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A Measurement of the Shape of the Solar Disk: The Solar Quadrupole Moment, the Solar
Octopole Moment, and the Advance of Perihelion of the Planet Mercury
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The Solar Disk Sextant experiment has measured the solar angular diameter for a variety of solar
latitudes. Combined with solar surface angular rotation data, the solar quadrupole nigraedtthe
solar octopole momeni, have been derived first by assuming constant internal angular rotation on
cylinders and then by assuming constant internal angular rotation on cones. We have derived values
of 1.8 X 1077 for J, and9.8 x 1077 for J,. We conclude with a discussion of errors and address the
prediction of general relativity for the rate of advance of perihelion of the planet Mercury.

PACS numbers: 96.60.Bn, 04.80.Cc, 95.10.Eg, 95.55.Ev

The solar oblateness is defined in terms of the differencevery 3 sec. The edge of the solar limb is determined by
in radius between the solar pole and the solar equator, matching a template intensity profile function to the ob-
— served profile. Hillet al.[7,14] have demonstrated that
.(Req“amr Rpo}e)/_Ro AR/R_O' _ @ the finitg Fourier transforr[n dellinition (FFTD) permits the
By assuming that the solar internal rotatifinis constant  getermination of the solar edge without resorting to an ex-
on cylinders (i.e.7Q)/dz = 0), the oblateness can be re- pjicit expression for the template intensity function. The
lated directly to the solar quadrupole moménthrough a  requction of the SDS data employs a similar technique
series of simple assumptions [1-3]. The quadrupole Mo 5 16]. The CCD images allow for the easy detection of
ment contributes a potentially non-negligible componeniypspots, faculae, flares, and other solar surface phenom-
to the advance of perihelion of the planet Mercury [4], on€gna that show up as irregularities in the usually smooth
of the “classic” tests of general relativity. The agreemen§jmp profiles. During a flight, ovet0® images are taken,
of the prediction of general relativity with the observed ¢ after removing all images contaminated by surface ef-
value 0f42.98 * 0.04 arcseccentury' [4,5] was hailed  fects or excessive telescope drift, only two-thirds are used
as a triumph for the theory even though the quadrupolg, getermining the size and shape of the solar disk. Kuhn
contribution to the perihelion shift was not evaluated easznd Libbrecht [17], however, have reported that the solar
ily. Dicke and Goldenberg [6] called the validity of gen- hhotospheric temperature and temperature gradient may be
eral relativity into question by reporting a measurement ofnctions of the solar activity cycle. If so, then the use
the solar oblateness so large that the corresponding pegs the FFTD may introduce a systematic error in our re-
helion shift would result in an unacceptable disagreemendits. \While we are in the process of using the SDS limb
between general relativity and observation. While SUbseprofiIes to quantify this effect, for now, we can only ac-
quent measurements of the oblateness have yielded valuggowledge nonfacular temperature variations as a potential
more consistent with the prediction of general relatl\./ltySource of uncertainty. The SDS experiment was partially
[7.8], the value of the quadrupole moment has remainegotivated by the suggestion of Dicke, Kuhn, and Libbrecht
elusive. Using solar oscillation data, Browhal. [9]were  [1g] that the magnitude of the oblateness might be a func-

able to evaluat€)(r, ¢) and derived avalue df7 X 10" {jon of the solar cycle. Based upon flights in 1992 and
for J>, but did not provide reliable estimates of the uncer-1994, the measured oblateness ¥as7 + 1.25) X 10~°
tainties. As advocated by Ulrich and Hawkins [10,11], agng(8.77 + 0.99) x 10~° [19—21], indicating little or no

precise determination df and higher moments requires a yriation and remaining fully consistent with Hill's value
knowledge of both the mass and angular velocity distribuyf (9.6 + 6.5) x 1076 [7,8].
tion within the Sun. Despite advances in helioseismology, The theory of rotating stars has revealed that for a star

neither quantity is well-agreed upon, so we have adyjth internal rotation such that(Q)/az = 0, the effective
dressed the evaluation @f using more traditional means grayity can be derived from an effective potentiar,

experiment. are coincident [22]. This idealized case can yield an

~ The SDS is a balloon-borne experiment flown over pegyajuation of/, from the oblateness. Given a measure
riods between 6 and 10 h during which the solar angulaps the surface radius

diameter is measured at a variety of orientations [12,13]. even n

The experiment employs linear charge coupled devices Ryt (0) = Ro|:1 + Z ynpn(cogg):|’ (2)
(CCD’s) which provide runs of intensity versus angular n=2

radius at seven different orientations perpendicular to thevhere the functions?,, are Legendre polynomials, this
solar limb; the SDS records eighteen sets of limb profilesechnique can be extended to higher moments yielding
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expressions of the form where ¢ represents latitude. Averaging their coef-
Iy = £2(Q2) — r 3) ficients between 1979 and 1988 yielded a value of
" " " 2.840 uradsec' for A and —0.400 uradsec! for B.
Ulrich et al. [23] have examined the solar surface velocity Assuming that the surface rotation could be used to
field using 20 years of data from the Mt. Wilson Observa-represent the internal rotatiof)g, () was rewritten
tory and have fit the surface angular velocity as as Q(w) and then used in Eq. (3). The coefficienis
were evaluated from the SDS data which are displayed in

Qure(y) = A + B[sirt(y) + (1.022)sin*(y)], (4) | Fig. 1. For the quadrupole term

£2(Q% = —5.625 X 1076, ry = —5.810 X 1079, and soJ, = 1.84 X 107,
For the octopole term
f4(Q?%) =566 X 1077, ry = —4.17 X 1077, and soJ, = 9.83 X 107",

Since the SDS data were not of sufficient quality to extract coefficients beyomaly crude estimates could be made
of higher moments up te = 10,

Jo ~ f6(Q%) =4 x 1078, Jg ~ f3(Q?) = —4 X 1077, Jio ~ f1o(Q?) = -2 x 1071°,

The large value of the octopole term was unusual. IJ—‘oBDS results represent the most accurate determination of
the Earth, the ratidJ,/J3| is close to unity [24]. Using the shape of the solar disk, uncertainties of greater magni-
a different technique, Ulrich and Hawkins [10,11] first tude must exist for all similar determinationsff For the
suggested that for the Sulys| > |J/3], and this was octopole termy, was equal tg—4.17 = 4.59) X 1077, or
certainly the case for the SDS results. J, was properly evaluated #9.8 + 4.6) X 1077, Ironi-

Although idealized solar structure has been used presally, the determination of the octopole moment might ap-
viously to extract moments from the shape of the solapear to be a more “robust” result than the determination
limb, a thorough discussion of the errors and uncertaintiesf the quadrupole moment even though the relative un-
in the results has been lacking. If general relativity prop-certainty inr, was only7%, while for r4 it was greater
erly describes the advance of perihelion of Mercury, therthan 100%.

42.98 + 0.04 arcseccentury' corresponds to a quadru-  Second, the coefficients in the surface rotation curve in
pole moment of(2.3 + 3.1) X 10~7. How significantly Eq. (2) were not without their own uncertainty. By aver-
different is this evaluation of/, from our result? We aging the data of Ulriclet al. [23] from 1979 to 1988, we
considered three sources of uncertainty. First, the data ievaluated the coefficiemt as2.840 + 0.025 uradsec L

Fig. 1 revealed that, was equal tq—5.810 = 0.400) X  which contributed an uncertainty af1.1 X 1077 to J,
1075, Although the relative uncertainty in was small, (the effect on/, was negligible as were the effects of un-
the similarity with thef, term in Eq. (3) translated into certainties inB on either of the moments). While the large
an enormous relative error ih: =4.0 X 10”7, Sincethe number of observations of the surface rotation might have
allowed us to lower the uncertainty belan025, we did

not do so for two reasons. First, all SDS observations were
ol ' . ] made on two days, two years apart rather than continuously
., over a period of many years. Second, observations of the
solar surface rotation were not available for the period from
1992 to 1994. Both these facts required a more generous
estimate of potential uncertainties. For a summary of re-
cent evaluations of),¢ (i), see Stix [3] or, for a more
penetrating review of both methods and uncertainties, see
Schroter [25].

Finally, recent work on the inversion gf modes has
revealed that the solar internal rotation may be more com-
N plex than constant angular rotation on cylinders [9,26]
. * with constant rotation on cones being a better approxima-
0 25 % 135 180 tion [i.e., Q(6) [27,28]]. In order to investigate this pos-

Colatitude (6) sibility, we started with the momentum balance equation
FIG. 1. The variation of the solar diameter with colatitude [10,29] and constructed a model of the surface layers of
as provided by the SDS experiment. The fit to the data ighe Sun matching as closely as possible the latest results
17.249[1 — coq20)]. from solar atmosphere models [30]. We assumed that the
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