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Parametric Generation of Second Sound by First Sound in Superfluid Helium
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We report the first experimental observation of parametric generation of second sound (SS) by first
sound (FS) in superfluid helium in a narrow temperature range in the vicinity ofTl. The temperature
dependence of the threshold FS amplitude is found to be in a good quantitative agreement with theory
[V. L. Pokrovskii and I. M. Khalatnikov, Sov. Phys. JETP44, 1036 (1976)] and corrected for a finite
geometry. Strong amplitude fluctuations and two types of the SS spectra are observed above the
bifurcation. The latter effect is explained by the discreteness of the wave vector space and the strong
temperature dependence of the SS dissipation length.

PACS numbers: 67.40.Pm, 43.25.+y, 67.40.Mj
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Parametric generation of waves is observed in a w
class of nonlinear media. Spin waves in ferrites and a
ferromagnets and Langmuir waves in plasma parame
cally driven by a microwave field, ferrofluid surface wav
subjected to an ac tangential magnetic field, and surf
waves in liquid dielectrics parametrically excited by an
electric field are just a few examples (see, e.g., [1–3
Parametric excitation of standing surface waves by ve
cal vibration is another canonical example of such a s
tem which recently has become particularly popular due
easy visualization of its pattern dynamics. Depending
the number of nonlinear modes, either nonlinear patte
or a wave turbulent state are observed. In the case of
Faraday instability, a rather modest experimentally rea
able aspect ratio between the system’s horizontal size
the wavelength, and a relatively large dissipation, stron
limit advantages of this system to study the wave turb
lence which is expected to exhibit some rather univer
properties [2]. From this point of view, the spin-wave in
stability seems to present a better example of a sys
with many excited modes, thanks to its extremely lar
aspect ratio and minute dissipation. However, in spite
a well developed and detailed theory for this system,
few experimental detection techniques accessible in
case limit quantitative investigation of the wave turbule
state [2].

In this Letter, we report the first experimental observ
tion of parametric generation of second sound (SS) wa
by first sound (FS) waves in superfluid helium in a rath
narrow temperature range close to the superfluid transi
temperatureTl. Because of relatively weak dissipatio
and a large attainable aspect ratio, on the one hand,
experimental advantages of using high sensitivity amp
tude measurements, on the other hand, this system
become an appropriate one to quantitatively study
wave turbulence. However, we are aware of only one
periment on nonlinear (not parametric) interaction of fi
and second sounds [4].

In superfluid helium, there are two kinds of three-wa
processes that are responsible for SS generation by
0031-9007y96y76(12)y2105(4)$10.00
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waves:Čerenkov emission and parametric decay. Th
processes were considered theoretically about 20 years
[5,6]. In the first one, a FS phonon decays into a pair
FS and SS phonons. In the second process, a FS ph
decays into a pair of SS phonons. Both processes re
in decay instabilities which are characterized by thresho
in the FS amplitude. In this paper, we concentrate on
parametric instability.

In the parametric excitation process, a FS wave w
wave vectorK and frequencyV decays into two SS wave
with wave vectorsk1 andk2 and frequenciesv2 andv2

that obey the conservation laws (resonance conditions

V  v1 1 v2, K  k1 1 k2 . (1)

V  c1K, v1,2  c2 k1,2, andc1 andc2 are the first and
second sound velocities. A FS wave of amplitudeb gen-
erates SS waves at the ratejbV j, where

V  225y2v3y2r1y2r21y2
s sA 2 2rsyr cos2ud (2)

is the interaction matrix element [5], which depends
thermodynamic parameters through the quantityA and on
the angleu defined in Fig. 4(a). The SS waves dissipa
at the rateg. The parametric instability occurs when th
SS generation exceeds the dissipation. The threshold
amplitude isbth  gyjVmaxj [5].

It was found in Ref. [5] that in an infinite system th
temperature range where the parametric excitation oc
before theČerenkov emission is between 0.9 and 1.2
However, our estimates, based on the asymptotic beha
of the thermodynamic properties of superfluid helium n
Tl [7], show that the decay instability threshold diverg
as ~ ´20.33, where´  sTl 2 T dyTl. The threshold of
the Čerenkov emission is higher than that of the pa
metric instability and diverges atTl as ´20.84. After a
detailed analysis, we found that it is convenient to cond
experiments in the range of reduced temperature1026 ,

´ , 1022. In this temperature range, the quantityA in
Eq. (2) is positive, and therefore the matrix elementV
reaches its maximum value for SS waves propaga
© 1996 The American Physical Society 2105
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at u  py2 with respect to the FS wave as shown
Fig. 4(a). Moreover, since the attenuation length of
SS, l, varies drastically in this temperature range [
the finite length of the cell in the direction of the S
propagation should be taken into account.

The experiment was done on a short cylindrical cell
50 mm in diameter and lengthh  4 mm (Fig. 1). The
sides of the cavity were formed by a pair of capacitor tra
ducers. Such transducers and their calibration method
described in Ref. [9]. In the short direction, the cell w
used as a FS resonator with the first harmonic freque
about 28 kHz. The frequency of parametrically excit
SS waves was about 14 kHz. In the experimentally inv
tigated temperature range,1024 , ´ , 2 3 1023 the SS
wavelengthl varied from 0.09 to 0.3 mm. The resonator
lateral side was open, and several layers of paper were
around it to absorb transverse acoustic modes. The r
nator quality factor wasQ ø 150: that allowed one to ne
glect influence of all other acoustic modes.

Two SS bolometers and two heaters were evapora
on 22 mm diameter glass substrates. One bolometer
placed diametrically opposite to each heater and the
pairs were mounted at 90± to each other. The bolometer
were40 mm wide superconducting Au-Pb line in the for
of a round serpentine pattern of diameterdb  2 mm
[10]. Each heater-bolometer pair, with theL  54 mm
base, formed a resonance open cavity for the SS, w
resonances from 12 to 40 Hz apart. Possible incide
effects of these resonances on experimental observa
are discussed below. The bolometers were sensitiv
waves incident within the angle,lydb to the normal
direction, i.e., from 0.05 to 0.15 foŕ from 1024 to 2 3

1023. The cell was placed into a container filled with abo
300 ml of purified4He and vacuum sealed. A three-sta
temperature regulated cryostat with the helium containe
the third stage was used [10,11]. Its temperature stab
was about1026 K, and the operating temperature ran
was between 1.9 K andTl.

The experiment was performed at a constant temp
ture by generating FS at pump frequencyFp , which was
chosen to be the first harmonic frequency of the cav
For a given FS amplitude, the SS amplitude was measu
by the bolometers. In a typical experimental run, a sig

FIG. 1. The experimental cell and the geometry of FS and
wave propagation.
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from a bolometer was sent to a preamplifier and then to
lock-in amplifier at reference frequencyFpy2. The two-
phase output signal was sampled at 16 Hz and digitiz
over a 128 s period. The complex Fourier transform
both digitized components of the signal provided the S
spectrum in a narrow window,68 Hz, aroundFpy2, with
resolution of1y128 Hz.

A typical plot of the time averaged SS intensity as
function of the driving FS amplitude in the vicinity of
Fpy2 is shown in the inset of Fig. 2. There exists a we
pronounced threshold for the driving amplitude at whic
the SS intensity first exceeds twice the background no
level. We point out that the SS amplitude as a functio
of time strongly fluctuates. Its intermittent behavior
particularly striking close to the onset where the tim
intervals between isolated spikes increase up to 100
which was the maximum sampling interval. This tim
scale is much longer than all characteristic scales in
problem. Those fluctuations limit the resolution in th
threshold determination and hinder quantitative studies
the amplitude behavior above the onset. Neverthele
they do not change the main features of the phenom
discussed in the paper. The threshold FS amplitude a
function of temperature is shown in Fig. 2 together wi
theoretical predictions.

As mentioned above, heater-bolometer pairs,L 
54 mm apart, formed boundaries for SS waves. In o
experiments, the attenuation lengthl changed from 10
to 600 mm. Therefore, reflections from the boundari
play an important role in the parametric instability. A

FIG. 2. The temperature dependence of the parametric exc
tion threshold (FS amplitude): curvea —theory for infinite cell
(r  1) [5], curvesb andc —theory for finite cell (r  0) and
(r  0.6), solid circles with error bars—experimental data. In
set—a typical plot of SS intensity versus the FS amplitude
the vicinity of the threshold.
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straightforward generalization of the envelope meth
[12,13] for a system of the sizeL, where waves arrive
and reflect normally to the boundaries, with an arbitra
reflection coefficientr, yields the following expression
for the threshold:

bth  sgyV d f1 1 j2slyLd2g1y2, (3)

wherej is the minimal positive root of the equation

tanj  2
s1 2 r2djslyLd

1 1 r2 2 2rf1 1 j2slyLd2g1y2
. (4)

For L , l, the value ofbth (along with its temperature
dependence) is mainly determined by the second term
the parentheses in Eq. (3), i.e.,bth , c2ysLV d ~ ´1.33 (see
curve b in Fig. 2). Note that if the reflection coefficien
tends to unity, the threshold coincides with that in a
infinite system.

To compare results of our threshold measurements w
theoretical predictions we plotted theoretical curves for t
cases of perfect reflection (r  1)—curvea in Fig. 2, and
of the complete absorption (r  0)—curve b of SS on
the boundaries. The SS dissipation rate,g, was found
from experimental measurements [8]. The curves co
verge in the regioń , 2 3 1024, where the size effect
is negligible (l , L). We also plot a curvec for the
reflection coefficientr  0.6. In the temperature range
4 3 1024 , ´ , 2 3 1023, this curve fits the experimen-
tal data rather well. Near the edges of the cell, SS wav
are not amplified but they do attenuate. With approac
ing Tl, the attenuation length,l, becomes comparable to
the characteristic length of the edge effects,h. This re-
sults in a decrease of reflection from the cell boundari
Therefore the effective reflection coefficient decreases a
the experimental points lie closer to the theoretical cur
b in the temperature rangé, 4 3 1024. Because of a
steep decrease of the amplitude of the measured signa
did not succeed to extend our measurements closer toTl

than1024.
Another result, which was unexpected for us, was t

observation of different types of SS power spectra
different temperature regions. Two typical spectra of t
SS signals close to the onset at the reduced temperat
´  2.19 3 1024 and´  6.52 3 1024 are shown in the
insets of Fig. 3. The first spectrum has a single sharp p
at exactlyFpy2, while the second one, observed farth
from Tl, exhibits two equidistant peaks aroundFpy2. The
left peak at the lower frequencyFpy2 2 df is always
larger than the right one at the frequencyFpy2 1 df.

In order to explain such a spectrum splitting one nee
to consider the conservation laws (1). In the temperatu
range where our experiment was performed (1024 , ´ ,

2 3 1023), the sound velocity ratioh  c2yc1 varies
between 0.06 and 0.019 [7]. From the conservation la
(1) one getsK ø k1, k2; i.e., the SS wave vectors are
located on an ellipsoid of revolution with an eccentricity o
h, andk1 andk2 are almost opposite [Fig. 4(a)]. A more
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FIG. 3. The SS frequency shift as a function of´. The insets
show two types of the SS power spectra in two temperatu
ranges: (a)́  2.19 3 1024, (b) ´  6.52 3 1024.

detailed analysis of these equations reveals an ang
dependence of the SS frequency

v1,2  Vs1 6 ndy2, n  h cosu , (5)

cosu  sk1 2 k2d ? Kysjk1 2 k2j jKjd . (6)

A weak angular dependence of the threshold amplitu
bth due to an angular dependence ofV [5] yields a weak
minimum ofbth for the symmetric configuration withu 
py2, as we mentioned above.

The existence of two types of spectra and the transit
between them can be explained by the finite cell geome
in the direction of FS propagation and by discreteness
the wave vector in this direction [Fig. 4(b)]. Indeed, if th

FIG. 4. (a) k-vector diagram for infinite space and (b) th
discrete wave vector space and the geometry of FS and
interactions in a finite cell.
2107



VOLUME 76, NUMBER 12 P H Y S I C A L R E V I E W L E T T E R S 18 MARCH 1996

e

t

y
a

c
t

t

t

e

h

e
o

a
d

v

t

fe

F

h
ig

ol-
lly
on
on

he
d
of
in
fts
es
re

SS

-
y
y
d
x

-

l

n

te
attenuation rateg is larger than the frequency differenc
between resonance peaks,Dv  2s2pdfd  Vn, that
occurs closer toTl, the discreteness of the resonanc
states is smeared out. Then just a single peak appe
in the spectrum. This symmetric case corresponds to
minimum of the threshold as a function of the angleu

for the infinite cell geometry [5]. The opposite inequalit
Dv . g corresponds to discrete resonance states
leads to two peaks in the spectra. IfDv is sufficiently
large compared tog, one can consider two parametri
excitation processes caused by two components of
FS standing wave, with the wave vectors6K. The
momentum conservation conditions for these processes

K  k1 1 k2, 2K  k3 1 k4 . (7)

The processes do not interfere unless the same SS pho
participates in both processes. If that happens, e.g.,k1 ;
k3, the two components of the standing wave contribu
to the excitation process. Therefore, this process h
a lower threshold. It follows from Eqs. (5)–(7) tha
in this case the common wave vectork1 is exactly
perpendicular to the FS wave vectorK, the waves with
k1, having the lower frequency, cosu  h, andn  h2.
The splitting transition in the SS spectrum occurs wh
2s2pdfdyg ø 1.

The experimental data on the frequency shift and t
attenuation rategy4p (dotted line) are plotted in Fig. 3.
Closer toTl, the spectrum has just one peak at the fr
quencyFpy2 that corresponds to the symmetric decay
FS. Further away fromTl (´ . 6 3 1024), the spectrum
changes to two peaks equally separated fromFpy2. The
crossover from one type of the spectrum to another o
curs in the reduced temperature interval4 3 1024 , ´ ,

6 3 1024 where both the central peak and a pair of sep
rated peaks coexist in the spectrum. The temperature
pendence of the frequency shift of the peaks is describ
rather well bydf  6sFpy2dh2 (dashed line). This cor-
responds to the decay process in which one of the SS wa
propagates normally to the FS direction, and both comp
nents of the FS standing wave contribute to the parame
excitation. The large difference between the peak amp
tudes can be explained as a result of constructive inter
ence of SS waves propagating exactly in the cell plan
The smaller peak at the higher frequency corresponds
two SS waves which propagate at a small angle to the
waves and interfere destructively.

Two heater-bolometer pairs allowed us to examine t
SS correlations on the bolometers. We found no s
nificant correlations between the signals on the bolom
ters near the threshold. That indicates no tendency
pattern formation. The reason for such an essential d
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ference from surface wave experiments is probably as f
lows: normal modes were not generated in our partia
open cell that changed completely the pattern formati
conditions compared to those in the Faraday crispati
experiments [14].

In conclusion, a number of new features distinguish t
SS parametric excitation in superfluid He from well studie
parametric instabilities of spin waves in magnets and
surface waves on liquid: (i) the instability was observed
a partially open system, (ii) the finiteness of the system li
the degeneracy in pairs of parametrically excited SS wav
that leads to the spectrum splitting in the temperatu
range´ . 5 3 1024, and (iii) the high sensitivity of the
setup allowed us to observe strong fluctuations of the
amplitude very close to the threshold.
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