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Spectrum of Light Scattered from a Weakly Interacting Bose-Einstein Condensed Gas
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Light scattered off a dilute Bose-Einstein condensed gas of atoms at large detuning, besides a broad
background, shows two symmetrically placed peaks whose intensities are related by detailed balance an
whose frequencies depend on the product of the number of atoms in the condensate and the scatterin
length.
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The recent achievement of Bose-Einstein (BE) cond
sation in a gas of atoms confined by a magnetic trap [1]
stimulated renewed interest in the question as to what
natures Bose-Einstein condensation imprints in the sp
trum of light scattered from atoms in such a condens
[2–7]. Recently, Javanainen [7] calculated the spectr
of light, in the limit of large detuning, when scattered fro
atoms in anideal Bose gas of a size much larger tha
the scattered wavelength. He identified a two-peak st
ture of the scattering functionSsk, vd at v  6vR as
an indicator for the presence of a Bose condensate. H
h̄v and h̄k are the energy and momentum transfer in
light scattering;vR  h̄k2y2m andk  jkj. Similar re-
sults for the scattering function are discussed in [8].

The quasiparticle excitation spectrum of a dilute Bo
Einstein condensed gas, according to Bogoliubov’s the
[9–12] is given by [13]

vk 
h̄k
2m

sk2 1 16pnafd
1

2 , (1)

where n is the number density,f the fraction of atoms
in the condensate (which may take any value betwee
and 0 if Huang’s formulation of the theory is used [11
and a the scattering length fors-wave scattering. For
k2 ¿ 16pnaf Eq. (1) predicts a frequency shiftvk 2

vR 
4 h̄
m pnaf which is constant, i.e., given sufficien

resolution, never becomes negligible. For application
experimentally realized Bose condensates it is there
necessary to ask how the results of [7] are modified
the two-particle interaction. We extend here Javanaine
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treatment [7] to that end. As the detuned light coup
to the local number density of the atoms [7] the relev
scattering function is as usual [14] given by

Ssk, vd 
1
Z

X
m,m0

e2bEm

3 jkm0jrskdjmlj2dsh̄v 2 Em 1 Em0d , (2)

wherev andk denote the change of frequency and wa
vector of the photon. The detailed balance condit
Ssk, vd  e2b h̄vSsk, 2vd at finite temperature will au
tomatically give rise to a symmetrically placed two-pe
structure ifSsk, vd develops a sufficiently sharp peak a
nonzero frequency. The density fluctuation operatorrskd
for k fi 0 can be expressed in terms of the atom crea
and annihilation operators as

rskd 
p

fN sak 1 a
y
2kd 1

X
qfi0,2k

ay
qak1q , (3)

and (2) is most conveniently evaluated after diagonaliz
the Hamiltonian by performing the transformation
Bogoliubov’s quasiparticles in a standard manner [8,1
The result takes the following form:

Ssk, vd 
fNs1 2 akd
h̄s1 1 akd

s1 1 knkld

3
£
dsv 1 vkd 1 e2b h̄vkdsv 2 vkd

§
1 Sbsk, vd , (4)

where the background is given by
Sbsk, vd 
X

qfi0,2k

s1 1 knqld s1 1 knq1kld saq 1 aq1kd2

2h̄s1 2 a2
qd s1 2 a

2
q1kd

"
2

µ
1 1 aqaq1k

aq 1 aq1k

∂2

e2b h̄vq1k dsv 1 vq 2 vq1kd

1 dsv 1 vq 1 vq1kd 1 e2b h̄svq1vq1kddsv 2 vq 2 vq1kd

#
. (5)
BE

4)
[7]
Here,

knkl 
£
eb h̄vk 2 1

§
21,

ak  1 1 l2k2 2 lk
p

2 1 l2k2,

l  s8pnafd2
1
2 .
For temperatures above the critical temperature for
condensation these formulas apply with

ak  0, vk 
h̄k2

2m
2

m

h̄
, f  0 ,

m s, 0d is the chemical potential. The two peaks (
above the broad background generalize the result of
© 1996 The American Physical Society
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and go over into that result ifk2 ¿ 16pnaf is satisfied,
apart from the constant frequency shift already mention
Therefore, given sufficient resolution in frequency, t
important parameternaf can be determined from the po
sition of the sharp line. ForT ! 0 the double peak struc
ture, required by detailed balance for finiteT , disappears.
Then f ! 1 2 8y3

p
na3yp [11] and the spectrum (4)

has a single sharp line atv  2vk from the excitation
of single quasiparticles, and a broad background from
excitation of pairs of quasiparticles.

The present results apply to an infinitely extend
condensate. A condensate in a trap differs from t
idealized situation at least in two respects:

The presence of a trapping potential leads to a cond
sate which is (i) spatially inhomogeneous and (ii) has
finite sizeL .

p
h̄ymv wherev is a typical oscillation

frequency in a harmonic trap. In order to be able to s
treat the condensate as homogeneous in regard to its
mentary excitations, at least in a rough approximation,
superfluid coherence lengthj [15] must satisfyj ø L.
As j is given, from Eq. (1), byj22  16pnaf we ob-
tain the condition p

16pnfa L ¿ 1 . (6)

In order to be able to still use the dispersion relation (1)
elementary excitations in the bulk, one must also sati
k ¿ 2pyL for the transferred wave number. If thes
conditions are satisfied, one may estimate the effec
the finite sizeL of the condensate in stating that it blu
the transferred momentum̄hk, and hence the scattere
frequency by, ≠vk

≠k
2p

L . To resolve the predicted shift i
would therefore be preferable to have

k # 2nafL , (7)

which is compatible withk ¿ 2pyL if (6) is satisfied.
It would seem possible to satisfy the condition (
already in the present generation of experiments a
in the next generation the measurement should beco
feasible. This will be of great interest, because then lig
scattering could provide, via the temperature depende
of f, unambiguous evidence for the presence of a B
condensate.

In summary, we have shown that the frequency of
sharp line which signals the presence of a Bose cond
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sate in light scattering [7] contains essential informatio
about the condensate and the interaction.
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