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Skyrmions without Sigma Models in Quantum Hall Ferromagnets
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We report on a microscopic theory of the Skyrmion states that occur in the quantum Hall regime.
The theory is based on the identification of Skyrmion states in this system with zero-energy eigenstates
of a hard-core model Hamiltonian. We find that f; orbital states in a Landau level, a set of
Skyrmion states with orbital degenerady, — K and spin quantum numbe§ = N/2 — K exists
for each non-negative integéf. The energetic ordering of states with differetitdepends on the
interaction potential.

PACS numbers: 73.40.Hm, 75.10.Jm

The ground state of a two-dimensional electron systenfior unit charge, large spin, quasiparticles of the= 1 fer-
(2DES) in the strong magnetic field regime of the quan+tomagnetic ground state. In this Letter we report on an in-
tum Hall effect is ferromagnetic at certain values of thedependent, fully microscopic, picture of QHF Skyrmions.
Landau level filling factow. (v = N/N,4 whereN is the In addition to giving an alternate physical picture of these
number of particlesNy = AeB/hc = A/2m¢* is the or-  exotic quasiparticles, our approach has the advantage that
bital degeneracy of the Landau levels, &id used below we are able to determine precisely the quantum numbers
as the unit of length.) The simplest example of a quanand multiplicities of all Skyrmion states.
tum Hall ferromagnet (QHF) occurs at= 1, where the The approach we have taken is in the same spirit as
ground state is a strong ferromagnet with total spin quanthe illuminating outlook on the spin-polarized fractional
tum numberS = N /2. Phenomena associated wiihon- quantum Hall effect that arises from appropriate hard-
taneousmagnetic order are open to experimental studycore model Hamiltonians [8,9]. As discussed for the
in QHF’s, despite the strong magnetic fields, because thease of interest below, these models have zero-energy
Zeeman coupling to the electronic spins is smaller thamany-particle eigenstates that are often known analyti-
other typical energy scales of the system and can evetally, are separated from other many-particle states by a
be tuned to zero, for example, by application of hydro-finite gap, and have a degeneracy that decreases with in-
static pressure to the host semiconductor. QHF’s havereasingN. The incompressible state responsible [10]
the unusual property, first identified in finite-size exactfor a quantum Hall effect transport anomaly in such
diagonalization studies [1] and dramatically evident in re-a model is the nondegenerate maximinzero-energy
cent Knight shift spin-polarization measurements [2], thakigenstate. The zero-energy eigenstates at lower densities
S can be sharply reduced [3], in appropriate circumstancesonstitute the portion of the spectrum that involves only
even toS = 0, by the addition or removal of a single elec- the degrees of freedom of, in general, the fractionally
tron. This behavior may be explained [4] using a nonlin-charged [11] quasiholes of the incompressible state. It
earo model(NLo) continuum field theory description of is assumed that the difference between the model Hamil-
QHF's. Intwo dimensions, the Nkt model supports spin tonian and the true Hamiltonian is a sufficiently weak
texture excitations, known as Skyrmions, that carry a uniperturbation that the quasihole states are still well sepa-
guantized topological charge [5]. In QHF's, Skyrmionsrated from other states in the Hilbert space, although ac-
also carry an electrical charge [4,6,7] equal to the prodeidental degeneracies will be lifted in the spectrum of
uct of the ground state filling factor and the topologicalthe true Hamiltonian. Here we apply this approach at
charge. This implies that Skyrmions will be present iny = 1. Our principal results may be summarized as fol-
the ground state for close but not equal td, explaining lows. The zero-energy-fermion eigenstates for a sin-
[3] the reduction in the spatially averaged moment. gle hole in a Landau level may be mapped to a set of

While the NLo- model provides a pleasing qualitative N-boson states in which the bosons are allowed to oc-
explanation of the spin-polarization experiments, it cannotupy only four single-particle states. Single-hole states
be used to address quantitative issues. It is valid only foexist with total spin numbe$ = N/2 — K for each non-
slowly varying spin textures, while the Zeeman coupling atnegative integerk and in the absence of disorder and
experimentally relevant fields favors small Skyrmion stateZzeeman coupling have degeneracy= gorb &spin, Where
with only a few reversed spins and relatively rapid varia-gpin = 25 + 1 is the spin multiplicity, and the orbital
tion in the spin-moment orientation. Recent microscopicdegeneracy,, = N + 1 — K.

Hartree-Fock [3,7] estimates of the optimal Skyrmion size For our analysis we use the symmetric gauge in which
agree well with experiment [2], further bolstering evidencethe single-particle orbitals [10] in the lowest Landau level
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are Eq. (3) we see that the corresponding fermion state has
7" 5 fermion occupation numbers,; = 1 form = 1,...,Ny4
dm(z) = @ w2 exp(—|z|7/4), (1) andng =0, n. =0, i.e., it is the fully polarized state

. with a single hole in then = 0 orbital. This state is
where [12] m =0.,1,....Ny — 1, z =x + iy, and the unique state in the one hole Hilbert space with the
X and y are the ‘Cartesian components of the two-maximum possible total boson angular momentu=
dimensional coordinate. We study here the hard-corw) and the maximums, (=N/2). The set of boson
model for which the interaction is [13] states with angular momentum = N — M andS$, =

V = 4mV, Z 5O — 7). @) N/2 — 88, have boson occupation numbers satisfying

i<y no + nop = 6M,
At strong magnetic fields the low-energy Hamiltonian is
g 9 gy noy + ny = 5SZ. (4)

simply the projection of this interaction onto the lowest

Landau level [8]. Many-particle wave functions that areFor fixed M and 5., the state may be specified by
zero-energy eigenstates of this Hamiltonian must vanish, which can assume values frairto the mimimum of
when any two particles are at the same position and mugtas and 5. ; the number of states is(8S,, 5M) = 1 +
therefore have the difference coordinate for each pair ofnf[5S., 5M]. We now deduce the total spin quantum

particles as a factor numbers of the quasihole states from this expression.
B Since the Hamiltonian is spin rotationally invariant,
Vlz, x]= l:[(Zi - z;) | Walz, x]. (3) §2 and S, must be good quantum numbers, so that
i<j

all eigenstates occur in spin multiplets with degeneracy
We note that the each complex coordinate appears t&S + 1 for total spinS. Furthermore, assuming that
the power N — 1 in the factor in square brackets in edge effects are irrelevant, the Hamiltonian is invariant
Eqg. (3) and that this factor is completely antisymmetric.under simultaneous translation of all coordinates. It
It follows that Wp[z] must be a wave function foN  follows that M is also a good quantum number, and
bosonsand that these bosons can be in states with anguldéihat each member of a spin multiplet has associated with
momenta from0 to N, — N. This simple observation it a large orbital degeneracy that scales with the system
leads to the conclusions we reach below. size. Orbitally degenerate states can be generated from
First, we consider the case of a filled Landau level,a seed state with minimurdM by repeated application
N = Ng. In this case all bosons must be in orbitalsof the operator that lowers the center-of-mass angular
with m = 0. W[z, y] must then be proportional to a momentum [15]. For example, whefi, = N/2 this
symmetric many-particle spinor and therefore have totaprocedure generates holes that occur in successively larger
spin quantum numbe§ = N/2. The orbital part of the single-particle angular momentum states.
fermion wave function can be recognized as the Slater TheS, = N/2 — 1 manifold has one state withM/ =
determinant with all orbitals froom = Otom = Ny, — 1 0 and two states for eachM = 1. One state at each
occupied. We are able to conclude that the groundM is theS, = N/2 — 1 member of theS = N/2 spin
state is a strong ferromagnet with no orbital degeneracymultiplet with the sam& M. It follows that there is one
The ease with which this conclusion can be reached = N/2 — 1 spin multiplet with an orbital degeneracy
contrasts markedly with the case of the Hubbard modethat is reduced by one compared to the= N/2 states.
where enormous effort has yielded relatively few firm Continuing in the same way, we may conclude that there
results [14]. When Zeeman coupling is included in theis a single spin multiplet withS = N/2 — K for each
Hamiltonian the ground state will be the member of thisnon-negative integek with orbital degeneracy, — K.
multiplet for which all spins are aligned with the magnetic Thus the quantized Skyrmion states occur in degenerate
field, i.e., the state witls, = § = N/2. manifolds labeled by an integef and with dimension
Our primary interest here is in the elementary chargedN, — K) (N — 2K + 1). The spin degeneracyN —
excitations of the ferromagneti = 1 ground state 2K + 1) is lifted by the Zeeman coupling and is the
that occur atN = Ny, = 1. For the case of a single quantum counterpart of the arbitrary global orientation of
hole (N = Ny, — 1) the lowest energy states are thea classical Skyrmion. The orbital degenerdsy, — K)
zero-energy eigenstates of the hard-core model. Wis the quantum counterpart of the arbitrary location of
will see that they are the quantized version of thethe center of a classical Skyrmion and is lifted by a
charged Skyrmion states in the MLmodel description of disorder potential. The density of Skyrmion states in
quantum Hall ferromagnets [4]. From Eq. (3) it follows the presence of Zeeman coupling and weak disorder is
that these states can be mapped to 4pih-N-boson indicated schematically in Fig. 1.
states, where the bosons can have angular momentumRepeated application of the total spin lowering opera-
equal to0 or 1. In understanding these states it istor and the center-of-mass lowering operator allows all
helpful to start from the state with boson occupatonstates in theS = N/2 — K manifold to be generated
numbersny;y = N, n;p = 0, not = 0, andngy = 0. Using  from the seed state that hds = S andéM = K. To
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Schematic Single Skyrmion
Density of States
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FIG. 1. Schematic single Skyrmion density of states. For quasihole states the orbital degeneracy fSr=eatf2 — K,

K =0,12,...,and S, = —§,...,S is lifted by disorder producing a finite width band of states. The spin-multiplet structure
persists in the presence of disorder. The energetic offset of bands with theksame differentS, is due to Zeeman coupling.

For the situation illustrated, the Zeeman spin-splitting energy is comparable to the disorder produced band width. The dependence
of theS, = S energy onK depends on the interaction Hamiltonian and the strength of the Zeeman coupling; the situation illustrated
where the lowest energy state occursSat= § = N/2 — 3, is typical. TheS, = S = N/2 — 5 band has been removed from

this illustration for clarity.

determine the many-body wave function of this sgin- raising operator$., on theK + 1 boson states that occur
Skyrmion state, we consider the effect of a total sprinat oM =068, =K

S+|n01 = k,nm = K—k,l’lu =K — k>
1
= blibalne = kngg = K —k,niy = K — k)

m=0

(K — k)N |ngy = k,nt = K — k,njy =K — k — 1). (5)

U

Here b! and b, are boson creation and annihilation m = 0 states; this correlation between spin and angular
operators. In the last form of Eq. (5) we have includedmomentum states is an essential aspect of Skyrmion
only the m = 1 term that dominates for finit&Kk and states [3,7].

N — « becausg/ny; ~ VN > 1. In this limit the state We now establish some relationships between the prop-
with k£ = K is annihilated bys+ and is therefore the seed erties of these wave functions and previously known re-
state of theS = N/2 — K Skyrmion multiplet. In first sults. As explained above, th€ = 0 Skyrmion wave
quantization the (unnormalized) boson wave function offunction is identical to a Hartree-Fock quasihole. On the

this state is other hand, the larg& limit of the these wave functions
, may be related to classical field theory Skyrmions. Con-
Wy = D7 T 1Dy exp—lz;1*/4) sider the fermion wave function
ineix L jE{ik}
X { [Tz eXp(—IZz|2/4)] (6) W) = > AK|w)
12{ix} k=0
In these wave functions, the sums are over distinct particle = [TG = zp[ 1@l + Al 1)
indices, up-spin quasiparticles occupy states with angular i<j !
momentumm = 1, whereas down-spin particles occupy X exp(—|z;|%4) . (7
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The equivalence between the two expressiond¥oid))  in this sense, analogous to Laughlin’s trial wave functions
is easily established by identifying the coefficientdf  for incompressible states at fractional filling factors.
in T1,(z;l 1 + Al l);) For large A, the sum in Eq. (7) This work was supported in part by NATO Collab-
will be dominated by terms in a relatively narrow rangeorative Research Grant No. 930684, by the National
of K values [16]. |¥ (X)) is precisely the single Slater Science Foundation under Grants No. DMR-9416906
determinant proposed by Moat al. [7] as a microscopic and No. DMR-9503814, and by CICyT of Spain under
trial wave function for the Skyrmion on the grounds that,Contract No. MAT 94-16906. H.A.F. acknowledges the
for large A, it gives a spin texture in precise agreementsupport of the A.P. Sloan Foundation and the Research
with that of the classical Skyrmion [4] of size Corporation. Helpful conversations with Steve Girvin,
The more general Hartree-Fock (HF) single-SlaterKyungsun Moon, Kun Yang, Carlos Tejedor, Juan-
determinant wave functions of Ref. [3] may be written inJose Palacios, and Luis Martin-Moreno are gratefully
the form acknowledged.
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