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Transition from Poisson Regularity to Chaos in a Time-Reversal NonInvariant System

Thomas Guhr*
Niels Bohr Institute, Blegdamsvej 17, 2100 Copenhagen Ø, Denmark

(Received 19 October 1995)

In a random matrix model, the transition from arbitrary to chaotic correlations is analytically
evaluated for the case of broken time-reversal invariance. The use of the supersymmetry method
allows for a nonperturbative calculation. As an application, the transition from Poisson regularity to
chaos is worked out. The result is a double integral which is exact for the entire transition.

PACS numbers: 05.45.+b, 05.40.+j, 11.30.Er
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The transition from regular to chaotic behavior is
particular interest for chaos theory. Among the quant
systems showing this crossover, the hydrogen atom
strong magnetic is probably the most intensely studied
[1]. The transition manifests itself in the spectral fluct
ation properties, especially in the nearest neighbor sp
ing distribution and the spectral rigidity [2,3]. There a
many more examples in physics. In heavy ion reactio
a spreading of the electrical quadrupole transition stren
has been observed which can be understood in term
a regularity chaos transition [4]. In condensed ma
physics, the phenomenon of localization can also be
lated to this crossover. Billiard systems [5] show sim
lar transitions as well. Starting from a regularly shap
billiard, slight changes of the geometry can make the
namics gradually or even abruptly chaotic. Although t
list of examples is far from being complete, it is obvio
that a deeper theoretical understanding of this transitio
a worthwhile task.

To construct a statistical model, we rely on random m
trix theory [6]. Because of the general symmetry co
straints, a time-reversal invariant system with conser
or broken rotation invariance is modeled by the Gau
ian orthogonal (GOE) or symplectic ensemble (GSE),
spectively, while the Gaussian unitary ensemble (GU
models the fluctuation properties of a system under b
ken time-reversal invariance. These ensembles are kn
to describe the generic fluctuation properties of chao
quantum systems very accurately [3,5]. We write t
N 3 N random matrix representing the total Hamilto
ian as a sum of a regular and a chaotic part,

Hsad  Hs0d 1 aHs1d, (1)
wherea is the dimensionless transition parameter. T
matricesHs1d are drawn from a Gaussian ensemble w
the probability density functionP

s1d
N sHs1dd. Although

the regularity chaos transition is our main interest,
make no assumptions yet for the probability distrib
tion P

s0d
N sHs0dd of the matricesHs0d. The decomposition

(1) can be justified for potential and billiard system
Detailed numerical simulations for the transition of t
fluctuations can be found in Ref. [4]. However, desp
several attempts, a full-fledged analytical discussion w
still lacking. Here, we present a general calculation
0031-9007y96y76(13)y2258(4)$10.00
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the case thatHs1d is drawn from the GUE and apply the
results for the transition from Poisson regularity to chao

As functions of the transition parametera, we wish to
study thek-level correlation functionsRksx1, . . . , xk , ad
depending onk energiesxp , p  1, . . . , k. To do so, we
define the related functions

bRksx1, . . . , xk, ad 
1

pk

Z
dfHs0dgPs0d

N sHs0dd

3
Z

dfHs1dgPs1d
N sHs1dd

kY
p1

tr
1

x6
p 2 Hsad

, (2)

where the energies are given imaginary increme
such thatx6

p  xp 6 i´. The signs are not correlated
for different p. The physically interesting functions
Rksx1, . . . , xk , ad are the correlations involving solely the
imaginary parts of the Green function. Hence, they a
linear combinations of the functions (2). Advantageous
the latter can be written as the derivatives

bRksx1, . . . , xk , ad 
1

s2pdk

≠kQk
p1 ≠Jp

Zksx 1 J, ad

É
J0
(3)

of a normalized generating functionZksx 1 J, ad. The
energies and the source variables are ordered in
diagonal matricesx  diagsx1, x1, . . . , xk , xkd and J 
diags2J1, 1J1, . . . , 2Jk , 1Jkd, respectively. The phys-
ically relevant correlationsRksx1, . . . , xk, ad are gener-
ated by the functionIZksx 1 J , ad where the symbolI
stands for the proper linear combination. Using the sta
dard techniques of the supersymmetry method [7,8] t
average over the GUE can be performed directly and
generating function acquires the form

Zksx 1 J, ad 
Z

dfH s0dgPs0d
N sHs0dd

Z
dfsgQkss, ad

3sdet21fsx6 1 J 2 sd ≠ 1N 2 12k ≠ Hs0dg , (4)

wheres is a2k 3 2k Hermitian supermatrix. For details
of the derivation and notation, the reader is referred
Ref. [9]. We introduced theN 3 N and the2k 3 2k unit
matrices1N and12k . The normalized graded probability
density function

Qkss, ad  2ksk21d exp

µ
2

1
a2

strs2

∂
(5)
© 1996 The American Physical Society
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reduces to the well defined superspaced function [7,9]
dssd in the limit a ! 0. Thus, for vanishing transition
parameter,Zksx 1 J, ad becomes indeed the generatin
function

Z
s0d
k sx 1 Jd 

Z
dfHs0dgPs0d

N sHs0dd

3 sdet21fsx6 1 Jd ≠ 1N 2 12k ≠ Hs0dg

(6)

of the arbitrary correlationsR
s0d
k sx1, . . . , xkd. We now

make the crucial observation that the shifts ! s 2

x 2 J removes all angular degrees of freedom in t
supermatrix s from the superdeterminant in Eq. (4
Hence, introducing a2k 3 2k unitary supermatrixu
and the diagonalizations  u21su, we can rewrite the
generating function for the transition in the form

Zksx 1 J, ad 
Z

Qkss7 2 x 2 J, adZs0d
k ssd dfsg ,

(7)

where thek eigenvaluessp1, p  1, . . . , k, in the bo-
son boson and thek eigenvalues isp2, p  1, . . . , k
in the fermion sector are ordered in the matr
s  diagss11, is12, . . . , sk1, isk2d.

In order to work out the correlations, we do not use t
coset method of Refs. [7,8]; we rather rely on the grad
eigenvalue method developed in Refs. [9,10]. It rests
the fact that the average over the unitary supergroup
expressions of the type (7) can be done in one single s
We need the transformation of the Cartesian volu
element to eigenvalue-angle coordinates [9] which re
dfsg  B2

kssddfsgdmsud wheredfsg is the product of the
eigenvalue differentials anddmsud is the invariant Haar
measure of the unitary supergroup. The square roo
the Jacobian, here referred to as Berezinian, is given
Bkssd  detf1yssp1 2 isq2dgp,q1,...,k which reflects [9]
the determinant structure [6] of the GUE correlation fun
tions. The angular average can be performed by us
the supersymmetric generalization [9] of the Haris
Chandra-Itzykson-Zuber integral [11]. We define
second Hermitian supermatrixy21ry where y is supe-
runitary andr diagonal. The angular average over t
shifted Gaussian probability density function yieldsZ

Qksu21su 2 y21ry, ad dmsud 
Gkss, r , ad
BkssdBksrd

. (8)

For the Gaussian kernel on the right hand side it
sufficient [9,10] to writeGkss, r , ad  Gkss 2 r , ad with

Gkss 2 r , ad 
1

p
pa2

2k exp

∑
2

1
a2

strss 2 rd2

∏
(9)

if further integration over the eigenvaluess is required. If
not, all terms involving the permutations of the eigenv
uesrp1 andirp2 have to be added as in the ordinary ca
[11]. Furthermore, the integration overs requires one to
e

e
d
n
in
p.
e

ds

of
by

-
ng
-

is

-
e

take a new type of boundary contribution [7,8,12] in
account which does not occur in ordinary analysis. Ho
ever, in Refs. [9,13] it was shown that we do not need
worry about them when calculating correlation functio
of the type we are interested in here. After the integ
tion over the unitary supergroup with the help of Eq. (8
we calculate the required derivatives (3) of the generat
function exactly as in Ref. [9]. Collecting everything, w
find

Rksx1, . . . , xk, ad 
s21dk

pk

3
Z

Gkss 2 x, adIZ
s0d
k ssdBkssd dfsg

(10)

for nonzeroa. The casea  0 is trivial by construction.
In order to calculate the generic fluctuations, we ha

to unfold the correlation functions for large level num
ber N by removing the dependence on the level de
sity. We define new energiesjp  xpyD, p  1, . . . , k,
where the mean level spacingD is of the order1y

p
N .

The transition parametera is defined on the origi-
nal energy scale and has therefore to be unfolded,
The new, universal transition parameterl  ayD was
first introduced by Pandey [14]. Thek-level correla-
tion functions on the unfolded scaleXksj1, . . . , jk , ld 
limN!` DkRksx1, . . . , xk, ad are then generic, i.e., transla
tion invariant over the spectrum. It is useful to unfold th
integration variabless in Eq. (10) by making the rescaling
s ! syD. We arrive at

Xksj1, . . . , jk , ld 
s21dk

pk

3
Z

Gkss 2 j, ldIz
s0d
k ssdBkssd dfsg

(11)

for nonzero l where the unfolded generatin
function of the arbitrary correlations is given b
z

s0d
k ssd  limN!` Z

s0d
k sDsd. Hence, we have expresse

the unfoldedk-level correlation function for the transition
from arbitrary to GUE fluctuations as a2k-fold integral.

The integral representation (11) immediately impli
the translation invariance. Since the arbitrary correlatio
X

s0d
k sj1, . . . , jkd are assumed to be generic, the gener

ing function Iz
s0d
k ssd can depend only on the difference

of the eigenvaluessp1 and isp2. Consequently, the shift
s ! s 2 j in Eq. (11) makes the right hand side a fun
tion of the energy differencesjp 2 jq alone; this is the
translation invariance. This observation has two impo
tant consequences. First, the level density becomes a
matically unity everywhere as it should be. Fork  1, the
generating function is only a function ofs11 2 is12 and, by
construction, its power series expansion has to start w
2pss11 2 is12d. This allows one to do both integrals b
applying a standard mean value theorem of complex an
ysis yielding the value of the integrand ats11 2 is12  0
2259
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and thusX1sj1, ld  1. Second, the two-level correla
tion function can be expressed as a double integral.
introduce the sumer  j1 1 j2 and the differencer 
j1 2 j2 of the energies. According to this rotation i
energy space, we make the changes1  s11 1 s21, t1 
s11 2 s21, s2  s12 1 s22, andt2  s12 2 s22 of the inte-
gration variables. SinceIz

s0d
2 ssd depends only on the dif-

ferences of the eigenvalues, it cannot depend ons1 1 is2.
Thus, we writeIz

s0d
2 ssd  Iz

s0d
2 ss1 2 is2, t1, t2d which,

for reasons of consistency, should be even in each
the differencest1 and t2. By using the aforementioned
integral theorem, the integrals overs1 ands2 can be per-
formed straightforwardly and the dependence oner disap-
pears. The two-level correlations can thus be cast into
form

X2sr , ld 
8

p3l2

Z 1`

2`

Z 1`

2`
exp

µ
2

1
2l2 st2

1 1 t2
2 d

∂
3 sinh

rt1

l2
sin

rt2

l2

t1t2

st2
1 1 t2

2 d2

3 Iz
s0d
2 s0, t1, t2d dt1 dt2 (12)

which is usually not amenable to further analytical tre
ment. For the higher correlations withk . 2, similar sim-
plifications are likely to exist.

All results derived so far are correct for arbitrary initia
correlationsR

s0d
k sx1, . . . , xkd or X

s0d
k sj1, . . . , jkd. We now

apply them to the case of a Poisson, i.e., correlation-fr
initial spectrum. The Poisson probability density functio
reads simply

P
s0d
N sHs0dd 

NY
n1

ps0dsHs0d
nn d

Y
n.m

dsReHs0d
nmddsImHs0d

nmd

(13)

where ps0dszd is a smooth, symmetric, but otherwis
arbitrary, normalized probability density function. It i
easily shown that there are no correlations and that
level density is given byR

s0d
1 sxd  Nps0dsxd. We find
t
n

la
e

2260
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from Eq. (6) for the generating function

Z
s0d
k ssd  fz s0d

k ssdgN

z
s0d
k ssd 

Z 1`

2`
ps0dszd

kY
p1

isp2 2 z

s6
p1 2 z

dz . (14)

In order to compute the integral we use the identity
kY

p1

isp2 2 z

s6
p1 2 z

 1 1

kX
p1

bpssd
s6

p1 2 z

bpssd  sisp2 2 sp1d
Y
qfip

isq2 2 sp1

s6
q1 2 s6

p1
(15)

which can be proven by induction or by standard metho
of complex analysis. Hence, the integral in Eq. (14
becomes

z
s0d
k ssd  1 1

p

N

kX
p1

bpssdbRs0d
1 ssp1d , (16)

wherebRs0d
1 sxd is the Stiltjes transform ofR

s0d
1 sxd. To eval-

uate the generating function on the unfolded scale, it
reasonable to choose the two limiting one point functio
equal, we setbRs0d

1 sxd  bRs1d
1 sxd. UsingbpsDsd  Dbpssd

and bRs0d
1 sDsp1d ! 7iyD for N ! `, we find

z
s0d
k ssd 

kY
p1

expf7ipbpssdg . (17)

The signs are determined by the choice of the sign
the imaginary increment in the Green function. The tw
level correlation function can be worked out by using th
general result (12). In the coordinates introduced abo
the initial condition takes the form

Iz
s0d
2 s0, t1, t2d 

1
2

Re

∑
exp

√
2ip

t2
1 1 t2

2

2t2
1

!
2 1

∏
(18)

in which the exponential has to be interpreted as a pow
series involving the operator1yt2

1 . With the help of
Ref. [15] we construct the integral representation
Iz
s0d
2 s0, t1, t2d 

q
2pst2

1 1 t2
2d

4

Z `

0
I1

hq
2pst2

1 1 t2
2dk

iexps2´kd cosst1kd
p

k
dk , (19)
u-
ns
s-

re-
he

ed

we
where I1szd is the modified Bessel function of firs
order. This representation allows the evaluation of o
of the three integrals left in Eq. (12). Introducing po
coordinates fort1 andt2, the angular integral becomes th
Bessel functionJ2szd and we arrive at

X2sr , ld 
4

pl2
Im

Z `

0
dk

√
1

k 1 i2ryl2
1

1
k

!

3
Z `

0
dr exp

√
2

r2

2l2

!
I1

°p
2pk r

¢
p

2pk

3 J2

µq
k2 1 i2kryl2r

∂
(20)
e
r

which states our final result. Since thek integral con-
verges as it stands if ther integration is done first, we
have already taken the limit́ ! 0.

The two-level correlation function was already calc
lated for small values of the transition parameter by mea
of perturbation expansions in Refs. [16,17]. It can ea
ily be shown that our formula (20) reproduces these
sults. Lenz [18] derived an integral representation of t
functionR2sx1, x2, ad. Unfortunately, it involves nontriv-
ial ratios of N-dependent determinants which prevent
up to now the evaluation of the limit of infinitely many
levels. Hence, by using the graded eigenvalue method,
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FIG. 1. Two level correlation function of the transition from
Poisson to GUE for different values of the transition parame
l, calculated numerically using formula (20). In the Poiss
case, i.e., forl  0, the function is unity which is not drawn
The three thin solid lines correspond from the left to the rig
to l values of 0.1, 0.5, and 0.7, respectively. The thick so
line is the pure GUE case corresponding tol ! `.

present for the first time an expression for the two-po
correlation function on the unfolded scale which is va
for all values of the transition parameterl. Since a fur-
ther analytical discussion seems impossible, we evalu
formula (20) numerically forl values of 0.1, 0.5, and 0.7
the results are shown in Fig. 1. The overshoot over un
for smalll values was already observed in Ref. [17]. O
viously, the limiting GUE result is reached rather quick
whenl approaches values of about unity. This confir
the numerical simulations of Ref. [4] and is also compa
ble to similar transitions.

Formula (20) allows to express the level number va
ance as a double integral, too. Furthermore, it is c
ceptually of considerable interest that the transitions d
cussed here can be formulated as exact diffusive proce
in the curved space of the eigenvaluess. Importantly, this
can also be done for the GOE and the GSE. These
related issues will be discussed in a forthcoming publi
tion.

In conclusion, we have derived a2k-dimensional inte-
gral representation for thek-level correlation functions of
er
n
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the transition from arbitrary to chaotic fluctuation prope
ties in a time-reversal noninvariant system. The two-le
correlation function could be reduced to a double integ
We have applied these results to the crossover from P
son regularity to chaos and, for the first time, given a f
mula that is valid for the entire transition.
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