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Surface Critical Phenomena and Scaling in the Eight-Vertex Model
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We give a physical interpretation of the entries of the reflectionK matrices of Baxter’s eight-
vertex model in terms of an Ising interaction at an open boundary. Although the model still defi
exact solution, we nevertheless obtain the exact surface free energy from a crossing-unitarity re
The singular part of the surface energy is described by the critical exponentsas  2 2 py2m and
a1  1 2 pym, where m controls the strength of the four-spin interaction. These values red
to the known Ising exponents at the decoupling pointm  py2 and confirm the scaling relations
as  ab 1 n anda1  ab 2 1.

PACS numbers: 05.50.+q, 05.70.Jk, 64.60.Cn, 64.60.Fr
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Our understanding of phase transitions and critical ph
nomena has been greatly enhanced by the study of exa
solved lattice models in statistical mechanics [1]. Chi
among these models is Baxter’s eight-vertex model, wh
exhibits continuously varying critical exponents [2]. Suc
exact results provide valuable insights into the key the
retical developments of universality, renormalization, a
scaling. The eight-vertex model is equivalent (see Figs
and 2) to two Ising models coupled together by four-sp
interactions [3,4]. From [1–4] the singular part of th
bulk free energyfb scales asfb , jtjpym ast ! 0. Here
t vanishes linearly withT 2 Tc, whereTc is the critical
temperature. The variablem measures the strength of th
four-spin interactionM via exps2Md  tansmy2d. When
m  pym, wherem is an even integer, the critical be
havior is modified tofb , jtjpym logjtj. This is the case
in the Ising limit, wherem  py2. The critical expo-
nent describing the divergence of the bulk specific he
Cb , jtj2ab ast ! 0, is given byab  2 2 pym, with
ab  0 (log) for the Ising model.

A significant test of the scaling relations between cri
cal exponents was given by Johnson, Krinsky, and McC
[5], who derived the correlation length exponentn 
py2m for the eight-vertex model. Together with Baxter’
result for ab this confirmed the validity of the bulk
scaling law [1,6,7]ab  2 2 2n. However, the situ-
ation is not so satisfactory for thesurfacecritical behavior
[6,7], as the eight-vertex model has not been solv
for open boundary conditions as in Fig. 2. Wherea
integrability in the bulk is governed by solutions of th
Yang-Baxter equation [2,8,9], integrability in the presen
of boundaries is governed by solutions of both the Yan
Baxter and reflection equations [10,11].K matrices
satisfying the reflection equations have been found
the eight-vertex model [12–15], but the diagonalization
the transfer matrix remains a formidable problem. He
we nevertheless derive two surface critical expone
of the eight-vertex model, allowing a direct test o
the proposed scaling relations between bulk and surf
critical exponents [6,7,16].
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The relation between the bulk Boltzmann weightsa, b,
c, d of the eight-vertex model and the Ising couplingsK ,
L, M is depicted in Fig. 1. These weights are given by [

asud  r0u4sldu4sudu1sl 2 ud ,

sud  r0u4sldu1sudu4sl 2 ud ,

sud  r0u1sldu4sudu4sl 2 ud ,

dsud  r0u1sldu1sudu1sl 2 ud , (1)

FIG. 1. The bulk and surface vertex and Ising spin configu
tions and their corresponding Boltzmann weights. The near
neighbor bulk interactionsK andL are in the vertical horizontal
directions, respectively. The four-spin interactions is deno
by M and the general nearest-neighbor surface interactions
Ks, M1

s andM2
s in the vertical, SW-NE, and SE-NW directions

respectively. The constantsA andB do not enter into the criti-
cal properties.
© 1995 The American Physical Society
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FIG. 2. The geometric relation between the eight-vert
model lattice (dotted lines) and the Ising model lattice (brok
and solid lines). The Ising lattice is divided into two sublattic
(solid and open circles).

wherer0 is a normalization factor. Hereu1sud  Hsud
andu2sud  Qsud are the elliptic theta functions, of nom
q  exps2pI 0yId, where I and I 0 are the half-period
magnitudes [1]. In the principal regime,0 , u , l, with
0 , l , I 0 and0 , q , 1. Hereq ! 1 at criticality. In
terms of the vertex weights, the bulk Ising couplings a
given by

exps4Kd 
ac
bd



∑
u4sud
u1sud

∏2

, (2)

exps4Ld 
ad
bc



∑
u1sl 2 ud
u4sl 2 ud

∏2

, (3)

exps4Md 
ab
cd



∑
u4sld
u1sld

∏2

. (4)

In the Ising limit,M  0 whenl 
1
2 I 0, with the spectral

variableu controlling the anisotropy of the Ising coupling
K andL.

For the lattice orientation of Fig. 2, the integrab
boundary vertex weights can be written down fro
the entries of theK matrix. Now for the eight-vertex
model this reflection matrix is2 3 2, of the general form
K2sud  Ksu; j2, h2, t2d, with elements [15]

K11  rs
u1sj 2 ud
u4sj 2 ud

, K22  rs
u1sj 1 ud
u4sj 1 ud

, (5)

K12  rshu2
4 sjd

u1s2ud
u4s2ud

3
htfu2

4 sud 1 u
2
1sudg 2 u

2
1 sud 1 u

2
4 sudj

u
2
4 sjdu2

4 sud 2 u
2
1 sjdu2

1sud
, (6)
x
n
s

e

K21  rshu2
4 sjd

u1s2ud
u4s2ud

3
htfu2

4 sud 1 u
2
1 sudg 1 u

2
1sud 2 u

2
4 sudj

u
2
4 sjdu2

4sud 2 u
2
1 sjdu2

1sud
, (7)

Herers is a normalization factor andj, h, t are arbitrary
parameters. In principle, these three parameters are re
to the surface couplings. We argue that the variablej

controls the strength of the Ising surface couplingKs.
Similar to the bulk case, we see from Fig. 1 that exps4Ksd
is given by a ratio of the boundary weightsrij , which in
turn are related to theK-matrix elements [17],

exps4Ksd 
r11r22

r12r21


K11suy2dK22suy2d
K12suy2dK21suy2d

. (8)

The particular choicet  0 andj 
1
2 I 0 simplifies to

exps4Ksd  2
1

h2

∑
u4sud
u1sud

∏2

. (9)

Comparison with the bulk parametrization (2) implies th
the further choice ofh2  21 leads toK  Ks, i.e., equal
bulk and surface couplings in the Ising spin formulatio
These particular values ofh and t can be chosen for
all j, since the surface couplingKs can be clearly set to
be independent ofh and t, which can be seen from th
productr11r22.

The surface free energy can be obtained by apply
the inversion relation method, which is known to giv
the correct bulk free energy of the eight-vertex mod
(see, e.g., Sec. 13.7 of Ref. [1]). By using the fusi
procedure, the transfer matrix of the eight-vertex mo
with boundaries described byK6 matrices has recently
been found to satisfy a group of functional relatio
[18,19]. Ignoring the finite-size corrections, which are
no relevance here, the relations give the desired cross
unitarity relation for the transfer matrix eigenvalues [20

LsudLsu 1 ld  v1sudv2sudr2N sud . (10)

The factor

rsud 
u1sl 2 udu1sl 1 ud

u1sldu1sld
(11)

is a bulk contribution whereas the productv1sudv2sud is
a surface contribution, with [18,19]
v1sud  K1
11sudbs22u 1 ldK1

22su 1 ld 1 K1
12sudds22u 1 ldK1

12su 1 ld

2 K1
21sudas22u 1 ldK1

12su 1 ld 2 K1
22sudcs22u 1 ldK1

22su 1 ld , (12)

v2sud  K2
21su 1 ldds2u 1 ldK2

21sud 1 K2
22su 1 ldbs2u 1 ldK2

11sud

2 K2
11su 1 ldcs2u 1 ldK2

11sud 2 K2
12su 1 ldas2u 1 ldK2

21sud . (13)
15



VOLUME 76, NUMBER 1 P H Y S I C A L R E V I E W L E T T E R S 1 JANUARY 1996

t
a
r
i
o

n

cal
ne
e

Here K1sud is the transpose ofK2s2u 1 ld with j2

replaced byj1, etc.
The bulk and surface free energies must both satisfy

crossing-unitarity relation (10). The surface energy c
be separated from the bulk energy. As we are only p
dominantly interested here in the surface critical behav
rather than the precise form of the surface energy, we c
sider only the diagonal elements of theK matrix. These
terms are sufficient to extract the critical exponents a
ri
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physically we do not anticipate any change in the criti
behavior arising from the off-diagonal terms [21]. Defi
Lb  k

2N
b and Ls  ks, then the bulk and surface fre

energies per site are defined byfbsud  2 ln kbsud and
fssud  2 ln kssud. From (10)–(13) we have

kbsudkbsu 1 ld  rsud (14)

for the bulk and
ion

on

her
kssudkssu 1 ld 
u1sj2 2 udu1sj2 1 udu1sj1 2 udu1sj1 1 ud

u
4
1 sld

u1s2l 2 2udu1s2l 1 2ud
u

2
1s2ld

(15)

for the surface.
We obtain the solution of (15) forkssud by applying the inversion relation method [1]. Let us first recall the derivat

of kbsud from (14). It is convenient to introduce the variablesx  exps2ply2Id andw  exps2puyId. To obtain
fbswd the argument is to assume thatkbswd is analytic and nonzero in the annulusx2 # w # 1, allowing the Laurent
expansion offbswd,

ln kbswd 
X̀

n2`

cnwn. (16)

Inserting this expansion into the logarithm of both sides of (14) and equating the coefficients of powers ofw then gives

fbswd  2
X̀
n1

sx2n 1 q2nx22nd s1 2 wnd s1 2 x2nw2nd
ns1 1 x2nd s1 2 q2nd

. (17)

This is the desired result, from which the critical behavior in the limitq ! 1 is extracted by use of the Poisson summati
formula [1]. In terms of the variablem  plyI 0, whereI 0 ! py2 asq ! 1, it follows thatfb , ppym asp ! 0, with
fb , ppym ln p if pym is an even integer. Here the conjugate nomep  exps22pIyI 0d vanishes linearly with the
deviation from criticality variablet [1].

We obtain the surface free energy by solving (15) under thesameanalyticity assumptions as for the bulk case, toget
with the further assumption thatksswd is analytic and nonzero in the annulusx , y6 , 1, where we have defined
y6  exps2pj6y2Id. In this way we arrive at the result

fssw, y6d 
X̀
n1

s y2n
1 1 q2ny22n

1 1 y2n
2 1 q2ny22n

2 d swn 1 x2nw2nd
ns1 1 x2nd s1 2 q2nd

2
X̀
n1

sx4n 1 q2nx24nd s1 2 w2nd s1 2 x4nw22nd
ns1 1 x4nd s1 2 q2nd

. (18)
-

ce
Applying the Poisson summation formula leads to a se
for fs in powers of the nomep.

The phenomenology of critical behavior at a surface
well developed [6,7,16]. In this case two surface critic
exponents can be obtained from the surface free ene
one from the surface specific heat,Cs , jtj2as , and the
other from the “local” specific heat in the boundary lay
C1 , jtj2a1 . Here the corresponding surface intern
energy is given by

esspd ,
≠fssu, j6d

≠p
1 e1spd , (19)

wheree1spd is the first layer internal energy,

e1spd ,
≠fssu, j6d

≠j6

. (20)
es

is
l

gy;

r,
l

The related specific heats follow as

Cs ,
≠es

≠p
and C1 ,

≠e1

≠p
. (21)

These definitions follow from [6,7,16] with the identifi
cationsp , t and j6 , Ks. From (18) we find that as
p ! 0

esspd , ppy2m21 and e1spd , ppym. (22)

As for the bulk case, a logarithmic factor appears ifpym

is an even integer.
In summary, we have derived the exact critical surfa

exponents

as  2 2
p

2m
and a1  1 2

p

m
(23)
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for the eight-vertex model. Atm  py2, as  1 slogd
and a1  21 slogd, in agreement with the Ising results
[22–25]. Recalling the bulk exponentsab  2 2 pym

[2] and n  py2m [5] we are thus able to provide a
significant confirmation of the scaling relations [6,7,16
as  ab 1 n anda1  ab 2 1 between bulk and sur-
face critical exponents. The derivation of other surfa
exponents awaits the diagonalization of the transfer m
trix, which remains a formidable open problem.

We have found that the surface free energy scales
fs , ppy2m as p ! 0. It is interesting to observe tha
this is in agreement with the scaling behavior of th
interfacial tension [26]. However, these two quantitie
differ away from criticality.

Finally we note that, in the same spirit as th
work, the critical magnetic surface exponentds of the
two-dimensional Ising model in a magnetic field [6,7
should also be obtainable from the elliptic diluteA3
model [27], which is known to lie in the same univer
sality class as the Ising model in a magnetic field [27
The analog of the reflection equations for such fa
models have recently been written down by a numb
of authors (see [28] and [19]).
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