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Optical Wave-Packet Propagation in Nonisotropic Media
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We show that the propagation equation for the slowly varying envelope of the electric field
homogeneous dispersive nonisotropic medium contains terms that rotate the 3D wave packet
optical pulse propagating as an extraordinary wave about an axis perpendicular to the propa
vector. It also possesses Fresnel diffraction coefficients that depend not only on the refractive ind
also its derivatives with respect to direction. An analytic expression for the slowly varying envelo
obtained for an initial Gaussian wave packet by keeping terms up to second order in the wave eq
for the slowly varying envelope.

PACS numbers: 42.25.Bs, 42.25.Lc
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Propagation of light pulses in nonisotropic media, a
the concepts of phase velocity, group velocity, group
locity dispersion, walk-off, etc., are well understood [1–6
In this Letter we present the results of a derivation and
alysis of the propagation equation for an optical wa
packet (WP) in a homogeneous dispersive nonisotro
medium. We point out the existence of additional ter
in the propagation equation originating due to finite be
size that can rotate the WP of an optical pulse propa
ing as an extraordinary wave about an axis perpendic
to the propagation vector. Furthermore, the propaga
equation possesses Fresnel diffraction coefficients tha
pend not only on the refractive index but also its derivativ
with respect to direction. For example, in a uniaxial cry
tal, cross terms of the form≠2y≠x≠t are present in the wav
equation for the slowly varying envelope (SVE), wherex
is the coordinate perpendicular to the direction of propa
tion s0 and in the plane formed by the optic axis ands0 (we
takes0 as thez axis). This term rotates the WP about they
axis. Moreover, the Fresnel diffraction coefficients for t
x andy coordinates are not equal; their difference is d
to the contribution of terms proportional to the derivativ
of the refractive index with respect to the angleq between
s0 and the optic axis. We derive an analytic express
for the SVE for an initial Gaussian pulse by keeping ter
up to second order in the wave equation, and illustrate
dynamics of the propagation by presenting numerical
amples in the uniaxial crystals beta-barium borate (BB
and rutile (TiO2).
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The wave equation for the electric fieldE (in
Gaussian units) in a homogeneous dispersive n
isotropic medium, = 3 = 3 E 1 s1yc2d s≠2y≠t2dE ­
2s4pyc2d s≠2y≠t2dP, with linear polarizationP given by
Pisv, sd ­ s4pd21f´ijsv, sd 2 dijgEjsv, sd ensures that
the electric field can be written in as [1–5]

Esx, td ­ s2pd23

3
Z `

2`
d3k Askd exphifnskdk ? x 2 vskdtgj ,

(1)

wherevskd ­ kc is the frequency of the wave compone
with (vacuum) wave vectork, s is the unit vector in the
k direction,nsv, sd is the refractive index satisfying the
secular equationj´ik 2 n2sdik 2 siskdj ­ 0, ´ is the di-
electric tensor, and where we have taken the magnetic
meability equal to unity. Herek ­ svycds is not the wave
vectorK in the mediumfK ­ nsv, sd svycdsg. Writing
the electric field of a light pulse of central frequencyv0
and central directions0 in terms of the SVEAsx, td in the
form [3,4],

Esx, td ­ Asx, td exphifnsk0dk0?x 2 vsk0dtgj 1 c.c.,

(2)
we find that the SVE can be written as
Asx, td ­ s2pd23
Z `

2`
d3k Askd expsssihfnskdk 2 nsk0dk0g?x 2 fvskd 2 vsk0dtgjddd ,

­ s2pd23
Z `

2`
dv

Z
d2s Askd expsssihfnsv, sd svycds 2 nsv0, s0d sv0ycds0g?x 2 sv 2 v0dtjddd . (3)
te
The propagation equation in a nonisotropic dispers
medium for a finite size (non-plane-wave) pulse can
derived by considering the expression for the deri
e
e
-

tive of the SVE with respect to the spatial coordina
in the direction ofs0. The factor ifnsv, sd svycds 2

nsv0, s0d sv0ycds0g?s0 in the expression for≠Ay≠z can
© 1996 The American Physical Society 1457
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be expanded in a Taylor series in powers ofsv 2 v0d,
su 2 u0d, and sf 2 f0d. Then the replacementsv 2

v0d by is≠y≠td to express terms involving powers ofsv 2

v0d as time derivatives of corresponding order, and
systematic replacement of powers ofsu 2 u0d and sf 2
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f0d by the derivatives with respect tox andy can be made
to obtain the propagation equation [7]. If we define the c
ordinate system so that thek0 is alongz, the wave equation
for the SVE in a general biaxial crystal is given by
≠

≠z
Asx, td ­

∑
2b1

≠

≠t
2

i
2

b2
≠2

≠t2
1

1
6

b3
≠3

≠t3
1 · · · 1 gx

≠

≠x
1 gy

≠

≠y
2

i
2

gxx
≠2

≠x2
2

i
2

gyy
≠2

≠y2
1 igxt

≠

≠x
≠

≠t

1 igyt
≠

≠y
≠

≠t
1 igxy

≠

≠x
≠

≠y
· · ·

∏
Asx, td . (4)
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Details of the derivation of the wave equation a
the dependence of the coefficients appearing in
on frequency and propagation direction will be pr
sented elsewhere [7]. Here, the dispersion para
ters b1 ­ fnsv0, s0d 1 v0≠nsv0, s0dy≠vgyc, b2 ­
db1ydv, b3 ­ db2ydv, are well known; theg pa-
rameters will be described below. For a uniaxial crys
the coefficientsgy, gyt, andgxy vanish in our coordinate
system.

The first term on the right-hand side of Eq. (4) specifi
the projection of the group velocity alongs0; b1 is the
inverse of the group velocity projection. The seco
term determines the group velocity dispersion (GVD);
increases the pulse duration and chirps the pulse a
propagates in the medium. The third term is a high
order dispersion term that can further increase the p
duration, even ifb2 vanishes. The further terms vanis
if the WP is a plane wave pulse of infinite exte
propagating in thez direction. These additional term
change the propagation of the WP within the medium
a WP of finite extent. The fourth and fifth terms descri
walk-off of the pulse; the coefficientgx sgyd is the ratio
of the component of the group velocity alongx s yd and
s0. If we keep only the first order terms, Eq. (4) ca
be written in the formsvg?= 1 ≠y≠tdAsx, td ­ 0 with vg

given by
d

it

e-

l,

s
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r
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r

vg ­
c

fnsv0, s0d 1 v0≠nsv0, s0dy≠vg

3

∑
s0 2

dnsv0u0dydu

nsv0, s0d
eu

2
c

n sinu
dnsv, u, fdydfef

∏
. (5)

The sixth and seventh terms describe diffraction of th
WP in the directions perpendicular tos0. In a non-
isotropic medium additional terms in the coefficientsgxx

and gyy proportional to≠nsv0, s0dy≠u, ≠nsv0, s0dy≠f,
≠2nsv0, s0dy≠u2, and ≠2nsv0, s0dy≠f2 modify the Fres-
nel diffraction coefficient,cyv0nsv0d, appropriate for
isotropic dispersive media (see below). Thegxt andgyt

terms of Eq. (4) containing the mixed derivatives≠2y≠x≠t
and ≠2y≠y≠t are responsible for a number of effects
They rotate the WP about they andx axes, respectively,
increase the temporal width of the WP (in addition to th
increase due to GVD), increase the dispersion in thex and
y directions, respectively, and increase the chirp (in ad
tion to that due tob2) when b2 and/orgxx and gyy are
nonvanishing. Thegxy term rotates the WP in thex-y
plane. These effects are illustrated below.

If we keep terms only up to second order in Eq. (4), a
analytic solution can be obtained for an initial Gaussia
pulse. In a uniaxial crystal,
Asx, td ­ A0

exp

Ω
2fx 1 gxz 2 igxtztyst2

0 2 ib2zdg2

2fs2
x 2 igxxz 1 g

2
xtz2yst2

0 2 ib2zdg

æ
exp

∑
2y2

2ss2
y 2 igyyzd

∏
exp

∑
2t2

2st2
0 2 ib2zd

∏
q

fs2
x 2 igxxz 1 g

2
xtz2yst2

0 2 ib2zdg ss2
y 2 igyyzd st2

0 2 ib2zd
, (6)
ds

he
where t ­ t 2 b1z, sx, sy, and sz ­ t0yb1 are the
dispersions inx, y, and z, respectively,A0 lies in the
optic plane, and we have taken the center of the initial W
at sx, y, zd ­ s0, 0, 0d. The propagation effects discuss
in the previous paragraph can be understood from
expression. Substituting the form of the variablet into
Eq. (6), it is easy to see that the center of the WP mo
P

is

es

with the group velocity which has a componentb
21
1 in

the z direction and a componentgxb
21
1 (the walk-off

group velocity) in thex direction. The field temporally
spreads and is chirped due to the presence ofb2 in the
last term of the numerator of Eq. (6). The beam sprea
in x and y due to thegxx and gyy terms in the first
and second terms of the numerator, respectively. T
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Fresnel diffraction coefficientsgxx and gyy are modified
by the anisotropy of the medium and are in general
equal [see Eqs. (8) and (9)]. Thegxt term can rotate the
WP about they axis if gxxz is not negligible compared
to s2

x or if b2z is comparable tot2
0 . This is evident

from the sum of the exponents of the first and thi
terms in the numerator of Eq. (6) which is of quadra
form, Ax2 1 Bt2 1 Dxt, where the coefficientD is
proportional togxt . The absolute value of the quadrat
is a rotated ellipse inx 2 ct space with rotation angle
a, where tan2a ­ ResDycdyResA 2 Byc2d. The gxt

term also increases the temporal width of the WP
it propagates in the medium. Moreover, it modifies t
chirp across the pulse whenb2 is nonvanishing or when
gxx is nonvanishing. Furthermore, the dispersion in t
x direction increases quadratically withz due to the term
containingg2

xtz
2. For a uniaxial crystal theg coefficients

are given by the expressions

gx ­ 2
≠nsv0, s0dy≠u

nsv0, s0d
, (7)

gxx ­
c

v0nsv0, s0d

Ω
≠2nsv0, s0dy≠u2

nsv0, s0d

2 2

∑
≠nsv0, s0dy≠u

nsv0, s0d

∏2

2 1

æ
, (8)

gyy ­
c

v0nsv0, s0d

Ω
≠nsv0, s0dy≠u

nsv0, s0d
ctgsu0d 2 1

æ
, (9)

gxt ­ 2
1

nsv0, s0d

Ω
≠2nsv0, s0d

≠v≠u
2

1
nsv0, s0d

3
≠nsv0, s0d

≠v

≠nsv0, s0d
≠u

æ
. (10)

The g coefficients contain additional≠nsv0, s0dy≠f

terms for the biaxial case.
In our first example we propagate an initial Gaussi

WP with l0 ­ 2pcyv0 ­ 206 nm, u0 si.e., q d ­ 40±,
spatial widthssx ­ 1.0 mm andsy ­ `, and temporal
width t0 ­ 33.3 fs propagating as an extraordinary ra
in the negative uniaxial crystal BBO. After evaluatin
the coefficients appearing in Eq. (4), the propagation
computed using Eq. (6). Figure 1 shows the magnitu
of the SVE jAsx, tdj versusct and x in a coordinate
frame moving with the center of the pulse (the wal
off is in the negativex direction for BBO). Four plots
are shown withz ­ 0 (the initial pulse), 1.0, 2.0, and
4 mm. The initial WP is 10 times broader inct than in
x. After propagating 1 mm, the pulse has significan
broadened inx due to Fresnel diffractionsgxxd and is
roughly as broad inx as in the longitudinal distance
ct; therefore the tilt of the WP is difficult to see in
Fig. 1(b) (Fig. 2 shows that the contours of the W
are rotated ellipses, not circles). Byz ­ 2.0 mm, the
t

s

s
e

FIG. 1. jAsx, tdj for an initial extraordinary Gaussian wav
packet withu0 ­ 40±, l0 ­ 2pcyv0 ­ 206 nm, spatial width
sx ­ 10 mm, temporal widtht0 ­ 33.3 fs, and sy ­ ` in
BBO versusct and x in the frame moving with the center
of the pulse for (a)z ­ 0, (b) z ­ 0.1 mm, (c) 2.0, and
(d) 4 mm.

pulse has continued to broaden and the tilt of the WP
clearly evident; this trend continues throughz ­ 4.0 mm.
Figure 2 shows (a) the rotation anglea and (b) the
major to semimajor axes ratioR of the ellipse RefAx2 1

sByc2d sctd2 1 sDycdxctg describing the contour lines o
jAsx, tdj. The counterclockwise rotation of the ellips
increases with decreasingsx and with increasingz. The
ellipse initially hasa ­ 0 [relative to thez axis—see
Fig. 1(a)] but eventually becomes broader inx thanz (i.e.,
a . 45±) and the WP tilts; asymptotically for largez and
sx ­ 1.0 mm, a ø 86.4± so the tilt of the WP relative
to the x axis is 13.6±, whereas forsx ­ 2.0 mm the tilt
relative to thex axis is about 15.3±. The gxt coefficient
responsible for the rotation is largest for frequenci
closest to the resonance frequencies of the medium and
anglesq far from 0± or 90± (this determined our choice
of frequency andq ). The ratioR initially dramatically
decreases as the width inx increases due to Fresne
diffraction, and eventually exceeds the width inzsctd. R
goes through a minimum, and the value and location
the minimum depend onsx. Thez ! ` limits of a and
R can be determined analytically but the expressions
complicated; we do not present them here.

As a second example we consider propagation
an initial Gaussian WP withl0 ­ 2pcyv0 ­ 410 nm,
u0 ­ 40±, spatial widthssx ­ 1.0 mm andsy ­ `, and
temporal width t0 ­ 75 fs propagating as an extraor
dinary ray in the positive uniaxial rutile crystal. Fig
ure 3 shows contour plots ofjAsx, tdj versusct and x
for z ­ 0, 1, 2, and4 mm. Now, the direction of rota-
tion of the ellipse is clockwise (and the walk-off is in th
1459
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FIG. 2. (a) Rotation anglea and (b) major to semimajor axes
ratio R of the ellipse describing the contour lines ofjAsx, tdj
as a function ofz for three different values of the initial spatia
width sx . The value of the other parameters are as in Fig. 1

positivex direction). Otherwise, the same general tren
for a andR occur for rutile as for BBO.

In summary, we developed a method for determinin
the propagation equation for the SVE of the electr
field in a homogeneous dispersive nonisotropic mediu
and for computing the coefficients appearing in it. Th
propagation equation contains terms that rotate the W
of an optical pulse about an axis perpendicular to t
propagation vector, and it possesses Fresnel diffract
coefficients that depend not only on the index of refractio
but also its derivatives with respect to direction. W
used the analytic solution for the SVE for an initia
Gaussian WP to demonstrate these points in BBO a
rutile crystals. This work has application in such divers
fields as nonlinear optics, near field optical microscop
1460
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FIG. 3. Contour plots ofjAsx, tdj for an initial extraordi-
nary Gaussian wave packet withu0 ­ 50±, l0 ­ 2pcyv0 ­
410 nm, spatial width sx ­ 1.0 mm, temporal width t0 ­
75 fs, andsy ­ ` in rutile versusct andx in the frame mov-
ing with the center of the pulse for (a)z ­ 0, (b) z ­ 0.1 mm,
(c) 2.0, and (d) 4 mm.

in nonisotropic media, and light pulse propagation
the intergalactic medium which is nonisotropic due
magnetic fields.
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