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Neutron Drops and Skyrme Energy-Density Functionals
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TheJp ­ 01 ground state of a drop of 8 neutrons and the lowest1y22 and3y22 states of 7-neutron
drops, all in an external well, are computed accurately with variational and Green’s function Monte
Carlo methods for a Hamiltonian containing the Argonney18 two-nucleon and Urbana IX three-nucleon
potentials. These states are also calculated using Skyrme-type energy-density functionals. Common
used functionals overestimate the central density of these drops and the spin-orbit splitting of 7-neutro
drops. Improvements in the functionals are suggested.

PACS numbers: 21.65.+f, 21.10.Dr, 21.60.Ka, 26.60.+c
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Properties of neutron matter are vitally important in d
termining the structure of neutron stars [1], and hav
strong bearing on the energies of neutron-rich nuclei,
on ther-process in nucleosynthesis [2]. It is impossib
to extrapolate available data on nuclei to the region
neutron matter with sufficient precision using effecti
interactions. Different effective interactions that fit th
energies of laboratory nuclei rather well predict ve
different equations of state for neutron matter [1]. In co
trast, it appears that modern calculations of neutron ma
based on realistic models of nuclear forces are much m
consistent with each other at densitiesr & 0.16 fm23

[3], and therefore are presumably more reliable. T
two-nucleon interaction in these realistic models is b
ter determined from the scattering data in isospinT ­ 1
states than that inT ­ 0, and the uncertainties comin
from three-nucleon forces and relativistic effects are a
much smaller in neutron than in nuclear matter. Calcu
tions of uniform neutron matter have provided importa
constraints on Skyrme-type effective interactions used
study neutron-rich systems. They do not, however, p
vide information on the strength of the spin-orbit inte
action, nor on other terms sensitive to density gradie
both of which may affect significantly the predicted pro
erties of drip-line nuclei and of neutron-star matter.

Ab initio calculations of finite nuclei, based on realis
models of nuclear forces, can provide the necess
additional information, but they are more challengin
Recently [4] the energies of nuclei withA # 6 have been
calculated essentially exactly with the Green’s functi
Monte Carlo (GFMC) method. Cluster variational Mon
Carlo (CVMC) calculations have also been used to stu
16O [5] and the spin-orbit splitting (SOS) in15N [6].
In this Letter we report GFMC and CVMC calculation
of states of seven and eight neutrons bound in a w
external potential well using the new Argonne tw
nucleon [7] and Urbana three-nucleon interactions u
in Ref. [4]. These interactions accurately reproduce
available two-nucleon scattering data and binding ener
0031-9007y96y76(14)y2416(4)$10.00
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of A # 6 nuclei. Neutron matter is not bound, therefo
an external well (Vex) is necessary to hold the neutron
together. We have used a Woods-Saxon well withV0 ­
220 MeV, R ­ 3 fm, anda ­ 0.65 fm, chosen such tha
with it alone only the single-neutron1s state is bound at
25.73 MeV, while the1p and higher states are unboun
The investigated states of seven and eight neutrons
thus bound by both the well and the interaction betwe
neutrons. We denote them by8nsJp ­ 01d and7nsJp ­
1y22 and3y22d.

The present variational Monte Carlo (VMC) an
GFMC calculations are simpler than those for nuclei [
because all nucleons are neutrons; they use the variati
wave function

jCV l ­

24S
Y
i,j

s1 1 Uijd

3524Y
i,j

fcsrijd

35jFl , (1)

Uij ­ ussrijd si ? sj 1 utsrijdSij . (2)

HereSP denotes a symmetrized product,Sij is the tensor
operator,fcsrijd is the Jastrow correlation, andjFl is
an antisymmetric shell model wave function. The thre
body correlations commonly used in nuclearCV are
omitted because they have little effect on the energies
low-density neutron systems, and the two-body spin-o
correlations are discussed later along with an improv
CV . The radial wave functions of thes and p orbitals
in F and the correlation functionsfc, us , and ut are
determined variationally.

The GFMC calculations are carried out as described
Ref. [4] with a simpler Hamiltonian,

H ­ 2
X

i

h̄2

2m
=2

i 1
X

i

Vexsid

1
X
i,j

y0
8sijd 1

X
i,j,k

Vijk , (3)

where they0
8 does not containL2 or sLSd2 terms; it equals

the charge-symmetric part of the Argonney18 interaction
[7] in the 1S0 and3PJ­0,1,2 two-neutron states. The sma
© 1996 The American Physical Society
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1.
difference between the fully18 andy
0
8 is treated as a first

order perturbation, whose contribution to the calcula
energies is,0.2 MeV.

The calculated transient energies,

Estd ­ kCV jHe2sH2E0dt jCV lykCV je2sH2E0dtjCV l ,

(4)

are shown in Fig. 1. TheEst ! `d converges to the
lowest eigenvalue of the chosenJp . In Fermi systems
the statistical error inEstd increases witht as configu-
rations diffuse across nodal surfaces of the w
function [8] limiting our studies tot , 0.04 MeV21.
The average values ofEstd for t ­ 0.032, 0.036,
and 0.04 MeV21, denoted byĒ, are shown by hor-
izontal lines in Fig. 1. TheEstd of the 8ns01d and
7ns1y22d states do not have mucht dependence fo
t . 0.015 MeV21, suggesting that their̄E can be iden-
tified with the eigenvalues. In contrast, theEstd of the
7ns3y22d) state has moret dependence. Consequent
the eigenvalue of the lowest7ns3y22d state could be
a little below its Ē value. However, we will neglec
that difference and regard it as our best estimate of
eigenvalue. The GFMC estimate of the density distri
tion of neutrons in the8ns01d drop is shown in Fig. 2.
These results can be used to test the accuracy of
CVMC method and to further constrain the Skyrme-ty
energy-density functionals used to study neutron-r
nuclei and neutron-star crusts as discussed below.

The CVMC method and its modification for SOS a
described in Refs. [5,6]. The present CVMC calcu
tions are more accurate; they include contributions
all correlations and interactions up to five-body cluste
In contrast, in [5,6] contributions of only static corr
lations and interactions were calculated up to four-bo
clusters and the momentum-dependent terms were e
uated only at the two-body level. With the simplerCV

given by Eq. (1), the one- to five-body cluster cont

FIG. 1. The transient energyEstd for the GFMC calculations
of 8ns01d and 7ns1y22 and3y22d as a function of the imagi
nary timet.
d

e

,

e
-

he
e
h

-
f

s.

y
al-

-

butions to the energy of8ns01d state are, respectively
12.9, 254.5, 11.1, 23.8, and 1.1 MeV, which sum to
233.3s2d MeV. TheEst ­ 0d is just the variational en-
ergy calculated to all orders without cluster expansio
Its value of233.7s1d MeV is very close to the CVMC re-
sult retaining up to five-body clusters. Even in this rath
low-density system, the cluster expansion has a sl
convergence, and it appears necessary to include fi
body cluster contributions to reduce the truncation er
to ,2%.

The simple CV [Eq. (1)] is not very accurate; the
energy obtained with it is,4 MeV (or ,11%) too large.
In CVMC we use the more general variational wav
functions,

jC0
V l ­

241 1
X

i,j,k

Uijk

35 24S
Y
i,j

s1 1 Uijd

35
3

241 1
X
i,j

uLSsrijdLijssi 1 sjd

35
3

24Y
i,j

fcsrijd

35jFl , (5)

where the three-body correlations,Uijk, are of the kind
used in Refs. [5,6], and as before theUij contains spin
and tensor terms. The energies obtained with theC

0
V

variational wave functions are, respectively,235.6s1d,
231.2s1d, and229.7s1d MeV for the8ns01d, 7ns1

2
2d, and

7ns 3
2

2d states. They are only,4% above the GFMC
energies237.6s3d, 232.3s2d, and 231.2s2d MeV. The
CVMC calculations require about a factor of 25 less co
puter time than the GFMC, even allowing for the var
ational search, and it is possible to reduce the statist
error to a fraction of 1%. Much of the improvement i
C

0
V comes from the spin-orbit correlations omitted in th

FIG. 2. Neutron density distribution for8n, according to
methods described in the text. The curves labeledA and B
come from modified versions of the effective interaction FPS2
2417
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simplerCV . In the present GFMC calculations, the spi
orbit correlations are built in exactly via the propagati
in imaginary time.

The contributions of the two-pion exchange part of t
three-nucleon interaction,V 2p

ijk , to the GFMC energies o
8ns01d, 7ns 1

2
2 and 3

2
2d are, respectively,0.23, 0.13, and

0.13 MeV while those of the phenomenologicalV R
ijk are

0.65, 0.42, and0.59 with a sampling error of,0.08 MeV.
In laboratory nuclei, these contributions are much larg
e.g., the totalkVijkl is ,26.2 MeV in 6Li [4] Their small
values here are presumably due to the Pauli princ
forbidding three neutrons to come close and the abse
of the n-p 3S1 23 D1 coupled state through which th
V 2p

ijk gives a large negative contribution.
Fragmentation of thep3y2 strength in15N results in the

SOS ofp1y2 and p3y2 quasihole states being,0.6 MeV
larger than the observed splitting between the lowest3y22

and 1y22 states in15N [6,9]. If W denotes the energ
width of the fragmentation, the GFMC transient energi
Estd, for t $ 1yW will include fragmentation effects
Since W is expected to be only a few MeV, it is ver
unlikely that the present̄E evaluated up tot , 0.04
has any fragmentation effects. The7n variational wave
functions are constructed by removing an appropriate s
from the jFl and thus correspond to quasihole stat
Presumably, they too do not contain any fragmentat
effects. Hence, we identify the difference between
calculated energies of the7ns1y22d and s3y22d states
as the spin-orbit splitting. Its values are1.1 6 0.3 and
1.4 6 0.1 MeV in the GFMC and CVMC calculations
respectively.

Four energy-density functionals (EDF) commonly us
for astrophysical investigations, as discussed in Ref.
are (i) Skyrme10 —Vautherin-Brink Skyrme model 1 [10
modified [11] to fit the neutron-matterEsrd of Ref. [12];
(ii) SkM—Skyrme modelM [13]; (iii) FPS and (iv) FPS-
21 are generalized Skyrme models fitted approxima
[14] and accurately [1] to the nuclear- and neutro
matter energies of Ref. [15]. These EDF’s reproduce
ground-state energies of stable closed-shell nuclei ra
accurately. The root mean square deviationsjDEyEj
2418
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between their prediction and experiment for16O, 40Ca,
48Ca, 56Ni, 90Zr, 114Sn, 140Ce, and208Pb are listed in
Table I. This table also contains their predictions for t
energy of the8n ground state and the7n and 15N SOS.
The results for the density distributionsrsrd of the8ns01d
state are compared with the GFMC and CVMCrsrd in
Fig. 2.

In trying to learn from the departures of the EDF resu
for 8n and7n from our benchmarks, we concentrate on t
FPS21 effective interaction, since it gives the closest fi
the neutron-matter energies. Possible sources of di
ence include the fact that the neutron-matter energies u
[15] date from an earlier period, whereas the benchm
results use newer interactions and more subtle comp
tional techniques; also, and more importantly, the dens
gradient terms in FPS21 are related to the effective-m
results [15] assuming a zero-range nucleon-nucleon in
action with no spin exchange. The latter simplification
common to all of the above EDF’s and is not well jus
fied. On the assumption that this is a contributor to
discrepancy, we have examined the effect of adding
term 1

2 asrn 1 rpdbs=rn 2 =rpd2 to the FPS21 (EDF).
Such a term has little effect onN , Z laboratory nu-
clei, but it can correct for the overbinding of8ns01d,
and also reduce the central neutron densities. We
that it cannot give good fits to these quantities simulta
ously, however. For the two sets of coefficientssb, ad ­
s0, 150 MeV fm8d and (2, 7 3 104 MeV fm14) the ground-
state energies of8n are 239.6 and 240.2 MeV, respec-
tively, and the neutron density distributions are shown
curvesA andB in Fig. 2.

The present CVMC and GFMC results clearly indica
that the SOS predicted by the unadjusted Skyrme mo
for 7n is too large, while it is good for15N. Relativistic
mean-field models also predict a weaker spin-orbit pot
tial in neutron-rich nuclei [16]. The neutron spin-orbit p
tential in these Skyrme models is of the form

V
snd
,s srd ­ W,s

1
r

d
dr

fr srd 1 rnsrdg , (6)
TABLE I. Comparison of microscopic and Skyrme-model energies.

Magic
8ns01d 7n SOS nuclei 15N SOSa W,s

(MeV) (MeV) jDEyEjrms% (MeV) (MeV5)

GFMC 237.6(3) 1.1(3)
CVMC 235.5(1) 1.4(1) — 6.1b

SkM 247.4 3.0 1.1 6.3 130
FPS-21 242.2 3.0 1.1 6.7 110
Skyrme10 238.7 2.9 1.8 6.9 120
FPS 232.5 3.5 1.2 6.7 110

aExperimental value 6.9 MeV deduced from Ref. [6].
bWith Argonney14, Ref. [6].
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. A.
obtained by Vautherin and Brink [10] assuming that
originates from two-nucleon interactions in the tripletP
state. Herersrd ­ rnsrd 1 rpsrd andW,s is a constant
determined from the SOS in laboratory nuclei and lis
in Table I. The form of this potential, proportional
a radial derivative of the densities, indicates that ap
from other dependences the SOS obtained with a g
EDF will depend on the nucleon central densities giv
by that model. The two modified versions of FPS21 j
described, for the same valueW,s ­ 110 MeV used in
Table I, each give a SOS in7n of 2.2 MeV. The reduction
from the value of 3 MeV for unmodified FPS21 occu
because of the reduced central densities induced by
extra gradient term. The SOS in these modified mod
is still about double the value predicted by CVMC a
GFMC, however.

As discussed in Ref. [6], more than half the SOS in15N
comes from three-nucleon contributions involving eith
two neutrons and a proton or vice versa. In contr
the three-body interaction and clusters give a very sm
contribution to the SOS in7n in CVMC calculations. This
suggests adding terms to the EDF that will produce a s
orbit potential,

V
snd
,s srd ­ W

s2d
,s

1
r

d
dr

fr srd 1 rnsrdg

1 W
s3d
1,,s

1
r

d
dr

frn srdrpsrdg

1 W
s3d
2,,s

1
r

d
dr

frpsrdg2, (7)

having separate two- and three-body contributions.
frnsrdg2 term is omitted because three-neutron clus
seem to give negligibleV

snd
,s srd. In neutron drops only the

two-body W
s2d
,s contributes, while inN , Z nuclei, like

15N, rnsrdrpsrd , rpsrd2 and the sumW
s3d
,s ­ W

s3d
1,,s 1

W
s3d
2,,s is the only relevant new parameter.
With this modification to the spin-orbit interaction

and the FPS21 parametrization for the central interac
(including the gradient term for the neutron drops but
for 15N), we can fit the spin-orbit splittings of15N and7n
exactly, using the parameter valuesW

s2d
,s ­ 61 MeV fm5

andW
s3d
,s ­ 745 MeV fm8. The spin-orbit splittings in the

eight closed-shell nuclei mentioned earlier are modifi
only slightly, a not unexpected result in view of the
relatively small values of neutron excess.

In conclusion, we have made the first exact microsco
calculations of neutron drops in an external potential w
Our results suggest that the commonly used EDF’s n
modification in order to describe accurately neutron-r
nuclei. It appears that they predict neutron drops wh
are too dense and have too large a spin-orbit splitt
Our GFMC results also show that the CVMC using t
it
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improved C
0
V , with two-neutron spin-orbit correlation

gives fairly accurate results. We plan to use CVMC
calculate the properties of larger neutron drops. Th
together with data from stable nuclei, will provide a larg
database for fitting a Skyrme EDF for studies of sta
nuclei, neutron-rich nuclei, and the surface of neutron st
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