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Coherent and Incoherent Quantum Stochastic Resonance
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We study quantum stochastic resonance (QSR) in the periodically driven biased spin-boson system.
The amplitude and the phase of the nonlinear response function vs temperature are studied in the
incoherent and coherent tunneling regimes, encompassing adiabatic and nonadiabatic driving, weak and
strong Ohmic couplingr. Fora = 1/2 we present exact QSR results. As a general feature, a principal
maximum appears when the static asymmetry exceeds the driving freqaedsjrength. Moreover,
the nonlinear QSR shows a noise-inducgbpressiorof higher harmonics and a characteristic phase
shift.

PACS numbers: 05.45.+b, 03.65.Sq

The process whereby noise operates on a bistable syBom the generic amplification of the first harmonic of the
tem enhancing the response to an external periodic signpkeriodic quantum output, we also discover the existence
has been termed stochastic resonance (SR) [1]. Since itd the quantum analog of noise-induced suppressions of
discovery in 1981, this intriguing phenomenon has beemigher harmonics [9], and, correspondingly, a disconti-
the object of many investigations [2,3]. Classically, thenuity in the phase shift between periodic response and
resonance condition is assumed when the thermal hompplied driving signal.
ping frequency is near the frequency of the modulation. As a working model we consider a two-level-system
Upon decreasing the temperature, quantum tunneling b¢TLS) Hamiltonian. Here the bath is described as an
comes increasingly important. Its role has only startecensemble of harmonic oscillators with a bilinear coupling
to be explored. Above a crossover temperatliyether-  inthe TLS-bath coordinates, and we allow for an externally
mally activated transitions dominate over quantum tunnelapplied harmonic forc€ié/a) cosQ ¢

ing events [4]. The effects of quantum noise then result h hé

in a quantum correction factor of the classical rate of ac- H = — ) Aoy + €o) — B3 codi)o
tivation [5]. As the temperature is decreased belGyy 1 p>

tunneling transitions prevail. The aim of our study herein iy Z(—“ + mowixy — Caxaao-z>- (1)
is the exploration of quantum stochastic resonances in the a \Ma

deep quantum regimeé = 7 < T,. The quantum noise The o’s are Pauli matrices, and the eigenstates-ofare
is characterized by the temperature of the thermal batthe basis states in a localized representation, while
and by the coupling strength of the bistable system to thehe tunneling distance. The tunneling splitting energy of
environment. In theabsenceof driving, at sufficiently the symmetric TLS is given b§iA, while the asymmetry
high temperatures and/or coupling, the dissipative effectenergy is/ie). As far as the properties of the TLS are
are so strong that quantum coherence is completely sugoncerned, the coupling to the bath is fully characterized
pressed by incoherent tunneling transitions. In this caspy the correlation functions of the stochastic fogde) =
the dynamics can be modeled by rate equations. This pi&’, c,x, in thermal equilibrium [11,12],
ture still holds for low-frequency driving [6]. o -

The role of incoherenttransitions at low-frequency (£()§(0))g = Ef dw J(w) COSE(;)n(g'Bf/z) ”)],
driving for classical SR has been addressed first ™o @ )
in Ref. [7] and its extension to quantum stochastic
resonance (QSR) in [8]. In [8] it is found that QSR suc-and (£(r))g = 0, where B8 = 1/kgT is the inverse of
ceedingly vanishes as the equality between forward anthe temperature.J(w) is the spectral density of the en-
backward transitions is approached. In contrast, fovironment, and we make the specific choice of Ohmic
classical SR, the resonance is maximal in thb-  dissipation/(w) = 27h/a®)awe “/?:, wherea is the
sence of asymmetry [9]. As the external frequency dimensionless coupling strength aag is a cutoff fre-
is increased and/or when the temperature is loweredjuency [11,12]. The dynamical quantity of interest is
guantum coherence and/or driving-induced correlathe quantum expectation vali&s) = {(o,(z)). The com-
tions render the dynamics intrinsically non-Markovianbined influence of dissipative and driving forces at in-
[10]. In this work we predict various novel QSR termediate times results in a reduction of the coherent
phenomena, both for coherent (conventional quantuntunneling motion of the isolated TLS by incoherent tun-
coherent regime for adiabatic driving atalv tempera- neling transitions. For timeslarge compared to the time
tures; driving-induced coherent regime foonadiabatic  scale of the transient dynamics, the motion acquires the pe-
driving) and incoherent driven quantum dynamics. Apartriodicity of the external perturbation, at{¢) reaches the
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asymptotic value B 5@)(w) and the associated phase shift as well, i.e.,
; _ as _ A\ —imQ)
Jm P0) = PO = D Pa(@.8e7 @) (2, 8) = 47 [P (Q, P,
. . ; ImP,,(Q, &
The harmonics,, of P(r) present the quantity of interest o0 (. 2) — arctan| ( f) (5)
to investigate the nonlinear QSR. In the linear response ReP,, (L, &)

approximation, only the harmonids +1 of P@9)(¢) are .

different from zero P, being just the thermal equilibrium In doing so we shall take advantage of novel results
value in the absence of driving anel., = /ié y(=Q) for the dynamics of drlven-dlssm.atlve two-state systems
being related to the linear susceptibili(Q2) by Kubo's ~ [6,10,14]. An exact formal solution for any strength of
formula. With increasing strengtl higher harmonics the external force can be obtained using a real-time path
become important. The amplitudés,,| determine the integral approach. tisin the forn_1 of a power series in
weights of thes spikes of the averaged spectral powerthe tunneling transitions. The series can be summed up

density in the asymptotic stasé**) (w) via the relation [13] ~ €xactly in analytic fornfor the special valuer = 1/2 of
» the Ohmic strength, to give

S@(w) =27 1Pn(Q,8)8(w — mQ). (4)

P Pa(@,8) = — X224 —imQ,y), (6)
Thus, in order to investigate QSR we shall examine the 7
power amplituden,, in the mth frequency component OW with

v — im{)

Q 2

. 26 . QO
dr e—/\T—yT/Z—S(T)e—z(k+1/2)!21' COS(GOT)JZkJrl(aE sin 77-) ) (7)

. * : . 26 .
hor(A, y) = (—=D¥sin(mra) | dre A7 Y7/278(1)mikOr S|n(eor)J2k<—6 sin w—T> ,
0

hok+1(A,y) = (=1)F Sinﬂa[
0

Here,S(7) = 2a In(AiBw./m) sinhaz7/hB)], J.(z) is a | validity has to be determinesklf-consistently10]. A set
Bessel function of the first kind, and = 7A?/2w. isthe  of coupled equations for the Fourier coefficierits can
renormalized tunneling frequendy, [see Eq. (11) below] be derived forany strength and frequency of the driving
for « = 1/2. In Fig. 1 the fundamental amplitudg,  force, yielding thenon-Markovianresult
is plotted as a function of the temperature for different
asymmetries,. It exhibits a bell-shaped maximum only P = fo0) _ 8-n(0) P
' 0 — ms (8)

when the static asymmetry exceeds both the external g00) = 20(0)
frequencyand strength. A double peak appears at the
lowest temperatures in the curve with= Q — ¢,/2 andform #0
(middle curve). Also, in the associated phase shijfthe ;
double resonance structure is observed (not shown). InthePn = —= {fm(—imﬂ) - ngmf(—imQ)me]
inset,n({}) is depicted. In contrast to the undriven case " m' 9)
(ata = 1/2) where only incoherent tunneling occurs, we
find adriving-induced coherenda the temperature region -
where the secondary peak gf(T") appears, as shown by
the presence of resonances near submultiples, qfull
line in the inset). As the temperature is increased, the
coherence is lost (dashed line). In the temperature regio
where the SR maximum appears, incoherent transition
prevail. &

In the static cas€é = 0), the major difficulty for an %
analytic resummation of the series arises from the bath  00%
induced correlations between different tunneling transi-
tions. Further, it is known that a perturbative approact
would fail in describing the destruction of the quantum 00017 : 10
coherent motion induced by the environmental stochas-
tic forces at finite temperatures. In the presence of timeFIG. 1. Amplification vs temperature of the fundamental am-
dependent driving, the situation is even more intricateplitude », [cf. (5)], via quantum SR, for different asymmetries
since one also has to take into account the correlations irf, 2nd€ = & =5 in theexactlysolvable caser = 1/2 of the

duced by the external field. The bath-induced correlationather1 |c:slt(r)er;gt=h.5-ﬂ_?_iénfv% thgr'?]'Sifraxﬁrggvgﬂ%ﬁﬂgeﬁ;ﬁiuon

can be treated within the noninteracting-blip approxi-from the coherent to the incoherent regime. Frequencies are
mation (NIBA) for the stochastic force, whose range ofgiven in units ofy, temperatures in units dfy /.
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The coefficientsf,, are defined by Eq. (7) via,, =
Ah,,(—imQ,0); for the g,, one has

gu(A) = (—1)"A2c0577aj
0

o

dr e*AT*S(T)

2¢e . Qr
— SIN——

)

—Ar—S(7)

X eiikQT COiEoT)JZk<

gu+1(A) = (—I)HIAZCOSWaf dre

0
2

. 2€
Sln(€07)12k+1(6

—ik+1/207 ) ‘

(10)

X e

In the low-frequency regimeQ) < akT/h, Egs. (8)

This explicitly shows the breakdown of any perturbative
approach to deal with time dependent problems at high
temperatures in the nonlinear regime.

At low temperaturesekT = AA and weak coupling
NIBA fails to predict the correct long-time behavior be-
cause the neglected bath-induced correlations contribute
to the dissipative effects to first order in the coupling
strength. Nevertheless, at low temperatures, where con-
ventional quantum coherence occurs, a perturbative treat-
ment is allowed [11,12]. A solution of the dynamics can
then be discussed in the low-frequency regigfe < A2
where the tunneling motion may be treated in the adiabatic
limit [14]. In the adiabatic regime and for weak coupling,
P@)(¢) is simply related to the functioiv(¢), represent-

and (9) can be simplified because, to leading ordering the population difference between the lower and upper

driving-induced non-Markovian correlations do not eigenstates of the driven two-state system A}
The asymptotic dynamics is intrinsicallyze(r)/E(1)N(t). HereE(t) =

contribute.
incoherent and governed by the equatids)(s) =
—va (O [PE(r) — Pe(1)], possessing the form of
a rate equation with a time-dependent ratg(s) =
Re 3[e(r)] and time-dependent adiabatic equilibri-
um Peq(r) = —tan(ma) Im X[e(r)]/Re 2[e(r)].  Here,
e(t) = €y + € cosQ)t plays the role of a time-dependent
adiabatic asymmetry,

sfe()("E2 )Ha _

while I' denotes the gamma function and, =
AA/w)* =D [codma)l (1 — 2a)]/@722) The rate
equation can be solved in terms of quadratures to give

21 /Q
Pu@,8) = L f dt0 ya(to) Peq (16) ¢~ 20

to+ 1
x] dty e M exp( f dth(ﬁ)

(12)

Equation (12) completely describes thwnlinear dy-
namics at low frequency within the validity range

A, T'(a + ihBe(r)/2m)
7' — a + iiBe(t)/27)’
(11

)(,;) =
[A2 + &(1)2]'/? is the time-
dependent level splitting. One then finds that) obeys
the first order differential equatiar(r) = —y(¢) [N(r) —

Neq(2)], which is again in the form of a rate equation with
a time-dependent ratg(r) = waA%/E(t) cothE(t)/2kT
and time-dependent adiabatic equilibrium vaNga(t) =
tanhE(¢)/2kT. Again this equation can be solved in terms
of quadratures to give for the harmonics®If* ()

o Q 277/(2 ﬁs(l())
P08 = | g

f dtheq(tl) (tl)

X exp( fth dty(t))

Equations (12)—(14) capture the essential features of
the dynamics of the driven TLS for low frequencies and
weak coupling in thevholetemperature range. For strong
coupling, Eq. (12) holds down to the lowest temperatures.
Figure 2 shows the behavior af; vs temperature. We
discover the quantum analogmdise-induced suppression

—thtU

(14)

of NIBA. We observe that classical nonlinear SR
has been recently investigated in a SQUID system
[15]. Lowering further the temperature brings the
system into the regime of Eq. (12) where nonlinear
QSR could be observed for a macroscopic quantum._
system. At low frequencies, NIBA is justified for &
strong dampingx > 1, while for weak couplinga < 1

it is valid in the region akT = AA or |e(r)| > A.

102

1074

In the small coupling Ilimit a <1 the relaxa- 10-6
tion rate in (12) becomes
(1) hie(t)
t A2 © coth
vall) = malde G e+ S P 2T
(13) FIG. 2. Noise-induced suppression of the third amplitude
and P, (1) = tan{iis(1)/2kT]. It should be noted that 13 VS temperature in the low-frequency regime (14) as the

frequency is decreased. The inset depicts the discontinuity
in the associated phase shift in correspondence to the NIS.
Frequencies are given in units af, temperatures in units of
hA/k.

in the nonlinear regimeg > ¢, the presence of the
term 27 akT in the denominator is crucial since(r)
is zero at any instant, obeying: = 1/Q arcos(ey/é).
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