VOLUME 76, NUMBER 9 PHYSICAL REVIEW LETTERS 26 EBRUARY 1996

Optical Wave-Packet Propagation in Nonisotropic Media
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We show that the propagation equation for the slowly varying envelope of the electric field in a
homogeneous dispersive nonisotropic medium contains terms that rotate the 3D wave packet of an
optical pulse propagating as an extraordinary wave about an axis perpendicular to the propagation
vector. It also possesses Fresnel diffraction coefficients that depend not only on the refractive index but
also its derivatives with respect to direction. An analytic expression for the slowly varying envelope is
obtained for an initial Gaussian wave packet by keeping terms up to second order in the wave equation
for the slowly varying envelope.

PACS numbers: 42.25.Bs, 42.25.Lc

Propagation of light pulses in nonisotropic media, and The wave equation for the electric fiel® (in
the concepts of phase velocity, group velocity, group veGaussian units) in a homogeneous dispersive non-
locity dispersion, walk-off, etc., are well understood [1—6].isotropic medium, V. X V X E + (1/¢?)(8%/9t*)E =
In this Letter we present the results of a derivation and an— (47 /c?) (6%/9¢*)P, with linear polarizatiorP given by
alysis of the propagation equation for an optical waveP;(w,s) = (47) '[&;;(w,s) — 8;;]E;(w,s) ensures that
packet (WP) in a homogeneous dispersive nonisotropithe electric field can be written in as [1-5]
medium. We point out the existence of additional terms
in the propagation equation originating due to finite beamE

_ -3
size that can rotate the WP of an optical pulse propagat- (x,1) = @2m)

ing as an extraordinary wave about an axis perpendicular ]“’ 3 . e
to the propagation vector. Furthermore, the propagation x ,md k Adk) expliln(k)k - x = w(k)r]},
equation possesses Fresnel diffraction coefficients that de- (1)

pend not only on the refractive index but also its derivatives

with respect to direction. For example, in a uniaxial crys-

tal, cross terms of the for@r /dxat are presentin the wave wherew (k) = kc is the frequency of the wave component
equation for the slowly varying envelope (SVE), where with (vacuum) wave vectok, s is the unit vector in the

is the coordinate perpendicular to the direction of propagak direction, n(w,s) is the refractive index satisfying the
tion sy and in the plane formed by the optic axis agdwe  secular equatiote;x — n2(8; — sisx)| = 0, ¢ is the di-
takesg as thez axis). This term rotates the WP about the electric tensor, and where we have taken the magnetic per-
axis. Moreover, the Fresnel diffraction coefficients for themeability equal to unity. Herk = (w/c)s is not the wave

x andy coordinates are not equal; their difference is duevectorK in the mediumlK = n(w,s) (w/c)s]. Writing

to the contribution of terms proportional to the derivativesthe electric field of a light pulse of central frequeney

of the refractive index with respect to the angldoetween and central direction, in terms of the SVEA(x, ¢) in the

so and the optic axis. We derive an analytic expressiorform [3,4],

for the SVE for an initial Gaussian pulse by keeping terms
up to second order in the wave equation, and illustrate the _ .
dynamics of the propagation by presenting numerical ex- B 1) = A(x. 1) expliln(ko)kox — w(ko)r]} + c.C.
amples in the uniaxial crystals beta-barium borate (BBO) (2)
and rutile (TiG,). we find that the SVE can be written as

A(x,t) = (2m)~? f idSk A) exp(i{[n(k)k — n(ko)kol'x — [@(k) — w(ko)]},

— 2m)? f Zd‘” [ s A(K) exp(i{ln(w.s) (0/c)s — n(wo,s0) (@o/c)solx — (@ — wo)i).  (3)

The propagation equation in a nonisotropic disperslveive of the SVE with respect to the spatial coordinate
medium for a finite size (non-plane-wave) pulse can ben the direction ofs,. The factori[n(w,s) (w/c)s —
derived by considering the expression for the derivan(wo,so) (wo/c)so]*so in the expression fobA/dz can
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be expanded in a Taylor series in powers(ef — wg),  ¢o) by the derivatives with respect ioandy can be made
(6 — 6g), and (¢ — ¢g). Then the replacemeriw —  to obtain the propagation equation [7]. If we define the co-
wo) by i(8/91) to express terms involving powers@ —  ordinate system so that thg is alongz, the wave equation
wg) as time derivatives of corresponding order, and thdor the SVE in a general biaxial crystal is given by
systematic replacement of powers(é6f — 6,) and (¢ —

aA(Xt)[ﬂa iﬁa2+1ﬁa3+ L, 9 i a2 i az+,aa
_— s = — _ = — —_— —_— _— “ e —_— —_— = — _— — S — 1 _—
3z Yor — 27292 T 67 Yogx T Way T 2Ymax2 T 2wy TGy
Jd d Jd d
+iyy— — + iYy— — - |AX, 1). 4
l’)’}tay 91 1Y xy ax 9y i| ( ) ( )
|
Details of the derivation of the wave equation and Vy = <
the dependence of the coefficients appearing in it [n(@o,50) + @odn(wo,s0)/ 9]
on frequency and propagation direction will be pre- < g — dn(wogo)/dﬁe
sented elsewhere [7]. Here, the dispersion parame- 0 n(wo, So) 0

ters  B1 = [n(wo,s0) + wodn(wo,sp)/dwl/c, Br =

dB/dw, B3 = dB,/dw, are well known; they pa- - dn(w,0,¢)/d¢e¢] (5)

rameters will be described below. For a uniaxial crystal,

the coefficientsy,, vy,,, andyy, vanish in our coordinate The sixth and seventh terms describe diffraction of the

system. WP in the directions perpendicular . In a non-
The first term on the right-hand side of Eq. (4) specifiedsotropic medium additional terms in the coefficients

the projection of the group velocity alorsg; B; is the and vy,, proportional todn(wg,so)/d6, dn(we,so)/d¢P,

inverse of the group velocity projection. The secondd’n(wo,so)/d602, and d’n(wg,sq)/dd> modify the Fres-

term determines the group velocity dispersion (GVD); itnel diffraction coefficient,c/won(wq), appropriate for

increases the pulse duration and chirps the pulse as igotropic dispersive media (see below). Thg andvy,,

propagates in the medium. The third term is a higheterms of Eq. (4) containing the mixed derivativig dx ot

order dispersion term that can further increase the pulsand 9%/9ydt are responsible for a number of effects.

duration, even if3, vanishes. The further terms vanish They rotate the WP about theandx axes, respectively,

if the WP is a plane wave pulse of infinite extentincrease the temporal width of the WP (in addition to the

propagating in the; direction. These additional terms increase due to GVD), increase the dispersion inxthed

change the propagation of the WP within the medium fory directions, respectively, and increase the chirp (in addi-

a WP of finite extent. The fourth and fifth terms describetion to that due to8,) when g, and/ory,, andy,, are

walk-off of the pulse; the coefficient, (y,) is the ratio  nonvanishing. They,, term rotates the WP in the-y

of the component of the group velocity alorg(y) and plane. These effects are illustrated below.

so. If we keep only the first order terms, Eq. (4) can If we keep terms only up to second order in Eq. (4), an

be written in the form(v,-V + 9/dr)A(x,1) = 0 with v,  analytic solution can be obtained for an initial Gaussian

given by pulse. In a uniaxial crystal,

—[x + yoz — iyuzr/(7§ — iBa2) -y? —7?
exp{z[o}% — iYxx2z Tt ’)’)%tZz/(T% — iﬁzz)]}exr{ 2(0'5 - i')’yyZ)i|eX[{ 2(7'(2) — iﬁzz)i|

Vo2 = ivaz + ¥i2/(7F — iB22)] (02 — iv,y2) (7 — iBa2)

Cc
n sind

A(x, 1) = Ag ; (6)

where 7 =t — Bz, oy, oy, and o, = 79/B; are the | with the group velocity which has a compone®f ' in
dispersions inx, y, and z, respectively,A, lies in the the z direction and a component,B8; ' (the walk-off
optic plane, and we have taken the center of the initial WRyroup velocity) in thex direction. The field temporally

at (x,y,z) = (0,0,0). The propagation effects discussedspreads and is chirped due to the presenc@oin the

in the previous paragraph can be understood from thifast term of the numerator of Eq. (6). The beam spreads
expression. Substituting the form of the variablento  in x and y due to they,, and y,, terms in the first
Eq. (6), it is easy to see that the center of the WP moveand second terms of the numerator, respectively. The
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Fresnel diffraction coefficienty,, andy,, are modified

by the anisotropy of the medium and are in general not ° .
equal [see Egs. (8) and (9)]. Thg, term can rotate the 2>
WP about they axis if y,,z is not negligible compared - ‘g,oﬁﬂf
to o2 or if B,z is comparable torg. This is evident C 80
from the sum of the exponents of the first and third
terms in the numerator of Eq. (6) which is of quadratic
form, Ax%2 + Br%* + Dx7, where the coefficientD is
proportional toy,,. The absolute value of the quadratic
is a rotated ellipse inc — ¢7 space with rotation angle
a, where tafla = ReD/c)/Re(A — B/c?). The v
term also increases the temporal width of the WP as
it propagates in the medium. Moreover, it modifies the
chirp across the pulse wheBy, is nonvanishing or when
v 1S nonvanishing. Furthermore, the dispersion in the
x direction increases quadratically withdue to the term
containingy?,z>. For a uniaxial crystal the coefficients
are given by the expressions

0,000

a)

norm: of f lo.u
=3
RS

FIG. 1. |A(x,?)| for an initial extraordinary Gaussian wave

acket withg, = 40°, A\j = 27¢/wo = 206 nm, spatial width
Ve = — M , (7) E'x =10 ,um? temporaf widthro/ =033.3 fs, and 2}, = in
n(wo, $o) BBO versuscr and x in the frame moving with the center
of the pulse for (a)z =0, (b) z =0.1 mm, (c) 2.0, and
c {82n(w0,so)/802 (d) 4 mm.
Yxx =
won(wo, So) n(wo, so)
- Z[MT - 1} (8)  Ppulse has continued to broaden and the tilt of the WP is
n(wo, $o) ’ clearly evident; this trend continues through= 4.0 mm.
c an(wo, o)/ 00 Fig_ure 2 sho_vvs _(a) the rotation anglg and (b) the
T T (o ){ (0. 50) ctg(6o) — 1}, (9)  major to semimajor axes ratit of the ellipse Rbab_cz +
070,20 030 (B/c?) (e7)? + (D/c)xer] describing the contour lines of
| 32n(wo. S0) | ]A(x,t)l. The counterglockwise _rotqtion of_ the ellipse
Vi = — { . - increases with decreasing, and with increasing. The
n(w(),S()) dwadb n(w(),S())

ellipse initially hasa = 0 [relative to thez axis—see
an(wo,so) dn(wo,so) Fig. 1(a)] but eventually becomes broadexithanz (i.e.,
X Py } (10) & > 45°) and the WP tilts; asymptotically for largeand
oy = 1.0 um, a = 86.4° so the tilt of the WP relative
The y coefficients contain additionabn(wg,sg)/d¢  to thex axis is 13.6, whereas foro, = 2.0 um the tilt
terms for the biaxial case. relative to thex axis is about 15.3 The y,; coefficient
In our first example we propagate an initial Gaussiarresponsible for the rotation is largest for frequencies
WP with Ay = 27c/wg = 206 nm, 0, (i.e.,¥) = 40°, closest to the resonance frequencies of the medium and for
spatial widthso, = 1.0 um ando, = %, and temporal anglesd far from 0° or 90° (this determined our choice
width 7o = 33.3 fs propagating as an extraordinary ray of frequency and?). The ratioi initially dramatically
in the negative uniaxial crystal BBO. After evaluating decreases as the width in increases due to Fresnel
the coefficients appearing in Eq. (4), the propagation igliffraction, and eventually exceeds the widthzifez). R
computed using Eq. (6). Figure 1 shows the magnitudgoes through a minimum, and the value and location of
of the SVE |A(x,t)| versusct and x in a coordinate the minimum depend o&r,. Thez — oo limits of « and
frame moving with the center of the pulse (the walk-q can be determined analytically but the expressions are
off is in the negativex direction for BBO). Four plots complicated; we do not present them here.
are shown withz = 0 (the initial pulse), 1.0, 2.0, and As a second example we consider propagation of
4 mm. The initial WP is 10 times broader int than in  an initial Gaussian WP with\g = 27r¢/wg = 410 nm,
x. After propagating 1 mm, the pulse has significantlyd, = 40°, spatial widthso, = 1.0 um ando, = <, and
broadened inx due to Fresnel diffractior{y,,) and is temporal width - = 75 fs propagating as an extraor-
roughly as broad inx as in the longitudinal distance dinary ray in the positive uniaxial rutile crystal. Fig-
ct; therefore the tilt of the WP is difficult to see in ure 3 shows contour plots dfA(x,?)| versusct and x
Fig. 1(b) (Fig. 2 shows that the contours of the WPfor z = 0, 1, 2, and4 mm. Now, the direction of rota-
are rotated ellipses, not circles). By= 2.0 mm, the tion of the ellipse is clockwise (and the walk-off is in the
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FIG. 3. Contour plots of|A(x,?)| for an initial extraordi-
nary Gaussian wave packet with = 50°, Ay = 27c/wy =

410 nm, spatial widtho, = 1.0 um, temporal width7, =

75 fs, ando, = % in rutile versusct andx in the frame mov-
ing with the center of the pulse for (3)= 0, (b) z = 0.1 mm,

(c) 2.0, and (d) 4 mm.
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. . o in nonisotropic media, and light pulse propagation in
FIG. 2. (a) Rotation angler and (b) major to semimajor axes the intergalactic medium which is nonisotropic due to
ratio N of the ellipse describing the contour lines |efi(x, 7)] magnetic fields
as a function of; for three different values of the initial spatial Thi K ) ted | t b ts f h
width o,. The value of the other parameters are as in Fig. 1. IS WOrk was supported in part by grants ifrom the
U.S.-Israel Binational Science Foundation and the Israel
Academy of Science.

positivex direction). Otherwise, the same general trends
for @ and occur for rutile as for BBO. [1] L.D. Landau and E.M. Lifshitz, Electrodynamics of

In summary, we developed a method for determining  Continuous Media (Pergamon Press, Oxford, 1975),
the propagation equation for the SVE of the electric Chap. 11.
field in a homogeneous dispersive nonisotropic medium[2] M. Born and E. Wolf, Principles of Optics(Pergamon
and for computing the coefficients appearing in it. The  Press, Oxford, 1965), 3rd ed., Chap. 14.
propagation equation contains terms that rotate the WP3] A. Yariv, Quantum Electronics(J. Wiley, New York,
of an optical pulse about an axis perpendicular to the 1989), 3rd ed., p. 420. .
propagation vector, and it possesses Fresnel diffractiort*] B-E-A. Saleh and M. C. Teichfundamentals of Photon-
coefficients that depend not only on the index of refraction ics (3. Wiley, New York, 1991), pp. 184-186. :

. oo . . . [5] V.M. Agranovich and V. L. GinzburgSpatial Dispersion

but also its derivatives with respect to direction. We

. . Y in Crystal Optics and the Theory of Excitogd. Wiley,
used the analytic solution for the SVE for an initial New York, 1966).

Gaussian WP to demonstrate these points in BBO andg) p.G. Swanson,Plasma WavegAcademic Press, New
rutile crystals. This work has application in such diverse York, 1989), Chap. 2.

fields as nonlinear optics, near field optical microscopy [7] M. Trippenbach and Y. B. Band (to be published).
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