexK2

plane from minus infinity to zero. A formula like Eq. (1
representsFsK2d by a rational fraction with a pole o
order m 1 6 located atK2 ­ 2Y2. The discontinuity
of the cut has been replaced by a pole of high deg
m 1 6. This kind of fitting procedure for the GOS suffe
the deficiency of involving only data coming from sma
scattering angles where measurements have gene
large systematic errors. This is even more transpa
0031-9007y96y76(14)y2456(4)$10.00
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through the examination of the law of growth of th
coefficientsfn which shows that Eq. (1) is inappropriat
for large values ofK2. For example, the data [5] a
100 eV in theJ ­ 3y2 state leads tof0 ­ 0.222, f1 ­
21.204, f2 ­ 23.980, and f3 ­ 30.49. Clearly, each
new term in Eq. (1) is amuch larger correctionthan the
previous one. Even at small values ofK2, this feature is
a source of ill-conditioning from the start.

This Letter presents a new method which is unbias
model independent, based on first principles, and corre
embeds the large scattering angle measurements w
the errors are relatively small. It extrapolates reliab
the GOS through the nonphysical region toK2 ­ 0 in-
dependently of the fact that it will also represent the fu
scattering data including thehump. Previously, Gerjuoy
and Krall [10], followed by Rubin, Sugar, and Tiktopou
los [11] and Tip [12], analyzed atomic scattering problem
using theenergydispersion relation at fixed real scatte
ing angles. While additional poles and branch cuts a
introduced due to the composite nature of the target a
electron exchange, when one deals withenergydisper-
sion relations, no such singularities and associated d
culties are encountered inmomentum transfer dispersion
relations[13].

At fixed physical energy,one can write the GOS
function as

Fsx2d ­
Z `

0

rsjd dj

1 1 jx2 , (2)

wherex is the momentum transfer measured inY units.
Equation (2) defines a function ofx2 analytic in all the
complex x2 plane from2` to 0. In particular, Eq. (2)
defines aunique and nonambiguousanalytic continuation
of Fsx2d from the physical positive range of value
of x2 down to zero. An equivalent but more suitab
representation of Eq. (2) is

Fsx2d ­
X

j

rj

s1 1 jjx2dnj
. (3)
© 1996 The American Physical Society
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Practically, only a finite number of terms in Eq. (3)
considered. If only one term is kept in Eq. (3), one ge

Fsx2d ­
Fs0d

s1 1 jx2dn
, (4)

which, whenn ­ 6 andj ­ 1, is equivalent to the GOS
expression for the hydrogen atom in the high energy lim
However, when three terms are kept in Eq. (3), a ric
structure emerges

Fsx2d ­
1

s1 1 x2d6

3

∑
R 1

r1

s1 1 j1x2dn1
1

r2

s1 1 j2x2dn2

∏
. (5)

If n1, n2, r1, andr2, are selected to be real, only a co
rection to Eq. (4) is introduced. But, if we choose them
becomplex[and complex conjugate for Eq. (5) to be rea
then an entirely new and interesting representation of
GOS emerges which describes it as adiffraction peak.
This description is well known and has been proposed
De Alfaro and Regge [14]. Then, are the complex angu
lar momentum Regge poles. This is best understood
expanding Eq. (3) for largeK2 and identifying the result
with formula (9.21) of p. 102 of Ref. [14]:

FsK2d ,
X

,

r,j
2n,

, sK2d2n, , K2 large. (6)

Notice that in formula (9.21) of Ref. [14]k is the square
root of the impact energy andnot the momentum transfer
while t is the square of the momentum transfer, a
the a’s should be identified with then,’s. The n, are
therefore the complex angular momentum Regge po
their real part controls the dropoff in the GOS, while t
imaginary part is responsible for the oscillatory behav
in the GOS (“hump”).

Writing the quantities, yet to be determined, as

j1 ­ j2 ­ j, n1 ­ ie, n2 ­ 2ie ,

r1 ­ reif, and r2 ­ re2if, (7)

we obtain

Fsx2d ­
1

s1 1 x2d6

3

∑
R 1

reif

s1 1 jx2die
1

re2if

s1 1 jx2d2ie

∏
, (8)

which can be rewritten as

Fsx2d ­
1

s1 1 x2d6
hR 1 2r cosfe lns1 1 jx2d 2 fgj .

(9)
To ensure thatFsx2d is always positive, we impose
the restriction thatR $ 2r . The limiting caseR ­ 2r
corresponds to the vanishing of the GOS in the phys
region which occurs only atE ­ ` [15].

Clearly Eq. (9) represents a diffraction peak, so t
the hump is automatically embedded in it. Consisten
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with Eq. (1), we setj ­ 1 in Eq. (9) so that our final
representation is a four parameter one involvinge, R, r,
andf

Fsx2d ­
1

s1 1 x2d6 hR 1 2r cosfe lns1 1 x2d 2 fgj .

(10)
To visualize the content of Eq. (10), wemap Eq. (10)
through

y ­ lns1 1 x2d and FMs yd ­ s1 1 x2d6Fsx2d ,

(11)
which reduces Eq. (10) to

FMs yd ­ a0 1 a1 cosey 1 b1 siney , (12)

wherea0 ­ R, a1 ­ 2r cosf, andb1 ­ 2r sinf. Equa-
tion (12) represents an expansion of the GOS inFourier
seriesof which we have retained only the first terms, wi
the OOS being given by

OOS­ a0 1 a1 . (13)

Clearly, the new representation emphasizes the reg
of the hump rather than the usual [5] smallK2 region.
This can be understood theoretically because an ana
function such as defined by Eq. (2) is one block, mean
that its value in any interval defines it everywhere an
in particular, the hump defines it completely. From
an experimental point of view, the situation is eve
clearer. Large angle scattering measurements are far m
accurate than the small angle ones. Therefore, a gre
weight should be given to the former data when produc
the final OOS through analytic continuation provided
Eq. (10). In the scaled representation, Eq. (11), we us
weighted square best fit method to obtain the parame
e, R, r, andf, through the functional

F ­
NX

n­1

∑
FM

n 2 FMs ynd
DFM

n

∏2

, (14)

where N is the number of experimental data point
yn, FM

n , and DFM
n are the mappedexperimentalvalues

through the mapping Eq. (10) of thenth point position,
GOS value, and GOS statistical error, respectively. Wh
minimizing F with respect toa0, a1, b1, and e, we
obtain a set of threelinear equations to determine the firs
three parameters as a function of the last one,e. Only the
last equation which fixese self-consistently is nonlinear
This is another very pleasant feature of the method.

We illustrate the reliability of this method by apply
ing it to the XeP1y2 and P3y2 data at 100 and500 eV,
respectively, where the small angle measurements [5]
still sufficiently accurate [16]. Both our results using on
large angle scattering data (u . uc ­ 4± where errors be-
come small) on the one hand, and all the data, on the o
hand, are compared with the results obtained using
standard small angle extrapolation formula, Eq. (1). F
ure 1 (top part) represents the GOS in the new variab
2457
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FIG. 1. GOS’s for Xe2P1y2 at 100 eV. Top part: experimen-
tal data [5],≤ and our fit, — using mapping Eq. (10). Bottom
part: compares the present —, the experimental data [5],≤ and
our fitting of the experimental data [5], – – , using a sev
parameter Lassettre expansion to avoid any further unphys
values for the GOS.

given by Eq. (11) for the XeP1y2 at 100 eV. Clearly, the
large scattering angle data lead to a reasonably smo
curve but the small angle data form a cluster, and, the
fore are unsuitable for analytic continuation.

In Table I we compare our OOS values obtained us
all the data points of Suzukiet al. [5] for Xe P1y2
and XeP3y2 at 100 and 500 eV. Also included are
values of OOS’s computed with the same data down
only uc ­ 4±. The results are in excellent agreeme
within 3%, except for the XeP1y2 state at500 eV where
the reliability [the relative variation between OOS an
OOS(4±)] is 18%. This discrepancy is easily understoo
From Fig. 2 (top part) we see a strong departure fr
2458
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TABLE I. Comparison of the OOS for xenon.

Impact 2P1y2
2P3y2

energy (eV) 100 500 100 500

a0 0.3638 0.4321 0.1828 0.2943
a1 20.1940 20.2556 0.0320 20.0785
b1 0.2645 0.3207 0.1464 0.2622
e 3.6 3.13 7.10 4.50

OOS 0.1698 0.1765 0.2148 0.215
OOS s4±d 0.1713 0.2114 0.2095 0.2096
Reliability 1.3% 18% 2.5% 3.0%

smoothness in they representation, therefore making th
data inappropriate for analytic continuation. The XeP3y2

OOS at100 and500 eV are compatible with the Lassettr
limit theorem within 0.5% while for the XeP1y2 the
discrepancy is4%. Table II compares the values of th

FIG. 2. Same as Fig. 1 but for the case of Xe2P3y2 at 500 eV.
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TABLE II. Comparison of the present OOS for xenon with other results.

OOS Ratio
Author 2P1y2

2P3y2
2P3y2y2P11y2

This work 0.173 6 0.033 0.215 6 0.001 1.24
D. Bessiset al.a (1) 0.141 6 0.019 0.208 6 0.027 1.10

(2) 0.164 6 0.019 0.223 6 0.027 1.36
T. Y. Suzukiet al.b 0.158 6 0.019 0.222 6 0.027 1.41
Ester and Kesseler · · · 0.23 6 0.05 · · ·

aReference [13].
bReference [5].
cReference [6].
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OOS using all the data points of Suzukiet al. [5]
for the XeP3y2 and XeP1y2 at 100 and 500 eV with
other results. A more complete comparison is found
Ref. [13].

Finally, an experimental procedure to optimize the u
of this approach is suggested. (i) The experimental d
are remapped in the variables, given by Eq. (11), adjus
the exponent to beL 1 M 1 5 as proposed by Klump
and Lassettre [9]. (ii) When Fourier analyzingFMs yd,
optimization requires that the number of experimen
data be a power of 2, 32 would be a good choice, and
the sampling beuniform in y (and therefore necessaril
not uniform in the scattering angle). Furthermore, a cut
in the small scattering angles should be made. This ca
chosen at the point of increase in the experimental err
For the present case a cutoff at4± is a reasonable value
(iii) The Fourier coefficients calculation is accomplish
by minimizing the quadratic functional of Eq. (14).
good strategy is to start with the four parameter expans
before going to a higher number of parameters. Fr
the Fourier expansion, the OOS is recovered asFMs0d ­
a0 1 a1. For the six parameter case, one would also h
to add thea2 andb2 terms to the previous expansion. (iv
The violation of the Lassettre theorem provides a go
estimate of what could be the final error on the OOS.

We conclude by noting that the present approach
ploits the more reliable large scattering angle measu
ments to obtain more accurate optical oscillator streng
Because of the fact that this method is model independ
and based on first principles dispersion relations, it is
plicable to cases involving electron molecule scatteri
as well as to cases involving forbidden transitions.

The main interest of the dispersion relation formu
Eq. (9), over more traditional fits, is that it allows
filtering effectof the experimental fluctuations, becau
these experimental fluctuations do not satisfy the anal
properties required by the dispersion relation approa
Computer simulated experiments have shown that
order of magnitude can be gained in this filtering proc
a
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using a formula like Eq. (9), together with a choice
scattering angles defined by our protocol.
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