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Energetic and Thermodynamic Aspects of Hysteresis
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A thermodynamic description of hysteresis phenomena is proposed, where the system evolution is
described as a sequence of Barkhausen jumps, and the Preisach model is used to characterize the jump
sequence. Expressions for Gibbs energy, entropy, and entropy production are derived. The equilibrium
states of the minimum Gibbs energy are defined and the equations for the thermal relaxation of a generic
initial state are derived.
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Nonequilibrium thermodynamics has been applied withthe BJ behavior, and the hysteretic state of the system is
success to a number of situations, such as chemical readefined in terms of a certain link(k.), describing the
tions or transport phenomena, where suitable relationshigdistribution of the switching units over their1 and —1
between irreversible flows and thermodynamic forces castates.
be assumed [1,2]. It is not so for hysteresis phenom- When attempting a thermodynamic description, it must
ena, where irreversibility arises from the nonlinear andbe realized that a hysteretic system is governed by
branching character of the system constitutive laws [3,4]intrinsically out-of-equilibrium, history-dependent consti-
Thermodynamic approaches to hysteresis have been dtitive laws, so that the local equilibrium hypothesis of
tempted by several authors [5], but no conclusive resultgreversible thermodynamics has to be abandoned. In its
have been reached yet. The main difficulty is that a hysplace, we will introduce the PM(%,) line as an additional
teretic transformation, no matter how slow is the variationset of internal thermodynamic variables, and we will as-
of the external driving force, is characterized by a cersume that the usual thermodynamic functions still exist
tain proportion between the energy reversibly stored ofor the hysteretic system, once expressed as functionals
released by the system and the energy irreversibly dissof the extended set includink(%.). In this respect, the
pated as heat because of hysteresis losses, and we havepnesent treatment has some analogy with the formalism of
general principles helping us to separate these two energgtional thermodynamics (see Ref. [2], p. 25). We expect
contributions. this approach to be useful as a phenomenological descrip-

On general grounds, hysteresis is the consequence tbn of several hysteresis effects observed in nature. Its
the existence of many metastable free energy minimamain limitation resides in the limits of PM itself as a tool
These metastable states are the result of the couplirfigr the description of hysteresis. So far, PM has been
of characteristic structural features (such as magnetisuccessfully applied to ferromagnets [6], superconductors
domain walls in ferromagnets, dislocations in me-[7], consolidated materials [8], and, at the same time, a
chanical systems, Abrikosov vortices in type-Il superconhumber of generalizations of the original PM have been
ductors, etc.) among themselves or with environmentaproposed for the treatment of more general and refined
disorder. The central feature is, in this respect, thainput-output relationships [3], dynamic effects [9], and
of the Barkhausen jump (BJ). This term, commonlyvectorial hysteresis [10]. In [11], it is proven that a sys-
used for magnetic systems, indicates an event wherem can be described by PM if and only if it obeys two
the system, locally brought to instability by the driving general properties, known as “wiping out” (or “return-
force, suddenly moves to a new metastable configurationpoint memory” [4]) and “congruency” property [11]. The
Two energy terms will be involved in the jump, one wiping out property is of quite general character and is
representing the difference in free energy between thebeyed by a broad variety of systems. Conversely, the
old and the new metastable configuration, and the otherongruency property imposes more stringent restrictions
one measuring the amount of energy dissipated as hetiiat, though with some remarkable exceptions such as
during the jump. Our comprehension of the hystereticsuperconductors [7], are often only approximately satis-
behavior of the system is thus intimately related to ourfied. To overcome, at least partially, such a limitation, in
knowledge of the BJ statistics. The mathematical toothis Letter we introduce an extension of the original PM,
best suited to this physical picture is the Preisach modekhere the congruency property takes a much weaker form,
(PM) of hysteresis [3]. In PM, the macroscopic hysteresiexpressed by the existence of a fielfl,s, dependent on
properties of a given system are expressed as sums oviie state of the system, such that congruency is required
a suitable distribution of elementary switching units. Inonly with respect to the internal fiel®#d = H, + Hys,
this Letter, these switching units are used to describ&hereH,, is the externally applied field.
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In PM, a given system is described by a collection of
elementary nonsymmetric square loops with up and down
switching fieldsa and B8, « = B. Under the action of
the fieldH (e.g., magnetic field in ferromagnets, load in
mechanical systems, etc.), a given elementary loop will
be in the+1 state whenevell > « and in the—1 state
wheneverH < 8. When 8 < H < «a, the loop state
will depend on the padi history. The outpuK (magnetic H
moment, mechanical elongation, etc.) is expressed as an
integral over the elementary loop collection

X :X‘Yffm da dp p(a.p)

~x [ [ deapp@n. @ | . |
R FIG. 1. Preisach representation in ttie, i,) plane, showing
where X, is some characteristic saturation value for thethe region of integration (point filled) for Eq. (2) and lines
output andR., R_ are the regions associated with ele-controlling b(k.) behavior according to# — he = b(h.) =
mentary loops in thet1 and —1 states. The boundary e
betweenR; andR_ is in general a staircase line made up

of alternating horizontal and vertical segments [3]. Thefunctionals of the extended skt (-), 7; X], with 5(0) =
Preisach distributiorp(a, 8) gives the statistical weight p. The entropy balance equation d&§ = 85, + 85;,

of the various elementary contributions. We assume thaghere ds is the variation of the system entrop§s, is
p(a, B) is positive, normalized to unity, and characterizedthe entropy flow into the system, ad®; = 0 is the in-

by the symmetryp(a, B) = p(—pB, —a), which ensures  ternal entropy production. Analogously, the energy bal-
that both{H (z), X (1)} and{—H(z), =X (1)} are admissible ance readsiU = §W + T5S, = 6W + TdS — T$5S,,
input-output histories for the system. Moreover, WewheredU is the variation of the system’s internal energy
assume that botlp(a, 8) and X, are independent off,  and sW is the external work performed on the system
although they may depend on temperature. 8W = H,dX, whereH, is the applied field. In terms of

There is no conceptual difficulty in reinterpreting the the Helmoltz free energf = U — TS, we havedF =
Preisach distribution as a BJ distribution. To this end,sw — S4T — T8S; = H,dX — SdT — TSS;. Let us

it is convenient to introduce the new field coordinatesevaluate sSW = H,dX from Eq. (2), for an infinitesi-
he = (a — B)/2 and h, = (e + B)/2. By taking mal variation §5(h.) at constant temperature. By tak-

into account the symmetry(a, 8) = p(—=B,—a), i.e., ing into account that changes 6fh.) can occur only
p(he,hy) = p(he, —h,), we can rewrite Eqg. (1) in the in correspondence dff, = b(h.) + h. [6b(h.) > 0] or
form o H, = b(h,) — h. [6b(h.) < 0], we obtain
X=X | dn | dheplhehy), 2 »
J, o), plhe:h), (@) W = X, [ dhe blhoplhe, b Iob(he)

wherep(h., h,) has been suitably renormalized to include
all unimportant numerical factorsb(h.) represents the
mentioned staircase boundary between ke and R—
regions, with slopeldb/dh.| = 1 and b(0) = H. The  Gjyenthe positiveness gf(h., h,), the last term is always
way a given field historyH (1)} determines thé (i) line  ogjive. In addition, its integral over a cyclic field
is summarized by the following simple rule (see Fig. 1):yariation is precisely equal to the area of the hysteresis

Consider the evolution in time of the two linds, = 505 It thus represents the entropy production
H(t) = h.; whenever the constraiff — i, < b(h.) =

T x, fo dh, heplhe, b(h)]186(H].  (3)

H + h. is violated for someh., modify b(h.) by a T6S: = X fwdh hoolh. b(h118b(h 4
proper amountb(h.), so that finallyb(h.) = H — h, ' Jo € eplhe, bhe)Nb (AL (4)
[if 8b(h:) > 0]or b(h.) = H + h. [if 6b(h.) < 0Q]. This conclusion is in agreement with the results obtained

In the absence of hysteresis, the thermodynamic stai@ [12]. The first term, on the other hand, can be ex-
of the system, supposed to be closed and homogeneoysiessed as the variation of the functional
would be fully described by the set of variab[eés, T'; X]. " b(h)
Yet, this set becomes incomplete when the equation of g — Xsf dhcf dhy, hyp(he,h,) + Fus.  (5)
state is hysteretic, and it must be supplemented with a 0 0
suitable set of internal variables. This set is represente@/e conclude that Eq. (5) represents the system free
by the boundary lineb(h.) introduced in Eq. (2). Our energy. These results make clear the physical reason for
aim is to express the system’s thermodynamic functions athe introduction of the fieldé. andk,. In fact, Egs. (4)
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and (5) show that the variations in dissipated and stored(h.)/H, — b(x.), where x. = h./H., x4 = hy/H,.

energy brought about by a BJ associated with,#,) The dimensionless Preisach densjtyx.,x,) is inde-

are[TAS;]gy = h.|AXg;| and[AF]g; = h,AXgy, where pendent of temperature and characterizes the system'’s

AXgy = X;p(he, hy)Ah.Ah, is theX variation caused by internal structure. The dimensionless bounda)?r(ycc)

the jump. is also temperature independent, and describes, together
The presence of the terifis in Eq. (5) is worthy of with the temperaturel, the state of the system. In

some attention. Considering the way it was introducedparticular, any transformation under fixell(x.) is a

FLs should be a function of temperature only, but wetransformation with zero entropy production. By ex-

are naturally led to extend this result. In faét,s de- pressingX andF in terms of p(x., x,) andb(x.), and by

scribes the large-scale free energy behavior of the systeropnsidering a nondissipative infinitesimal transformation

obtained after smoothing out the fluctuating landscape rewheress; = 0, i.e., 5b(x.) = 0, we obtain the following

sponsible for hysteresis. There is no reason why thigxpression for the system entropy [14]:

large-scale behavior should not exhibit some residual non-

hysteretic dependence od Frs(X,T). The need for S = HX dIn(X,)

such an extension could have been already foreseen when dr

we tacitly assumed, in the derivation of Eq. (3), that the dIn(X;H,) dFLs

applied fieldH, and the Preisach fieltl controlling the — (F = Frs) dT B [ oT L' (6)

BJ evolution were coincident. This is not necessarily
the case. The presenceBfs gives in fact an additional
contribution to the free energy variatiodF, equal to
—HysdX, with H (X, T) = —[0FLs/dX]r. The effec-
tive field acting in the Preisach planefis = H, + Hy.g

. A . = [TAS;]g; = 0. During thermal relaxationH, is not
Z?}? ’)”lﬂ;le dn(:[:\sl? tfg ?Tlco%?fiég)’ir?:glf Z:(};npisgiﬁ}g\ _ sufficient to induce directly the jump and the missing
b(hc) ; hc “ LS energy must be supplied by the thermal bath. Let us term

AE = [AG]g; + [TAS;]g; > 0 this energy barrier. The
J will cause a localized change éfs.) around some

The state described by(4.) is in general a metastable
state, with the natural tendency to evolve towards the
anhysteretic state of minimum Gibbs energy. A BJ driven
by the applied fieldH, is characterized byAG]g; +

Let us now discuss the properties of the equilibrium

states under constant temperature and applied field, corr . S
P PP ¢ value, and a corresponding output variatidiXg;j.

sponding to minimum Gibbs energy = F — H,X. By ) . -
applying standard variational methods to Egs. (5) and (2)By taking into account that[TAS;lss = hc|AXg,|

we find thatG is at an extremum when(h,) = H = and [AF]BJ__ h“AAXBJ’ QNZ obtain iE — 2E+ B
H, + Hys [13]. In analogy with the terminology used [6(he) + he = H]|AXpi| if AXpy >0, AE = AE- =
in magnetism, we will call this solution the anhysteretic[._b(h“) + he + H]|AXpy| if AXpy <0. The rela-
state. WherH_s =~ 0, the anhysteretic state can be ap—t'\(e probab|!|ty with which the two types of events
proximately attained by applying an oscillating field of will OXCW IS cor;trolled by the Bqlt;mann facfcor
amplitude slowly decreasing from infinity to zero, super-e.Xp(_ '||E/f]1€BT)t.) The avgragleb(hAC) variation Bzr unit
imposed to the constant field,. The fact that field histo- time will thus be proportional td b(hc)l_[exp( ' E:/
ries of this sort should produce low energy states is ofte 5T) — exp(—AE/kBZ)], where|Ab(hc)] is d%flned by
assumed and exploited in the literature, although not aline relation |AXBJ|. - X-‘p[h.“’b(hf)] [Ab(hc)IP. This
ways with a clear physical justification. leads to the relaxation equation

So far, no considerations have been made on the role ofgs(h,, t) H, . [bh,t) — H he
; ; ; ———— = —2—sinl ———— |exg —— ).
temperature. Some conclusion on this point can be drawn 7, , H,
if we reconsider the description of hysteresis as due to @)

the coupling of certain structural features (domain walls,

dislocations, and vortices) with quenched-in disorder. Wavhere H, = kzT/|AXg;l, 7, = ToH {X;plhc, b(he,1)]/
expect that temperature will affect the parameters controllA Xg;|}!/2, and 1/7, is some attempt frequency associ-
ling the structure-disorder coupling much more than theated with the jump. The structure of Eq. (7) is rather
statistical distribution of the quenched-in disorder itself.complex, because the unknowbis,, r) is present inr,,

In terms of the PM description, this means that a tem+#,, andH = H, + Hi.s. These dependences should be
perature variation should mainly produce an overallanalyzed case by case. Yet, the basic properties of the
rescaling of the Preisach distribution, without affectingequation are illustrated well by the simple case where
too much its functional dependence bnandh,. Inother and H, are approximated by constants, and the time de-
words, there will exist two characteristic field$.() pendence oH is known. Let us consider in particular
and H,(T) such that any dependence on the PM figlds the case wheréd is decreased from-» down to some
and i, will be expressible in terms of the combinations value Hy, which is then kept constant in time. In this
h./H. andh,/H, only. Let us consider the dimension- casep(h.,t = 0) = Hy + h.. Let us look for a solution
less quantities p(hc, h,) dh. dh, — p(x, x,) dx. dx,, of Eq. (7) of the formb(h.,t) = Hy + h. — Ab(h,,1).
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