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Hydrodynamic Screening in Sedimenting Suspensions of non-Brownian Spheres
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It has been suggested [D. L. Koch and E. S. G. Shagfeh, J. Fluid Mezh275 (1991)] that the long-
range hydrodynamic interactions in sedimenting suspensions of non-Brownian spheres are screened by
changes in the pair correlation function. However, a large-scale numerical simulation, using more than
32000 spheres, with full many-body hydrodynamic interactions, has found no evidence of the predicted
changes in suspension microstructure. The absence of hydrodynamic screening in the simulations
is shown to lead to divergent velocity fluctuations, in disagreement with recent experimental results
[H. Nicolai and E. Guazzelli, Phys. Fluids 3 (1995)].

PACS numbers: 82.70.Kj, 05.40.+j, 47.11.+j, 47.15.Pn

In a sedimenting suspension, the root-mean-square fluscreening occurs in uniform sedimenting suspensions, in
tuations in particle velocity are of the same magnitudehe absence of inhomogeneities introduced by cell bound-
as the mean sedimentation velocity; for particles moraries. Thus large-scale numerical simulations, with more
than about0 xm in diameter this hydrodynamic diffusion than 32000 particles, have been carried out, using peri-
completely dominates the thermal Brownian motion. Anodic boundary conditions to ensure that the suspension
apparently straightforward calculation has shown that for & uniform. The full many-body hydrodynamic interac-
suspension of randomly distributed particles the long-rang#ons are accounted for, using the fluid equations for low
hydrodynamic interactions cause the fluctuations in parReynolds number (Stokes) flow. The numerical methods
ticle velocity to diverge linearly with the width of the con- used in this work have allowed simulations of more than
tainer [1]. Although this result may seem surprising, therel00 times as many particles as in previous work [6]; for
are experimental observations of just such a container-sizée first time we are able to simulate systems of macro-
dependence in very dilute sedimenting suspensions [2§copic size and address fundamental questions about the
where the solid volume fractios is less than 1%. On effects of flow on the long-range microstructure of par-
the other hand, more recent experiments, at a somewh#tle suspensions.
larger solid volume fractior{¢p = 0.05), found no sys- Numerical method—The numerical method is based on
tematic variation in the particle velocity fluctuations with a lattice-Boltzmann model of the fluid phase and a molecu-
container size [3]; the measured velocity fluctuations werdar dynamics simulation of the particle motion. The ac-
also consistent with experiments using fluidized beds [4]curacy of the method has been established by extensive
These theoretical and experimental findings raise the quesemparisons with theory, simulation, and experiment [7].
tion of whether velocity fluctuations in sedimenting sus-Moreover, for internal consistency we have run most of
pensions are controlled by the container size, or by théhe calculations with two different mesh sizes, correspond-
establishment of a nonrandom microstructure [5]. ing to an effective hydrodynamic radits) of the spheres

Koch and Shagfeh have suggested that changes in paif 1.39 and 2.443 lattice spacings (see Ref. [7] for a dis-
correlations, induced by three-body hydrodynamic intercussion of how the accuracy of the simulations depends
actions, might lead to screening [5]. If long-range hy-on the effective hydrodynamic radius). Lastly, we have
drodynamic interactions are screened, then the velocitynade several quantitative comparisons with earlier simu-
fluctuations should be finite and independent of containelations of sedimentation [6], to verify that the new method
size for sufficiently large vessels. However, the criticaldoes indeed reproduce known results for small systems
test of the theory is its prediction of a mass deficit, in(¥ = 32). In this work more than 32000 spheres have
other words, that the neighborhood around a test sphetgeen simulated; the cell width is abdifta, comparable to
contains precisely 1 particle less than if the same voluméaboratory experiments, and larger than the predicted hy-
were filled uniformly with particles at the bulk suspen- drodynamic screening length in the Koch-Shagfeh theory
sion concentration. This prediction has not been testedhich suggesta = a/¢, or A = 10a in this case.
experimentally because the particles used in the labora- Since these simulations solve time-dependent fluid
tory are too large to allow for a direct measurement ofequations, the results depend on the mean patrticle veloc-
the structure factor by light scattering. Thus numericality. The simulations can be characterized by a Reynolds
simulations are the only technique available at present taumberRy = UW /v, based on the width of the cel¥
study the microstructure (pair correlations) in sedimentand the mean flow velocity/ (v is the kinematic viscos-
ing suspensions and to test for a mass deficit. The madty of the fluid). Ry is a measure of the range of distance
tivation for this work was to discover if hydrodynamic scales over which the hydrodynamic interactions spread
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before a solid particle sediments a significant fraction ofcal) spheres and/ is the number of spheres in the sam-
that distance. It is based on the cell width to allow theple volumeV. In the homogeneous suspensions modeled
range of the hydrodynamic interactions to grow with theby the simulations, the pressure gradient is replaced by
dimensions of the cell. The leading order correction toan equivalent uniform force densitf,= NF/V, applied
Stokes flow around an isolated sphere is of oigry4 at  throughout the sample. Caverage the backflow of fluid
the boundary of the periodic unit cell. It was determinedinduced by the pressure gradient (or force density) can-
empirically that the results for small systerfié¢ = 128)  cels the contributions of the hydrodynamic interactions at
were independent of particle velocity f&; < 1. Inthe large distances, so that the mean sedimentation velocity
simulations reported her®y was kept essentially con- is finite and independent of container size [9] and shape
stant atRy =~ 0.4; as the systems got larger the effec-[10]. However, contributions of distant particles to the
tive gravitational force was reduced in proportion. By velocity fluctuationsof a test sphere fall off aR ~2, and,
comparison, in the laboratory experiments g3} = 0.03,  when summed over all particles in the system (apart from
roughly a factor of 10 less. the test sphere), give a contribution to the variance that
To reduce the expected screening length, while stilis proportional to the linear dimensions of the container
keeping the suspension reasonably dilute, the simulatiorfd]. For a sample with periodic boundary conditions, the
were run at a volume fractiod = 0.1. Since our earlier diverging contribution to the velocity fluctuations can be
studies of sedimentation, it has been found that the velocwritten as a sum over wave vectdcgshat are commensu-
ity fluctuations and hydrodynamic diffusion coefficients rate with the periodic box [6]
depend on boxhapeas well as box size [8]. Diffusion NS(k — 0)
in a cubic box is considerably more anisotropic than if the (UU) = Vv > F-TKTKk) -F. (2
box is elongated; we have used a 4:1 height to width ratio k#0
throughout, which is very close to the asymptotic limit of In this equationS(k — 0) is the long-wavelength limit
a very elongated box [8]. A wide range of system sizesf the structure factor, an@i(k) = (1 — kk/k%)/nk? is
was used, fromV = 128 to N = 32768, to compare the the periodic Green’s function for hydrodynamic interac-
scaling of the velocity fluctuations with the predictions for tions in a fluid of viscosityn. The sum in Eq. (2) is
a random long-range microstructure and with the predicproportional toV#4/3; thus any divergence in the veloc-
tions for screened hydrodynamic interactions. Each simuity variance is directly connected to the behavior of long-
lation was run for about 500 Stokes times, where a Stokegavelength density fluctuations, described S — 0).
time (a/U)) is the time it takes an isolated sphere (ve-If the particle positions are uncorrelated at separations be-
locity Uy) to fall one particle radius. Data from the first yond a few particle radii, the§(k — 0) is finite and the
150-200 Stokes times, during which time the suspensiogelocity fluctuations diverge. If, on the other hand, long-
microstructure adjusts to the steady state, were discardegiavelength density fluctuations are for some reason sup-
results were obtained by averaging over the remainingressed, and(k — 0) = 0, then the velocity fluctuations
300-350 Stokes times. For the smaller systems we enill be finite [5], even for very large samples. An analo-
semble averaged over a number of different initial con-gous situation occurs in electrolyte solutions where long-
ditions as well. The largest calculations involved aboutwavelength fluctuations in charge density are suppressed
4.5 million fluid nodes for nearly 1 million time steps. by Debye-Hiickel screening. The charges rearrange so
Both the memory requirements-(0° bytes) and the com- that an ion and its environment are overall electrically
putation time €10'° floating point operations) necessi- neutral on length scales greater than the Debye-Hiickel
tated parallel computing. A problem of this size takesscreening length. Thus in charged systems there are long-
about 1000 h on 32 nodes of the Meiko CS2, or aboutange pair correlations (on the order of the screening
200 h on 32 nodes of the IBM SP2. length) which are such that the charge-charge structure
Hydrodynamic screening-In slow sedimentation both factor vanishes in the long-wavelength limit. Koch and
particle inertia and fluid inertia can be ignored; in a typicalShagfeh [5] have proposed that a similar effect could sup-
experiment the particle Reynolds number is of the ordepress the velocity fluctuations in sedimenting suspensions.
of 1074 [3,4]. Thus the velocity of a particle, at any Here the pressure gradient in the background fluid plays
instant, is completely determined by the configuration ofthe same role as the counterions in an electrolyte solution.
its neighbors. In addition to the direct hydrodynamic The equivalent Koch-Shagfeh screening of the hydrody-
interactions between the spheres, there is a pressuf@amic interactions requires that a sedimenting sphere and
gradient generated by the base of the container, whichs neighbors are neutrally buoyant with respect to the bulk
balances exactly the total gravitational force on thesuspension. Interms of the pair correlation functign),
particles; i.e., hydrodynamic screening requires that the mass deficit,

N
fv Vp(r)dr = NF, 1) nn = 2% fw[gm - 1. 3)

whereF is the gravitational force on each of the (identi- is precisely equal to-1. The integral in Eq. (3) is over
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a spherical volume of radius, where A is much greater 02~ T T T T
than the particle radius, but much less than the size of
the container. Thus for hydrodynamic screening to occur

the number of neighbors in submacroscopigolume Vv, 0.4k
. B

around a test sphere must be exactly 1 particle less than if el 8 Most probable
that same volume were filled uniformly with particles [5]. e " /

Using the relation between the structure factor and the — : 0. o8

pair correlation functionS(k) =1 + (N/V) [ cogk - & ~0.68F

r)[ g(r) — 1]dr, itis clear that Eq. (3) corresponds to the &
conditionS(k — 0) = 0.
In order to test the validity of the Koch-Shagfeh theory,

*»‘\I* TSy ++

Sedimenting

we have determined the value of the mass defiGi) at —0.8r o \ 7
distance scales larger than the expected screening length, | \ Screened

A = 10a, at the simulated volume fractid@ = 0.1); the AN / (sketch)

results are shown in Fig. 1. There is some mass deficit, -1o0o v N
even for the most-probable (or equilibrium) distribution 0O 5 10 15 20 25 30 35
of nonoverlapping spheres, because of excluded volume

effects. However, the large-asymptotic value of the 70/ aQ

deficit for the most-probable distribution is always greatefr|g, 1. Long-range pair correlations in a steadily sedimenting
than—1;at¢ = 0.1, n(r — ©) = —0.54. By contrast, if suspension at a volume fractiop = 0.1. The number of
there is hydrodynamic screening, then the Koch-Shagfeparticles in a spherical volume surrounding a test sphere, minus
theory predicts thata(r — ) is exactly —1. If the the average number of particles in the same volume),

T . . © is plotted for a system with a periodic repeat width Ztfa
deficit is less than 1 particle or, in other wordsnik (circles). The 4:1 unit cell contained 32 768 spheres, with an

®) > —1, th.er(_-:‘ will not be a complete sc_reening Of_theeffective hydrodynamic radiug = 1.39 lattice spacings. Data

hydrodynamic interactions, and the velocity fluctuationsfrom a run of 7424 spheres, with an effective hydrodynamic
will diverge. Results for(r) from a numerical simulation radius a = 2.443 lattice spacings, are also shown (squares).
of 32768 sedimenting spheres are shown in Fig. 1. Thdhe statistical errors for both sets of data are similar and are

. . " . L . indicated by the vertical bars. The pair correlation function
pair correlation function is qualitatively different from ¢, "pe most-probable distribution of nonoverlapping spheres at

what would be expected if there were hydrodynamicy — (.1 is also shown for comparison (solid line): its large-

screening (shown by the dashed curve). It can be seenasymptotic valuen(r — «) = S(k — 0) — 1 = —0.54, can
that n(r) is essentially constant in the rangga < r < be determined from the Carnahan-Starling equation of state for
35a; its larger asymptotic valuen(r — ®) = —0.6, is hard spheres, and is shown by the horizontal arrow. A rough

e sketch of a screened pair correlation function, with a screening
close to that for the most-probable distribution. OurIength of approximately0a, is shown by the dashed curve.

calculations would detect the onset of screening, if it
existed, for screening lengths up to abs&, which is an
order of magnitude larger than the theoretical prediction.
More accurate simulations, using a smaller numier=  times for the three-body hydrodynamic interactions are
7424) of larger spheresa(= 2.443 lattice spacings), have not long enough to lead to sufficient deficit for hydro-
also been carried out; in this case we can calculate padynamic screening.
correlations out to about = 20a (see Fig. 1). These  Velocity fluctuations—If there is no screening of the
results also show no sign of hydrodynamic screening; th@ydrodynamic interactions, as the simulations strongly
mass deficit is the same as for the smaller spheres (withisuggest, then the velocity fluctuations should diverge lin-
statistical errors). early with the width of the container, as described by
Although our calculations indicate that there are noEq. (2). It can be seen in Fig. 2 that the simulated veloc-
long-range pair correlations in homogeneous sedimenity fluctuations do diverge approximately linearly with the
ing suspensions, significant changes in the short-rangeeriodic repeat widttW; the actual numerical values are
microstructure are induced by the sedimentation process reasonable quantitative agreement with the theory for
A comparison of pair correlations for most-probable andthe most-probable distribution of spheres [Eq. (2)]. The
steady-state sedimentation microstructures is also showmlatively small differences between simulation and theory
in Fig. 1. The enhancement in pair correlations neaare most likely due to finite size effects.
contact can be explained by consideration of three-body Although the results for the largest syste@V =
hydrodynamic interactions [5]. At somewhat larger sep-32768) are in quite good agreement with experiment
arations,5a < r < 15a, the pair probability decreases [11], there are two significant qualitative differences
more rapidly than for the most-probable distribution (seebetween simulation and experiment. First, the vertical
Fig. 1), perhaps by the mechanism suggested by Kocto horizontal anisotropy in the simulated velocity fluctu-
and Shagfeh [5]. However, it seems that the correlatiomtions is close to 10:1, which is characteristic of a random
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' L B B ] The pair correlation function for a sedimenting suspen-
. @ 1.39 1 sion has been computed to distances well beyond the ex-
pected screening length, = 10a. We find no evidence

1.00p W 2443 of a mass deficit sufficient for hydrodynamic screening,
« - nor of long-range pair correlations that might eventually
- r lead to such a deficit. Moreover, the velocity fluctuations
~ I diverge with the width of the periodic unit cell, as would
N/\ be expected for a random long-range microstructure. Our
—~ 0.10 —  results suggest that other mechanisms must be uncovered
2 3 to account for the experimental observations in Refs. [3]
\\// 4 and [4]. The inhomogeneities introduced by the experi-

mental apparatus may affect the velocity fluctuations in at
least two different ways. First, long-range perturbations
to the microstructure may be induced by the container
walls, which may in turn lead to hydrodynamic screening;
L Ll second, there may be large-scale fluctuations in volumet-
10 100 ric flow, which, in the present calculations, have been
W/a suppressed by the periodic boundary conditions. New
simulations, explicitly including container walls, are
FIG. 2. Particle velocity fluctuations as a function of box Planned to address these questions.
width (W) in a steadily sedimenting suspension at a volume | would like to thank Don Koch (Cornell) for many
fraction ¢ = 0.1. The data are normalized by the sedimenta-helpful and interesting discussions. Much of this work
! enira it et under i same 2pleas petormed whie [ was on sabbaial leave at Corell
shown; the solid line is the theoretical scalin% (lineaiy a) in the Departm_ent of Theoretlcal and Applied Mechanlc_s;
for the most-probable distribution of spheres [Eq. (2)]. TheMYy thanks to Jim Jenkins and the TAM faculty for their
statistical errors in the simulation data are in the range 2%-hospitality. The calculations were carried out on the
4%, smaller than the plotting symbols in the figure. Experi-Meiko CS2 at Lawrence Livermore Laboratory and on the
s o, TSI 1 open /ec) [BM SP2 at he Corel Theory Center. | would ke 0
cated along thév axr?s by the smallest din?ension of the experi- thank the Livermore Computing Qenter and the Cor.neII
mental vessel. The range of container widths for which nol heory Center for generous allocations of computer time.
systematic change in variance was observed experimentallfhis work was partially supported by the U.S. Department
(however, at¢ = 0.05) [3] is from W/a = 50-200, as in-  of Energy and Lawrence Livermore National Laboratory
dicated by the horizontal arrows. under Contract No. W-7405-Eng-48.

Perpendicular

0.01 {

[1] R.E. Caflisch and J.H.C. Luke, Phys. Flui®8, 759
microstructure at large particle separations. The simulated  (1985).

anisotropy is independent of system size (see Fig. 2), buf2] E.M. Tory, M.T. Kamel, and C.F. Chan Man Fong,
is significantly larger than the experimental measurement  Powder Tech73, 219 (1992).

of about a 4:1 anisotropy. The second and most important3] H. Nicolai and E. Guazzelli, Phys. Fluids 3 (1995).
difference illustrated in Fig. 2 is that the velocity fluctu- [4] J.Z. Xueet al., Phys. Rev. Lett69, 1715 (1992).
ations for a homogeneous sedimenting suspension divergé! a;-él';“h and E. S.G. Shagfeh, J. Fluid Med@24, 275
over ranges of container size, where they are obs_erve%] A.J.C. Ladd, Phys. Fluids /, 299 (1993).
experimentally to be constant [3]. The data in Fig. 2 [7] A.J.C. Ladd. J. Fluid Mech271, 285, 311 (1994)
indicate that the velocity fluctuations measured in the 8] DL Koch, P’hy.s. Fluids A6, 2894 (1’994) '
simulations are independent of the particle radius (or meshyg] G. k. Batchelor, J. Fluid Mech52, 245 (1972).

size) used in the lattice-Boltzmann simulations, and argio] c.w.J. Beenakker and P. Mazur, Phys. Flu8 3203
thus not likely to be further modified by more accurate (1985).

calculations. [11] H. Nicolai et al., Phys. Fluids7, 12 (1995).

1395



