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Optimal Periodic Orbits of Chaotic Systems
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Invariant sets embedded in a chaotic attractor can generate time averages that differ from the average
generated by typical orbits on the attractor. Motivated by two different topics (namely, controlling
chaos and riddled basins of attraction), we consider the question of which invariant set yields the largest
(optimal) value of an average of a given smooth function of the system state. We present numerical
evidence and analysis which indicate that the optimal average is typically achieved by a low period
unstable periodic orbit embedded in the chaotic attractor.

PACS numbers: 05.45.+b
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Many questions concerning dynamical behavior
addressed by consideration of the long-time average
a functionF of the state vectorx,

kFl ­ lim
t°!`

1
t

Z t

0
Fsssxst0dddd dt0, (1a)

kFl ­ lim
t°!`

1
t

tX
t0­1

Fsxt0 d , (1b)

wheret denotes time and is either continuous [Eq. (1
or discrete [Eq. (1b)].

In this paper we consider systems such that, fortypical
choices of the initialx, the trajectory generated by th
dynamical system is chaotic and has a well-defined lo
time average (1). (Here “typical” is with respect to th
Lebesgue measure of initial conditions in state spa
We note, however, that atypical initial conditions m
generate orbits embedded in the chaotic attractor that h
different values forkFl than typical orbits. For example
consider a chaotic attractor with a basin of attractionB.
Even though there is a set of initial conditions inB
all yielding thesamevalue for kFl, and the state spac
volume (Lebesgue measure) of these initial condition
equal to the entire volume ofB, there is still a zero volume
set of initial conditions (“atypical” initial conditions)
whose orbits asymptote to sets within the chaotic attra
but for which kFl is different from the average attaine
by typical orbits. A familiar case where this happens
when the initial condition is placed exactly on an unsta
periodic orbit embedded in a chaotic attractor (or on
stable manifold of the unstable periodic orbit).

The question we address is the following.Which
(atypical) orbit on the attractor yields the largest valu
of kFl? To our knowledge this question has not be
previously addressed, yet it is fundamental to at least
important problem areas of current interest:

(a) Controlling chaos.—In one often used method [1
for the control of chaos by use of small controls t
strategy is to first identify several low period unstab
periodic orbits embedded in the chaotic attractor. O
then determines the system performance that would a
54 0031-9007y96y76(13)y2254(4)$10.00
re
of

)]

g-
e
e.)
y
ve

is

tor

is
le
e

n
o

e
e
e

ply

if each of the various determined unstable periodic orb
were actually followed by the system. In many cas
the system performance can be quantified as the va
of some time averagekFl, as in Eq. (1). One then
selects an orbit yielding performance that is best a
feedback stabilizes that orbit. A question that might b
asked is whether one can obtain much better performa
by looking exhaustively at higher period orbits or b
considering stabilization of atypicalnonperiodic orbits
embedded in the chaotic attractor.

(b) Bifurcation to riddled basins of attraction.—
Recently a new type of basin of attraction has been fou
This new basin type is called ariddled basin [2,3], and
has the property that any point in the basin has points
another attractor’s basin arbitrarily close to it (the bas
although of positive volume, has no interior). This typ
of behavior can be present in dynamical systems t
possess an invariant manifoldM and a chaotic attractor
in that manifold. An interesting basic question is th
of how a nonriddled basin for the chaotic attractor onM
becomes riddled as a system parameter is varied (
the bifurcation to a riddled basin) [4]. This bifurcation
occurs [5,6] when the Lyapunov exponent for perturb
tions transverse toM, maximized over all invariant sets
in the chaotic attractor, first becomes positive. Thus t
study of this bifurcation again focuses on the invaria
set maximizing an average (i.e., the transverse Lyapun
exponent) [5–7].

To begin we consider a simple example, namely t
doubling transformation

xt11 ­ 2xtsmod 1d , (2)

and forF we take

Fgsxd ­ cosf2psx 2 gdg . (3)

Although some of the results we observe for Eqs. (
and (3) are model specific, we claim that Eqs. (2) a
(3) also yield essential behaviors that should be expec
© 1996 The American Physical Society
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in general for low-dimensional chaotic systems. A ma
point will be that the optimal average is typically achieve
by a low period periodic orbit [8].

For each of105 evenly spaced values ofg, we tested
the value ofkFgl for all periodic orbits of the map (2) with
periods1 to 24. There are on the order of106 such orbits.
Figure 1 shows the period of the orbit that maximizeskFgl
for Eqs. (2) and (3) as a function of the phase angleg. The
third column of Table I gives the fractionfspd of phase
valuesg for which a periodp orbit maximizeskFgl. For
example, ifg is chosen at random inf0, 1g, then over 93%
of the time, the optimal periodic orbit does not exceed7
in period, and more than half the time the optimal orbi
period is1, 2, or 3. The second column in Table I gives
conjectured asymptotic prediction of the fractionfspd of
the time a periodp orbit maximizeskFgl if g is chosen at
random inf0, 1g,

fspd ­ Kp22pfspd . (4)

Herefspd is the Euler function, which is defined as th
number of integers between1 and p (inclusive) that are
relatively prime top [e.g., the numbers1, 5, 7, and11 are
relatively prime to12, and sofs12d ­ 4]. Thusfspd #

p 2 1 for p $ 2, and fspd ­ p 2 1 if p is a prime.
The factorK is a fitting parameter, which we choose to b
1y6 in this example. We see from Table I and the da
plotted as diamonds in Fig. 2 that Eq. (4) agrees very w
with the numerical results for largep [the straight line in
Fig. 2 has slope2log2 and, for the plotted diamonds, th
vertical axis is the logarithm of the numerically compute
fspd divided by pfspd]. From Table I, the agreemen
with Eq. (4) is better than 5% forp . 5. Note that Eq. (4)
apparently has nothing to do with the precise choice
the functionFg in Eq. (3). We believe that Eq. (4) is
good approximation for typical smooth functions with
single maximum whose parameter dependence consis
a phase shift. Tests using other quadratic maximum, sin

Fig. 1. Period that optimizeskFgl as a function ofg for the
doubling map (2) and function (3).
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TABLE I. Numerical results for doubling map (2).

Theory Eq. (3) Eq. (5)
p fspd fspd f90%spd fspd f90%spd

1 0.0833 0.299 0.333 0.230 0.258
2 0.0833 0.160 0.212 0.163 0.175
3 0.125 0.176 0.294 0.186 0.234
4 0.0833 0.0985 0.143 0.0850 0.110
5 0.104 0.116 0.0180 0.136 0.169
6 0.0313 0.0310 0 0.0350 0.0473
7 0.0547 0.0573 0 0.0427 0.00664
8 0.0208 0.0211 0 0.0583 0.00031
9 0.0176 0.0178 0 0.0244 0
10 0.00651 0.00644 0 0.00697 0
11 0.00895 0.00918 0 0.0164 0
12 0.00195 0.00196 0 0.00516 0
13 0.00317 0.00324 0 0.00446 0
14 0.00085 0.00084 0 0.00389 0
15 0.00061 0.00062 0 0.00105 0

16–24 0.00091 0.00092 0 0.00167 0

humped functions [e.g.,Fgsxd ­ 2sx 2 gd2] in place of
Eq. (3) confirm this.

Not only are low period orbits most often optimal, bu
even when a somewhat higher period orbit is optim
it apparently leads only to a relatively small increase
kFgl as compared to a lower period orbit. This poi
is emphasized by the fourth column in Table I, whic
gives the fraction of theg values such that the lowes
period orbit that yields a value ofkFgl within 90% of the
maximum value has periodp. Thus, for this example,
if one is willing to settle for 90% of optimal, onenever
has to go above period5. Also for over 83% of theg
values it suffices to consider only period1, 2, and3. The
relatively small increase ofkFgl achieved by going to a
higher period is also evident from the plots ofkFglp vs
g, wherekFglp denotes the average ofFg over the period
p orbit that is optimal from among all periodp orbits.

Fig. 2. Graph of logf fspdyp#spdg vs p. The straight line
has slope2log2. Inset showskFglp vs g for p ­ 3, 5, 8.
2255
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For example, theg region nearg ø 0.37 (cf. Fig. 1) has
p ­ 3 andp ­ 5 intervals with a smallerp ­ 8 interval
in between. A plot ofkFglp for p ­ 3, 5, 8 in this region
is shown in the inset in Fig. 2. The weighted avera
s5kFgl5 1 3kFgl3dys5 1 3d is shown as a dashed curve
Note thatkFgl8 closely follows this average but is slightly
above it. ThuskFgl8 is slightly larger than bothkFgl3
andkFgl5 in a small region nearg ø 0.37.

It is also interesting to note the Farey tree structu
present in Fig. 1; the periods follow the pattern of th
denominators in the Farey construction of the ration
numbers. That is, between any twog intervals with
optimal orbits of periodspa and pb and only higher
periods associated with any interveningg intervals, there
is a smallerg interval of periodpa 1 pb in between,
and all otherg intervals in between have periods highe
thanpa 1 pb . This is illustrated by Fig. 1. For example
consider theg interval f0.35, 0.45g. Between the period
3 interval and the period2 interval there is a period5
interval. Between the3 and the5 there is an8, between
the 5 and the2 there is a7, and so on. Numerically we
find an exponential decrease, asp increases, of the total
length of theg intervals with period at leastp (this can
be discerned from the data in Table I). Noting this an
thinking of optimal nonperiodic orbits as being created
the limit as the Farey tree level approaches infinity [9
we infer that optimal nonperiodic orbits typically do no
occur on a positive Lebesgue measure set ofg.

The form of Eq. (4) is obtained as follows. The facto
fspd is the number of times the integerp appears
in the complete Farey tree (starting at the lowest lev
with pa ­ pb ­ 1). The factorp22p is obtained from
our numerical observations (and by direct analytic
calculation in a special case) of how the width of a
interval scales with the periodp.

What is the character of the setSg of g values for
which the optimal orbit is nonperiodic? From the abov
discussion,Sg has zero Lebesgue measure. On the basis
our numerical evidence, we can show thatSg is a Cantor set
(in particular,Sg is uncountable) whose fractal dimensio
is zero. Also, based on the Farey structure, we can sh
that wheng [ Sg , the nonperiodic orbit that maximizes
kFgl has topological entropy zero. The above argume
are deferred to a future, longer publication [10].

Based on our numerical results we make a gene
conjecture concerning typical maps with chaotic attracto
and typical smooth optimization functionsF with a
parameter dependence.

Conjecture: Optimal nonperiodic orbits occur on a se
of zero Lebesgue measure in the parameter space ofF.

In the remainder of this paper, we present som
further numerical results involving different choices of th
optimization functionF and different dynamical systems
in support of the above conjecture and the principle th
for most parameters,kFl is maximized by a low period
orbit. Other cases appear in [10].
2256
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The fifth column of Table I shows the fraction of105

evenly spaced values ofg for which a periodp orbit of
the map (2) maximizes the average of a different funct

Fgsxd ­ cosf2psx 2 gdg 1 sinf6psx 2 gdg . (5)

The sixth column of Table I gives the correspondi
fraction for the lowestp within 90% of optimal. The
function in Eq. (5) has three local maxima and thr
local minima. This increases the likelihood of a high
period orbit maximizingkFgl, as is reflected in the data
The Farey structure, present for smooth functions w
a single maximum [e.g., Eq. (3)], is found only partial
in this case (and in the examples with two-dimensio
maps that follow). Thus the number of intervals#spd
for which a periodp orbit maximizeskFgl is in general
not equal to the Euler functionfspd. However, we find
that the size of each periodp interval still tends to scale
like p22p ; if we replace the Euler functionsfspd in
Eq. (4) by the numerically observed number ofg intervals
#spd for which a periodp orbit maximizeskFgl, good
agreement with Eq. (4) is restored. This is illustrat
by the data represented as squares in Fig. 2. Ano
important point is that for Eq. (5) [as for Eq. (3)] w
observe an exponential decrease, as a function ofp, of the
proportion of phase valuesg for which kFgl is maximized
on an orbit of period at leastp. Thus the results that low
period orbits most often are optimal and that the conject
holds are apparently independent of our choice ofF.

The above discussion has been for a one-dimensi
map. How do these results carry over into high
dimensionality? To get some indication of the situati
we consider two different two-dimensional maps. Fir
we discuss the Kaplan-Yorke map [11],

xn11 ­ 2xnsmod 1d , (6a)

yn11 ­ lyn 1
1
p

sins2pxnd . (6b)

The Lyapunov exponents are ln2 and lnl. Choosing
l ­ 0.4 we have an information dimension ofD ø 1.76
for the attractor. Results for the optimal period withF
chosen to be

Fgsx, yd ­ cosf2psx 1 y 2 gdg (7)

are shown in the second and third columns of Table
Also, the scaling of the average size of theg interval on
which a given periodp orbit maximizeskFgl is shown by
the triangles in Fig. 2. These results offer further supp
for our conjecture.

Next we consider the Hénon map

xn11 ­ a 1 byn 2 x2
n, (8a)

yn11 ­ xn , (8b)
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TABLE II. Numerical results 2D maps.

Kaplan-Yorke map (6) Hénon map (8)
p fspd f90%spd fspd f90%spd

1 0.282 0.319 0.427 0.434
2 0 0 0.421 0.424
3 0 0 0 0
4 0.140 0.188 0.0862 0.0857
5 0.223 0.326 0 0
6 0.127 0.139 0.00823 0.0352
7 0.0768 0.0285 0.0415 0.0210
8 0.0466 0 0 0
9 0.0524 0 0 0
10 0.0162 0 0 0
11 0.0169 0 0 0
12 0.00518 0 0.00915 0
13 0.00750 0 0.00531 0
14 0.00274 0 0 0
15 0.00158 0 0 0

16–24 0.00214 0 0.00205 0

with the often studied parameter valuesa ­ 1.4, b ­ 0.3.
The periodic orbits of this map were found using th
method of [12], and the function we averaged was

Fgsx, yd ­ cosfspy2d sx 1 y 2 gdg . (9)

The results are given in the fourth and fifth columns
Table II, and by the crosses in Fig. 2. Evidently the pr
ciple that the optimum is typically achieved by low perio
orbits, and that near optimum performance can always
achieved by such orbits, continues to hold.

Finally, we note that in all the cases above, t
Farey tree structure we found in the prototype ca
of Eqs. (2) and (3) is still partially present. In th
examples, Eqs. (5)–(9), we sometimes observe sud
transitions betweeng intervals corresponding to differen
low periods, but we still find that the high periodg
intervals are created by Farey summation (see [10]). T
important point is that this implies the appearance
optimal nonperiodic orbits by the same Farey mechan
as for Eqs. (2) and (3), thus supporting our conjectu
and indicating the general applicability of the behavior w
observed for Eqs. (2) and (3).
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