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Nucleation and Growth of the Normal Phase in Thin Superconducting Strips
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We investigated the kinetics of normal phase nucleation and flux line condensation in the typ
superconductors by numerical study of the time-dependent Ginzburg-Landau equation. We have sh
that under a sufficient transport current the normal phase nucleates in superconducting strips in
form of the macroscopic droplets having multiple topological charge. We discussed the stability
dynamics of the droplets. We have found that pinning suppresses the droplet formation.
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The study of magnetic flux penetration in type-
superconductors has attracted wide interest both in v
of important technological questions and as a prototy
of a general class of problems of nonlinear dynami
Observations showed that the flux dynamics exhib
features that are similar to the viscous-fingering grow
phenomenon in liquid-solid systems [1–5]. In particula
recent experiments revealed dendritic flux penetration
the fingering of the remagnetization front [3–5]. Th
formation of vortex structure is traditionally viewed a
the sequential penetration of vortices through the Be
Livingstone surface barrier [6]. It was found recently th
flux penetration may also occur via dynamic instabilities
the order parameter caused by the applied current an
magnetic field. Numerical simulations revealed t
invasion of extended macroscopic normal areas (dropl
carrying flux into the superconducting sample [7,8].

While the formation of normal areas looks natural f
type-I superconductors with the positive surface ene
of the normal-superconductor (NS) interface, it see
surprising at first sight that such an interface, havi
in the static case anegative surface energy, persist
in type-II superconductors. We see the explanation
this phenomenon in the fact that the transport curr
or alternating magnetic field drives the superconduc
into a strongly nonequilibrium state, where themoving
interface becomes stable. The idea that free ene
considerations do not apply to nonstationary processe
superconductors was put forward by Anderson [9] in t
context of the phase-slips phenomenon.

In this Letter we report on our investigation of the k
netics ofnormalphase nucleation and flux line condens
tion in type-II superconductors. We present the results
a numerical study of the dynamics of the flux penetrati
into strips with transverse dimensions less than the eff
tive penetration lengthleff ­ l2yh, whereh is the thick-
ness of the strip andl is the London penetration depth
We propose that the existence of the macroscopic nor
regions is a direct consequence of their motion under
transport current. A current cannot penetrate theimmobile
0031-9007y96y76(1)y142(4)$06.00
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compact normal zone immersed in a superconducting s
[10], therefore the NS interface moves towards the norm
phase with the velocity going to infinity [11,12], and th
normal droplet disappears. At the same time, the pene
tion of the current into the normal phase makes it stab
with respect to small fluctuations [13]; i.e., the transpo
current drives the system into abistablestate. Since the
expulsion of the current from the normal regions requir
a finite time, the current penetrates the moving norm
droplet. The normal state develops and invades the sup
conducting region provided the currentj flowing through
the interface exceeds the stall currentjp [14,15]. Thus a
sufficient transport current stabilizes the moving nuclei
the normal state in type-II superconductors.

The process of flux penetration occurs via the su
pression of the order parameter on the macroscopic sc
and can be viewed as the nucleation of the extend
droplets of the normal phase in the superconducting sa
ple. An adequate description of such a process involvi
fast variations of the order parameter on the relevant s
tial scale is given by the time-dependent Ginzburg-Land
equation (TDGLE) completed by the appropriate Maxwe
equations:

us≠t 1 imdC ­ s= 2 iAd2C 1 s1 2 jCj2dC , (1)

j ­ sCd2s=w 2 Ad 2 s=m 1 ≠tAd , (2)

= ? j ­ , = ? A ­ 0 , (3)

DA ­ 2
1

leff
jdszd , (4)

whereC is the (complex) order parameter,w ­ argC,
A and m are vector and scalar potentials, andj is the
current density. The value of the dimensionless mater
parameteru is obtained from the microscopic theory [13]
The unit of length is the coherence lengthj, the unit of
time ist0 ­ j2yDu, D ­ yFly3 is the diffusion constant,
l is a mean free path,yF is a Fermi velocity, the field
is measured in units of the upper critical fieldHc2 ­
F0y2pj2, andF0 is the flux quantum. The unit of curren
© 1995 The American Physical Society
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is j0 ­ sh̄y2et0, wheres is the normal conductivity. In
these units the depairing currentjp ­ 2y3

p
3 ø 0.3875.

The conditionleff ¿ 1 enables us to neglect the magnet
field created by currents [16] and, therefore, drop Eq. (
We choose the origin of the coordinate frame at t
midpoint of the strip with thex axis lengthwise and the
y axis in the lateral direction, so that the edges are loca
at sx, 2dy2d andsx, dy2d. The perpendicular to the strip
magnetic fieldB is associated with the vector potentia
A ­ sBy, 0, 0d (see Ref. [7] for details).

We performed numerical simulations of TDGLE. W
took the homogeneous superconducting state as in
condition (C ­ 1, i.e., the state without magnetic field
perturbed by a small amplitude noise. We used the n
flux boundary conditions,≠yC ­ 0 (i.e., the boundary
with the vacuum) in the transverse direction and t
NS boundary conditions in the longitudinal directio
sssCsx, yd ! 0 for x ! 0, L, whereL is the strip lengthddd.
We apply the split-step method described in Refs. [7,1
the number of grid points was256 3 256 and the time
step was0.05 2 0.1. Results of the simulations are
shown in Fig. 1. The simulations were performed forj ­
0.25, B ­ 0.0175, where, as has been shown in Ref. [7
the pure superconducting state is unstable with respec
vortex nucleation (note that our equations do not conta
fluctuations). The integration domain was120 3 60.

In Fig. 1 the large dark droplets (fort ­ 50, 80)
represent the normal phase emerging at one side
the strip and traversing toward the opposite edge. T
droplets are long-lived objects and, as well as the vortic

FIG. 1. Dynamics of the normal phase. The current is appli
along thex axis and the magnetic field is perpendicular to th
strip. Gray-coded images showjCsx, ydj (jCj ­ 0 is shown in
black andjCj ­ 1 is shown in white). The field is reversed a
t ­ 200.
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play a crucial role in dissipative processes. In o
simulations the topological charge of these droplets wou
become as big as 5–7 and even greater. The drop
possess long tails (due to the finite relaxation time of t
order parameter at the superconducting areas swept by
droplet). Our simulations show that new vortices appe
at the edge just at the tail and then get sucked into
droplet. This can easily be understood since the format
of new vortices is favored in the regions with suppress
order parameter. The normal phase areas can evolv
two different ways. First, the normal droplet emerge
at the edge, passes through the sample, and vanishe
the opposite edge of the strip. In the second scena
which occurs under elevated currents, the droplet traver
a strip, leaving a channel (wake) of the normal pha
behind.

This scenario is shown in Fig. 1,t ­ 260. This
channel traversing the sample then breaks into a seque
of vortices (vortex street), which then propagates acro
the strip and annihilates at the edge. The nucleat
and the propagation of the droplets and the vortices g
rise to nonperiodic (probably chaotic) voltage oscillation
along the strip. The motion of the vortices and th
droplets is also nonmonotonic and can be viewed
“turbulent” flow in contrast to the “laminar flow” of the
ordered vortex lattice observed just at the threshold
instability [7].

The droplets possess a topological chargen propor-
tional to the gain in the superconducting phase along
loop enclosing the normal area. A relationship betwe
the characteristic sizeR of the nucleus andn is then
determined from the condition that the supercurrent e
circling the nucleuss,nyRd becomes equal tojp giving
R , nyjp. The size of the droplets in the strip can be e
timated from the condition that the total transport curre
at a distanceR from the edgejsRd ø j 2 BsR 2 dy2d
is equal tojp . It gives R ­ dy2 1 s j 2 jpdyB. For
the chosen parameters we obtainR ø 20 and n ø 6 7,
which is in qualitative agreement with the results of sim
lations. We expect that the above consideration holds a
for the larged ¿ l samples, wherel takes the role of
the characteristic length. We observed that droplets mo
much faster than single vortices. Simple analysis sho
that the Magnus force exerted on the droplet grows lin
arly with n whereas the mobility saturates for largen, re-
sulting in this velocity increase.

Shown in Fig. 1 is a sequence of snapshots demonst
ing a remagnetization process (we reversed the direct
of the magnetic field att ­ 200). At the first stage of
remagnetization large normal phase areas develop at
edge of the strip. These areas swallow vortices cor
sponding to the previous direction of the magnetic fiel
The normal areas assume more complicated form and t
break up into smaller droplets. At zero applied curren
the Abrikosov vortex lattice is formed in the externa
field. In contrast to the case with nonzero applied curre
143
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vortices penetrate from both edges of the strip. When
direction of the field is reversed, large normal areas d
velop at both edges and swallow vortices correspond
to the initial direction of the field. After awhile, the new
Abrikosov lattice forms with vortices along the reverse
direction of the field.

To include the Hall effect in our simulations we
introduce the complex material parameteru ­ 5.79 1 i.
The imaginary correction tou describes the effect of the
transverse Hall force on the vortex drift [18]. This give
rise to the Hall voltage. Moreover, we observe the tu
of the droplet tail. We suggest that the rotation of th
droplet’s tail in the experimental work [3] is caused by
significant Hall contribution.

To summarize, we have found long-lived droplets
the normal phase inside a superconducting phase,
observed that they may possess a topological charge
can significantly exceed unity. Note that the drople
must be distinguished from the Abrikosov vortices wit
multiple charge. The linear stability analysis shows th
under zero transport current, multicharged vortices a
unstable with respect to splitting into singly charge
vortices. The characteristic time of the splitting is abo
10215 dimensionless units and, therefore, cannot expla
the existence of long-lived droplets (of the order of 10
and more dimensionless units of time). Note that the
droplets may be viewed as the result of the “fusion”
the separate vortices.

The qualitative arguments describing the droplet d
namics can be put on a more rigorous basis for t
droplets with size well in excess of the coherence leng
j. In this case the boundary of the droplet can be co
sidered locally as a slightly curved NS interface. Insid
the droplet the order parameterC vanishes and the field
is described entirely by the Laplace equation

Dm ­ 0 . (5)

Equation (5) has to be completed by the boundary con
tions at theinterface, deduced from the continuity equat
=j ­ 0. This gives the relation between the componen
of currents normal to the interfacejsnd

n ­ jssd
n , where the

superscriptss, n denote currents in the normal and supe
conducting regions, respectively. Using Eq. (2), we arri
at the first boundary condition2=nmsnd ­ jCj2s=nw 2

And 2 =nmssd (here =n means normal projection of the
gradient). The order parameter in the superconducting
gion near the slightly curved interface is given in the “ad
abatic approximation” byjCj2 ­ 1 2 s=w0 2 Ad2.

The phasew of the superconducting order parameter
the leading order is described by the Laplace equation

Dw ­ 0 , (6)

together with the equation for the normal velocity o
the interface. The latter can be derived from Eq. (
for the slightly curved interface. The small curvatur
144
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x renormalizes the normal velocitycn of the interface
according to the Gibbs-Thomson conditioncn ­ c0 2 x,
wherec0 is the velocity of the flat interface.

For the flat NS interface the velocitycs jd is a function
of the transport current. The one-dimensional situati
had been considered in Ref. [15], where the existence o
“stall” currentjp, at which the interface velocity become
equal to zero has been established. Foru ­ 5.79 the
stall current was found to bejp ­ 0.335, and cs jd ø
c0s jnd ­ as jp 2 jnd, where a ­ 0.6 is a numerical
factor. In two dimensions the topological charge o
the droplet induces a circular currentjt , tangential to
the interface which modifies its velocity. To accoun
for the effect of the tangential current, we take th
order parameter close to the nearly flat interface
the form (the interface is parallel toy axis, and we
use a frame moving together with the interface alon
the x axis with velocity c) C ­ Fsx 2 ctd expfikyy 1

fsx 2 ctdg, where kx ­ limx°!2` fx and jt ­ s1 2

k2
y 2 k2

xdky, jn ­ s1 2 k2
x 2 k2

y dkx. A simple scaling
analysis shows that the current renormalizes the interfa
velocity as

cs jn, jtd ­ c0s j̃d
q

1 2 k2
y , (7)

where j̃ ­ jnys
p

1 2 k2
y d3. If the curvature of the inter-

face is small (i.e.,x . 1yR ø 1), the interface itself is
defined by the additional condition that at the (flat) inte
face m ­ m0 ­ kxc0s jn, jtd. After that the problem is
completely defined.

In the superconducting phase we have Eq. (6) co
pleted by the boundary conditions forw on the strip
edges. Thus the problem under study is a generalizat
of the well-known problem of the Laplacian growth (see
e.g., Ref. [19,20]). A new feature is that the functionw is
a multivalued one and has branch cuts. This multivalue
ness means that the obtained equations implicitly cont
vortex solutions: Vortices can appear and/or vanish v
the formation of a singularity at the interface. The de
tailed consideration of these equations we leave for t
future; for now we would like to mention that linear sta
bility analysis shows that the flat interface with the curre
flowing through is stable with respect to small transvers
perturbations. The above discussion and the results
our simulations lead us to conclude that the passage of
current suppresses the NS interface instabilities in thin s
perconducting films.

To study the effects of pinning we carried out simula
tions of TDGLE with randomly distributed pinning cen
ters. In the presence of weak pinning the newly forme
droplets assume the “fractal” configuration since the no
mal phase tries to settle at the pinning sites where t
order parameter is already suppressed (see Fig. 2).
moving droplets percolate along easy paths connecting
pinning sites, but the pinning centers impede the interfa
motion. As a result, the current that penetrates the norm
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FIG. 2. Normal phase penetration att ­ 40, j ­ 0.25, and
B ­ 0.018 in the presence of 180 randomly distributed pinnin
centers. Other parameters are the same as in Fig. 1.

area gets smaller and can no longer support the existe
of the droplet, and the droplets break up. For strong
pinning the droplets do not form at all, and single vortice
penetrate the strip via jumps resembling the vortex moti
through an array of linear defects [21].

Finally we discuss briefly the time scale of the observ
effects. The characteristic time in dirty superconducto
is t0 . h̄yTcs1 2 TyTcd ø 10214210211 sec, depending
on the temperature interval. This means that the cons
ered phenomena develop on the nanosecond scale. H
ever the process of flux penetration can be considera
slowed down by pinning. In this case the characteris
time (for “dendritic” formations, for example) should in
clude macroscopic characteristics, such as the size of
sample and the average pinning strength [22], and can
crease considerably.

In conclusion, we have shown that, under a sufficie
transport current, the normal phase nucleates in the
perconducting strips in the form of macroscopic drople
which tear off at the edges and further propagate acr
the sample. These droplets possess a multiple topolog
charge related to the magnetic flux they carry. Pinni
suppresses the droplet formation converting the norm
area into multiconnected fractal formations which the
split into separate vortices. We believe that the observ
phenomena are not specific to thin strips, and that
same mechanism governs the normal phase formation
large samples as well.
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