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Non-Gaussian Distribution of Coulomb Blockade Peak Heights in Quantum Dots
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We have observed a strongly non-Gaussian distribution of Coulomb blockade conductance pe
heights for tunneling through quantum dots. At zero magnetic field, a low-conductance spike domina
the distribution; the distribution at nonzero field is distinctly different and still non-Gaussian. Th
observed distributions are consistent with theoretical predictions based on single-level tunneling and
concept of “quantum chaos” in a closed system weakly coupled to leads.

PACS numbers: 72.20.My, 05.45.+b, 73.20.Dx, 73.23.Hk
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Experimental mesoscopic physics has concentrated
transport throughopensystems, systems in which the co
ductance is larger than2e2yh [1]. Mesoscopic effects in
isolated systems or the localized regime have been ex
sively investigated theoretically [1] but have received on
occasional experimental attention because of the difficu
of such experiments [2,3].

On the other hand, experiments addressing “quan
chaos” have traditionally concentrated on the distributi
of eigenvalues inclosedsystems [4–7]. The statistica
properties of thewave functions,however, have been mor
difficult to access. To date, only a few experiments ha
addressed this issue. These include the Porter-Tho
fluctuations in the resonance widths in elastic scatter
from nuclei [8] and the recent work on spatial correlatio
of eigenmodes in microwave cavities [9,10].

The advent of GaAsyAl xGa12xAs heterostructures and
electron beam nanofabrication has opened up a re
ily accessible system for studying mesoscopic physics
both open and closed systems. Recent theoretical w
has dealt specifically with the manifestations of quantu
chaos in the mesoscopic transport properties of such
tems [11–22]. While several experiments have addres
these manifestations in open systems [23–27], thus
signs of quantum chaos in the mesoscopic properties
closed systems have proved elusive (see [3], however

In GaAsyAl xGa12xAs devices, the closed system is im
plemented as a quantum dot weakly coupled to leads.
most striking experimental mesoscopic feature in quant
dots is the large fluctuation in the height of the conductan
peaks in the Coulomb blockade regime [28,29]. This fe
ture is more striking than the fluctuations in the peak sp
ing because the Coulomb energy is typically much larg
than the level spacing. Inspired by these observatio
Jalabert, Stone, and Alhassid predicted that in the limit
thermally broadened tunneling through a single quant
level, the conductance peak height,Gmax, should be sta-
tistically distributed with a strong enhancement near z
[18]. Gmax fluctuates because the coupling to the lea
depends on the magnitude of the level’s wave funct
near the leads, which fluctuates in both mesoscopic
quantum-chaotic systems[1,4]. In addition to the fluc-
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tuations caused by single-particle effects included exp
itly in the theory, there may be many-body contribution
in the actual dots, but this is not expected to change qu
tatively the statistical distribution. Subsequent work [19
22] extended the theory in several directions.

More precisely, whenG ø kT , D, where G is the
resonance width andD the level spacing,Gmax for
tunneling through a single nondegenerate level is [30]

Gmax 
e2

h
p

2kT
GLGR

GL 1 GR
;

e2

h
pG

2kT
a , (1)

where GL (GR) is the partial decay width into the lef
(right) lead. ForB  0, the predicted distribution is [18]

PsB0d 
p

2ypa e22a ; (2)

note the square-root singularity near zero. In a magne
field greater than the correlation field, the breaking
time-reversal symmetry reduces the number of nearly z
values ofGmax. Nevertheless, the distribution [18,19] i
still non-Gaussian and peaked near zero,

PsBfi0d  4afK0s2ad 1 K1s2adge22a , (3)

whereKn are the modified Bessel functions. In contra
when many levels are involved in the tunneling, su
as in a typical metallic dot of size500 Å, the distribu-
tion should tend towards a Gaussian. While previous
periments have observed fluctuations in the peak he
[28,29], these fluctuations are smaller than those predic
theoretically and, in particular, the predominance of ve
small peaks is not observed.

In this Letter, we report our observation of astrongly
non-Gaussian distributionof Coulomb blockade con-
ductance peak heights for tunneling through individu
GaAsyAl xGa12xAs quantum dots. This is the first sys
tematic study of fluctuations in transport through a nea
isolated system. We find a strong enhancement of sm
values ofGmax in zero magnetic field, and a significan
change in the distribution when a magnetic field is a
plied. The experimental distributions are consistent w
the theoretical predictions above, which suggests that
are observing single-level tunneling.

Our devices are fabricated on a GaAsyAl xGa12xAs
heterostructure crystal with an electron density of1.7 3
© 1996 The American Physical Society 1695
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1011 cm22 and a transport mean free path of,0.4 mm.
As shown in Fig. 1, each quantum dot is defined via a p
of left pincher gates (narrow lines,0.06 mm wide), a pair
of right pincher gates, and a pair of central gates wh
controls the number of electrons on the dot (wider lin
,0.15 mm). Four individual dots are available on eac
sample. Because of the presence of oval defects and
states, not all dots are stable. To maximize the numbe
dots available, each pair of gates is tied together. Ou
two samples studied, four individual dots were used.

The lithographic dimension of a dot is0.3 mm 3

0.35 mm. At typical gating voltages, depletion of elec
trons surrounding the gates reduces the effective siz
,0.25 mm 3 0.25 mm, yielding roughly 100 electrons
on a dot. The short mean free path, only slightly larg
than the dot, and the lithographic imperfections ens
that each dot is different and distorted from a true re
tangle; thus the dynamics in the dot are certainly chao
rather than regular. Interactions between electrons on
dot may cause additional chaos. On the other hand,
dot is clearly not in the diffusive regime customary fo
mesoscopic physics: momentum relaxation is caused
dominantly by scattering from the smooth boundaries.

The typical capacitance of a dot to the surroundi
gates is,130 aF, yielding a Coulomb charging energy o
1.2 meV. The mean level spacing is given by the Fer
energy (5.0 meV) divided by the number of electron
giving roughly50 meV (620 mK). Previous studies of th

FIG. 1. (a) Electron micrograph of the gates defining t
quantum dots. Four dots are available on each sam
(b) G21

max vs T for a representative peak atB  0. The roughly
linear behavior below,300 mK indicates this is a single-
level tunneling peak. (c) A fit of the convolution of2≠fy≠e
with the Breit-Wigner resonant tunneling formula to the pe
in (b) at T  108 mK.
1696
ir

ap
f
f

to

r
e
-
c
e
e

e-

i
,

e.

peak height,Gmax, as a function of electron temperatu
(deduced from the width of the resonance peak) indica
however, that in order for nearly all peaks to be in t
single-level regime, the electron temperature should
below 200 mK [28,29]. With RF filtering and electrica
feedthroughs the lowest temperature achieved here
75 mK. The measurements are performed using stand
lock-in techniques at an excitation voltage of2.8 mV rms.

In Fig. 2 we show a representative trace of Coulom
blockade conductance peaks atB  0 and T  75 mK.
Note first the missing peaks at the gate voltages2733,
2753, and2762 mV. We are certain that peaks occur
these positions by observing them at either higher temp
ture or nonzero magnetic field.The large difference in
height of neighboring peaks and the many tiny peaks
small T are our primary experimental observation.Sec-
ond, note the variation in peak spacing in Fig. 2. Beca
of the changing occupancy of traps near the dot, the p
tion of a peak switches between several gate voltages, t
cally within 1 mV compared to a spacing of,6 mV. In
most cases (.90%), the change in position does not affe
Gmax by more than 10%, indicating that the traps contribu
only an offset toVg. The third feature is the decrease
overall conductance with increasingly negativeVg. This
indicates that the left and right pinchers are closing, red
ing the partial widthsGL andGR which are determined by
both the pincher transmission probabilities and the wa
function near the pinchers.

In Fig. 3 we show magnetic field traces ofGmax for four
representative peaks. From the fastest variation ofGmax,
we estimate a correlation field,Bc, of the order of 500 G.
This is somewhat larger than the theoretical value [18,2
Bc , 200 G. Panels (c) and (d) show the behavior
two peaks which are nearly zero atB  0. Even at
the highest magnetic field of 7.5 kG, no regularity
observed in the peak heights associated with the forma

FIG. 2. A typical trace showing successive Coulomb blocka
conductance peaks versus the center gate voltage,Vg. B  0
and T  75 mK (lower trace) orT  660 mK (upper trace,
displaced by 2 units). Note that three peaks are missing
of seven, but they emerge at higher temperature. The sl
shifting in peak positions is discussed in the text.
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FIG. 3. Magnetic field sweep of four peaks atT  100 mK.
The field range for,100% change in Gmax is ,500 G.
(c),(d) Two types of behavior of peaks which are very sm
at B  0.

of Landau levels. This results from the inherent disor
and the small size of our dot,0.25 mm compared to
the cyclotron radius;,0.2 mm wide quantum wires mad
from comparable crystals show no quantum Hall eff
below 15 kG atT ø 50 mK [31].

Because of the variation of pincher transmission w
Vg, we must select a subset of the observed peaks fo
purpose of investigating the distribution of peak heigh
Two physical criteria guide this selection: (1) the pinch
transmission should not be too high because we w
G , kT , and (2) it should not be too low, otherwise a
peaks will be small simply because the transmission
the pinchers is small. A peak is accepted ifGsVg, Bd
attains a maximum value which satisfiess0.1e2yhdy3.5 #

maxfVg ,Bg G # 0.1e2yh. The upper cutoff is chosen t
ensure that all peaks satisfy criterion (1) above. T
lower cutoff is chosen as a compromise to eliminate a b
toward small peaks caused by small pincher transmis
while allowing the inclusion of a reasonable number
peaks. The fact the peak height attains a value gre
than s0.1e2yhdy3.5 when B is swept shows the pincher
are not closed: if the peak is small at some particularB,
its smallness is caused by small wave-function coup
probability, not small pincher transmission.

If the distribution is very strongly spiked near ze
height, the variation in pincher transmission that we all
will not obscure the zero height enhancement or the n
Gaussian nature; for the theoretical distributions Eqs.
and (3), we have checked that there is little distortion up
averagingG over a factor of 3.5 (see Fig. 4). Typicall
the left and right pincher transmission are roughly equ
and 5 peaks are accepted for a given setting. By chan
the pincher so that both theVg andB traces are uncorre
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FIG. 4. Histograms of conductance peak heights for (a)B 
0 and (b) B fi 0. Data are scaled to unit area; there a
72 peaks forB  0 and 216 peaks forB fi 0; the statistical
error bars are generated by bootstrap resampling. Note
non-Gaussian shape of both distributions and the strong s
near zero in theB  0 distribution. Fits to the data using bot
the fixed pincher theory (solid) and the theory averaged o
pincher variation (dashed) are excellent. The insets show
by x

2
6 sad—a more Gaussian distribution—averaged over

pincher variation; the fit is extremely poor.

lated, we generate,18 peaks per dot; usually 10 mV ou
of ,2500 mV suffices, referenced to an electron gas
pletion threshold of2280 mV. In this manner, we gathe
72 peaks for each value ofB. Each peak is tracked a
a function of magnetic field from 0 to 7.5 kG; data
B  2.5, 5, and 7.5 kG are used forB fi 0 (note these
values are separated by severalBc).

In Fig. 4, we plot histograms of the observed pe
heights forB  0 and B fi 0. They are normalized to
unit area as for a probability density; the bin size is sm
est near 0 and is 3 times as large for the largestGmax.
Both distributions are strongly non-Gaussian, and clea
peaked toward zero values.In theB  0 case, nearly 1y3
of the peaks fall in the lowest bin: 23 out of 72 peaks
less than0.005e2yh compared to a mean of,0.024e2yh.
In contrast, forB fi 0 only 43 out of 216 peaks are th
small. Figure 4 indicates that there is a difference betw
the two distributions for low values, but the statistic
fluctuations obscure any difference for large values. T
indication is confirmed by statistical analysis: using st
dard methods (the Kolmogorov-Smirnov test and tes
whether the difference distribution is consistent with z
[32]), we find that the two distributions are significant
1697
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different forGmax # 0.02e2yh (significance#0.03) while
being only modestly different overall (significanceø0.1).

Finally, we compare the experimental distributions
the theoretical predictions Eqs. (2) and (3). To ma
this comparison legitimately, one should be in the regim
G ø kT ø D; we believe that this is largely the case
First, for a tunneling peak in this limitG21

maxsTd should be
linear; see Eq. (1). In Fig. 1(b) we plotG21

max versusT
for a typical peak, showing the linear behavior. In fac
all eight peaks for which we have detailed temperatu
dependence and dynamic range above noise (Gmax $

0.005e2yh) show linear behavior. For nearly zero heigh
peaks (Gmax # 0.005e2yh), although we cannot directly
demonstrate thatG21

maxsT d is linear, the measuredGmax

is an upper bound: if neighboring thermally accessib
levels were highly conducting, the observed height wou
be enhanced above that of the low-conductance sin
level alone. Thus we have underestimated the zero he
enhancement in our data set. Figure 1(c) shows a fit
the line shape atT  108 mK by the functional form
G ~ cosh22fsE0 2 aeVgdy2kT g appropriate for tunnel-
ing through a thermally broadened level (G ø kT ) [30].
Since Gmax is constrained below0.1e2yh, assuming
roughly equalGL andGR, we haveG # kTy5p .

The mean decay width needed for comparing to the th
ory is not measured experimentally and is therefore a fitti
parameter. This width should not depend onB, however,
so we introduce a single scale parameter and fit simulta
ously to theB  0 andB fi 0 data. Figure 4 shows a fit
to the data using both the theory for constant pincher tra
mission [Eqs. (2) and (3) (solid)] and this theory averag
over a variation of the pincher transmission by a factor
3.5 (dashed). The similarity of the two curves shows th
the variation in our pincher transmission can be neglect
The “goodness of fit,” denotedf, for the solid line in Fig. 4
is 0.65 (the probability that the deviation from the mod
could be caused by statistical fluctuations [32]). In co
trast, in the insets we show the best fit of the data with ax2

distribution with 6 degrees of freedom averaged over t
pincher variation. This distribution is closer to a Gaus
ian and clearly does not describe the datas f , 1024d. In
addition, the data forB  0 are strongly inconsistent with
theB fi 0 theory.

We conclude that (1) we have observed a distributi
of conductance peak heights with a large zero heig
enhancement, (2) the distribution changes as the magn
field breaks time-reversal symmetry, and (3) our data a
consistent with the single-level tunneling theory.
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