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Glueball Spectroscopy in a Relativistic Many-Body Approach to Hadronic Structure
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A comprehensive, relativistic many-body approach to hadron structure is advanced based on th
Coulomb gauge QCD Hamiltonian. Dynamical chiral symmetry breaking naturally emerges, and both
quarks and gluons acquire constituent masses when standard many-body techniques are employ
Gluonia are studied both in the valence and in the collective, random phase approximations. Calculate
quenched glueball masses are found to be in remarkable agreement with lattice gauge theory when usi
representative values for the strong coupling constant and string tension.
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Our knowledge of the standard model cannot be c
sidered complete until explicit gluonic degrees of freedo
are found and understood [1]. In an effort to address t
issue we advance a comprehensive framework for c
sistently describing and understanding hadron structur
including the glueball and hybrid sectors. The model
motivated in part by our previous studies of relativistic [
and nonrelativistic [3] quark models and by the pioneeri
work of Le Yaouancet al. [4], who, following the spirit
of Nambu and Jona-Lasinio [5], have constructed a qua
based model of the QCD vacuum. Only a brief descr
tion of our approach is provided here. A full, detaile
treatment will be contained in a separate communicatio

The idea is to build on the known successes of
constituent quark model for heavy quarks by consider
a many-body relativistic Hamiltonian in a quasipartic
basis, where dynamical chiral symmetry breaking a
massive gluon modes are explicit. Such a model inc
porates an extensive Fock space but reduces to the sim
quark model in the valence approximation. Furthermo
the simultaneous presence of quark and gluon deg
of freedom permits studying their mixture in hybrid an
glueball states. This is especially important since glu
ball searches tend to occur in meson-rich regions of
hadron spectrum and also because it may be years be
lattice gauge calculations provide significant insight. Th
Letter focuses on the gluonic sector of the model Ham
tonian, presenting the glueball spectrum calculation an
discussion of the associated approximation schemes.
the summary we comment on other issues regarding
plications to mesons, baryons, and hybrids.

There have been a variety of previous glueball studi
the bag model [6–8], QCD sum rules [9–12], the co
stituent glue model [13], and the flux tube model [14
These approaches differ markedly in their mass pred
tions, sometimes by as much as1 GeV, and no single
approach has consistently reproduced lattice gauge m
surements [15–17]. As stated above, our goal is to mo
QCD in a way which is in accordance with the succes
of the constituent quark model. Therefore we start fro
the Coulomb gauge QCD HamiltonianH [18] and assume
0031-9007y96y76(12)y2011(4)$10.00
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the existence of a set of phenomenological interactio
Hphen such thatH can be written asH  H0 1 HI where
H0 is defined asH0  K 1 Hphen, andK stands for the
kinetic energy

K 
Z

dxCy
q sxd s2i $a ? $= 1 bmqdCqsxd

1
1
2

Z
dxfjEasxdj2 1 jBasxdj2g , (1)

involving current quarks having massesmq and zero mass
transverse gluons. The residual potentialHI  H

QCD
I 2

Hphen is given by the difference between the origin
QCD and phenomenological interactions. The motivati
for introducing phenomenological interactions is to ge
erate a much weaker residual potentialHI at all energy
scales. Furthermore, as in the phenomenological qu
model, we will assume that in the quasiparticle quark a
gluon basis this residual interaction can be approxima
by the canonical QCD interaction Hamiltonian with a co
pling gs that is small and saturates at low energies. Und
this approximation, to any order ings the residual inter-
action can, in principle, be derived using standard me
ods of time independent perturbation theory. Howev
since the infrared behavior has already been determi
from phenomenology, the residual interaction must be f
from infrared divergences to avoid double counting. Th
can be achieved, for example, by imposing a cutoff,LIR,
on HI that removes coupling between quasiparticle sta
whose energy difference is smaller than the cutoff sca
The perturbative expansion ofHI then generates an ef
fective Hamiltonian which has nonvanishing matrix el
ments below the cutoff and can be either added toH0 and
diagonalized nonperturbatively or, because of the sm
coupling, included in the bound state perturbation theo
using the eigenstates ofH0 [19].

For the applications considered in this work the ph
nomenological Hamiltonian is taken to be

Hphen  2
1
2

Z
dxdyrasxdVLsjx 2 y jdras yd , (2)
© 1996 The American Physical Society 2011
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with color charge densityrasxd  Cy
q sxdTaCqsxd 1

fabcAbsxdEcsxd; VL is a linear confining potential,

VLsjx 2 yjd 
2Ncb

N2
c 2 1

jx 2 yj s1 2 e2Lphenjx2yjd , (3)

and Nc  3 is the number of colors. The string ten
sion will be fixed atb  0.18 GeV2, commensurate with
Regge phenomenology and the naive quark model. S
this interaction is meant to represent soft physics,
have introduced an ultraviolet cutoff directly into the p
tential. Note that the approach advocated here requ
that Lphen , LIR, and hence to completely describe lo
energy phenomena we must add the QCD interactions
low the cutoffLphen to this phenomenological Hamilton
ian. To orderas we only keep the Coulomb potentia
and ignore self-energies, hyperfine interactions, and v
uum corrections. This will be discussed in more det
below. The complete interaction in the HamiltonianH,
which we diagonalize nonperturbatively, is thus given
Eq. (2) withVL replaced by

VLsrd ! V srd  VLsrd 1 VCsrd , (4)

where

VCsjx 2 yjd  2
as

jx 2 y j
(5)

is the Coulomb potential. Finally, we note that bothVC

andHI need to be ultraviolet regulated. The standard p
turbative renormalization procedure may then be follow
for these terms [20].

Regarding the structure ofHphen, we have assumed tha
the bulk of the low energy dynamics of theqq̄ and gluon-
gluon systems may be described by a two-body inter
tion as shown and have employed a linear confinem
potential in keeping with the constituent quark model a
lattice gauge theory. Also, note that the confining intera
tion is between color densities rather than scalar curre
as is usually assumed in the constituent quark model. T
is discussed below. Note that Eq. (2) implies that g
ons may be confined into gluon-gluon bound states wh
form the basis of our glueball investigation. Howeve
lattice gauge results [21] indicate that static color oct
become screened at very large distances, and Eq. (2)
not reflect this. Physically, one expects that the screen
of the gluonic confinement potential is due to the creat
of low-lying glueballs at large valence gluon separatio
Thus the model as presented here is similar in spirit to
naive quark model, where linear confinement in theqq̄
sector is absolute and it is mixing to other Fock sect
which is responsible for the screening. Furthermore,
note that constituent gluons are not static and that lat
gauge calculations indicate that low-lying glueballs te
to be compact and well separated in mass.

It should be noted that the structure ofHphen is spe-
cific to the Coulomb gauge. One could construct a sim
model in a different gauge but this would require a diffe
ent form for Hphen. The model is gauge covariant onl
in this restricted sense. Furthermore, while the mode
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relativistic, Lorentz covariance has been lost. The sev
ity of this may be easily tested by computing observab
such as the pion decay constant or hadronic dispersion
lations. This will be done in a future publication. Finally
one should not think of the confinement potential as a fl
tube because this quickly leads to conundrums about d
ble counting gluonic degrees of freedom. The Coulom
gauge Hamiltonian makes a clear distinction between
gluonic color density and the Coulomb interaction—on
which applies equally well to the confinement interactio

As in Ref. [4] the Fock space in which we diagonaliz
H0 is constructed from the variational, BCS vacuumjVl
by an application of the constituent quark (antiquark)By

sDyd and gluonay creation operators with

Cqsxd 
X
l

Z dk
s2pd3

fUsk, ldBsk, ld

1 V s2k, ldDys2k, ldgeik?x, (6)

Aasxd 
Z dk

s2pd3

1p
2vsjkjd

faaskd 1 aas2kdygeik?x,

and with the vacuum defined byBjVl  DjVl 
ajVl  0. We note that the gluon operators are tran
verse so that one has

faa
i skd, ab

j sqdyg  dab s2pd3dsk 2 qd sdij 2 k̂i k̂jd .

(7)
The extra term in the final factor complicates the calcu
tions of the glueball spectrum but is crucial to maintainin
the correct gluonic degrees of freedom.

The variational gap functionsU, V , andv are obtained
by minimizing the ground-state (vacuum) energyE0 
kVjH0jVl. This leads to gap equations which are equiv
lent to the Schwinger-Dyson equations for the quark
gluon self-energies in the rainbow approximation. For t
gluon spectral functionv the gap equation is given by

vsqd2 ; vsjqjd2

 q2 1
Nc

4

Z dk
s2pd3

Ṽ sk 1 qd f1 1 sk̂ ? q̂d2g

3
vsjkjd2 2 vsjqjd2

vsjkjd
. (8)

A similar variational treatment of the Hamiltonian in
the quark sector results in the well known realization
dynamical chiral symmetry breaking by the BCS vacuum

The presence of the Coulomb term inV introduces a
quadratic cutoff dependence, which can be removed
including the neglected terms inHI (in particular, the
self-energy corrections resulting from the expansion
the Faddeev-Popov determinant and the transverse gl
exchange calculated to orderas). However, the net effect
of the orderas terms inHI is expected to be small, and
we simply ignore them when solving the gap equatio
Further investigations are in progress.
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A good fit to the numerical solution of Eq. (8) is
obtained with

vskd 
q

k2 1 m2
ge2kyk . (9)

If one defines the gluon mass in terms of the effe
tive mass asmg  mgs0d wheremgskd 

p
vskd2 2 k2

then the proceding fit yieldsmg  0.8 GeV (and k 
6.5 GeV).

The gluon condensate may be simply calculated with
the context of the pairing ansatz. The result isø

a

p
Gmn

a Ga
mn

¿


N2
c 2 1
p3

Z `

0
dk k2asskd

fvskd 2 kg2

vskd
.

(10)

We have allowed for the possibility thatas runs above
the cutoff although this is not crucial. The calculate
condensate agrees well with the QCD sum rule value
0.012 GeV4 [22] and is only weakly sensitive to the cutof
aboveLphen , 4 GeV.
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Just as in conventional nuclear structure theory,
BCS many-body vacuum state can be systematic
improved by utilizing the Tamm-Dancoff (TDA), ran
dom phase (RPA), or even more accurate approxim
tions involving exact diagonalization in an extensiv
multiparticle-hole model space. In the glueball case
have performed both TDA and RPA calculations, ho
ever, because of the large constituent gluon mass we
pect the Tamm-Dancoff approximation to be a reasona
one. Indeed the011 glueball mass is shifted by less tha
2% in going to the random phase approximation. In t
glueball rest frame, the TDA gluon-gluon bound states
given by

jJPCl 
Z dp

s2pd3 xJPC
ij spdab

i spdyab
j s2pdyjVl , (11)

with the glueball wave functionxJPC
ij satisfying
EJPCGJPC
ij xJPC

ij sqd  2
Nc

4

Z dk
s2pd3

Ṽ sjk 1 qjd
fvsqd 1 vskdg2

2vsqdvskd
F JPC

ij sk, qdxJPC
ij skd

1

∑µ
vsqd 1

q2

vsqd

∂
GJPC

ij 1
Nc

4

Z dk
s2pd3

Ṽ sjk 1 qjd
vsqd2 1 vskd2

vsqdvskd
F JPC

ij sk, qd
∏

xJPC
ij sqd .

(12)
the

g
lts
rk-
el
Here theF
JPC

ij ’s are determined from coupling the tw
transverse gluons labeled by the Cartesian indicesi, j to a
state with total angular momentumJ, parityP, and charge
conjugationC. For example,

F 011
ij sk, qd  f1 1 sk̂ ? q̂d2gdij , (13)

F 021
ij sk, qd  k̂i q̂j , (14)

with more complicated expressions forJ $ 2. The
functions G

JPC
ij are normalization matrices which aris

from mixing between differentLS states induced by the
transverse nature of the gluon. We use the Coulo
and linear contributions tõV in Eq. (12). There are no
Faddeev-Popov terms, and transverse gluon exchang
treated as a perturbation (it is of order1ym2

g). We note
that it is not possible to make a two-gluonJ  1 state as
is consistent with Yang’s theorem. Such spurious sta
exist in models with explicitly massive gluons.

There is an interesting property associated with div
gences in the bound state equation. The linear poten
is infrared divergent; however, this potentially problem
atic divergence is canceled by the self-energy term in
kinetic energy. This cancellation appears to be a prope
of a density-density interaction. For example, the ca
cellation does not occur for scalar quark currents (a
indeed, a stable vacuum cannot be obtained with an in
action between scalar currents). Furthermore, the can
lation appears to occur only in bound state equations
color singlet objects. This has been observed previou
b

e is
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in the context of the Bethe-Salpeter approximation to
qq̄ bound state problem [20].

The spectrum which results from numerically solvin
Eq. (12) is presented in Fig. 1 along with recent resu
from lattice gauge calculations. The agreement is rema
ably good, especially when it is recalled that the mod
has been completely fixed fromqq̄ phenomenology. The
spectrum corresponds to the ansatz for a runningasskd

FIG. 1. Lattice gauge and model glueball spectra.
2013
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from Ref. [23]. Employing a fixed value for the stron
coupling, as  0.4, produced no significant difference
Furthermore, the spectrum is essentially independen
the cutoff for Lphen * 4 GeV. We conclude that the
model captures the essential features of glueballs. To
knowledge, this is the only model of gluonia which su
cessfully reproduces lattice data, and therefore it may p
vide important insight into glueball structure.

Future, more comprehensive, studies may dictate p
nomenological potentials beyond the two-body form us
here. For example, the phenomenological3P0 decay ver-
tex cannot be obtained from the density-density c
fining potential. Reconciling the naive quark mod
phenomenology with the model presented here sho
prove very instructive. Another issue is that the dynam
cal breaking of chiral symmetry should lead to a massl
pion solution. Recall, however, that the BCS vacuum
not a true eigenstate of the Hamiltonian. Therefore wh
diagonalizing the Hamiltonian in a truncated Fock spac
chiral pion solution may not necessarily appear. Ho
ever, in the random phase approximation which bui
upon the BCS vacuum, the Nambu-Goldstone realiza
of chiral symmetry is preserved. In particular the Ge
Mann–Oaks–Renner [24] relation,

f2
p m2

p  22mqkq̄ql , (15)

follows from Thouless’ theorem [25] applied to th
chiral charge operator,Q5 

R
dxCysxdg5Csxd, via the

expression

2
X
n

jknjQ5jVlRPAj2sEn2E0dRPA

 kVjfffQ5, fQ5, HggggjVl . (16)

Examining the interplay of these issues will be instru
tive, especially as it has a bearing on the rather myster
nature of the hyperfine splitting and the ultimate utility
the potential quark model.

Future work will also focus on baryon and hybr
structure. Towards this end, we have performed init
but preliminary, calculations in the quark sector findi
mq , 180 MeV andkq̄ql , 2s100 MeVd3 in agreement
with Refs. [4,20]. Whilemq is in rough agreement with
phenomenology the low condensate value may be
to truncation ofHphen to two-body form. We plan to
extend this to higher terms and also incorporate the ab
mentioned many-body treatments. Of special interest
be an ambitious multiparticle-multihole diagonalizatio
which will involve higher quark Fock state componen
In particular, the importance of such states asjqqqsqq̄dl
for the proton will directly address the role of sea qua
and hidden flavor. Related to this is the insight this mo
provides concerning the proton spin.

In summary, we have presented a unified, compreh
sive approach to hadron structure based on nonpertu
tive relativistic field theory and the QCD Hamiltonian
The model provides both the appealing physical insi
associated with the phenomenologically successful qu
model and a consistent unified framework for studying
2014
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sues such as chiral pions and quark-glue mixing. With
advent of CEBAF, a challenging opportunity is at hand
confront new precision data and to thoroughly investig
a wide variety of issues in hadronic physics.
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