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Hydrodynamic Screening in Sedimenting Suspensions of non-Brownian Sphere

Anthony J. C. Ladd
Lawrence Livermore National Laboratory, Livermore, California 94550

(Received 20 October 1995)

It has been suggested [D. L. Koch and E. S. G. Shaqfeh, J. Fluid Mech.224, 275 (1991)] that the long-
range hydrodynamic interactions in sedimenting suspensions of non-Brownian spheres are screene
changes in the pair correlation function. However, a large-scale numerical simulation, using more t
32 000 spheres, with full many-body hydrodynamic interactions, has found no evidence of the predic
changes in suspension microstructure. The absence of hydrodynamic screening in the simula
is shown to lead to divergent velocity fluctuations, in disagreement with recent experimental resu
[H. Nicolai and E. Guazzelli, Phys. Fluids7, 3 (1995)].

PACS numbers: 82.70.Kj, 05.40.+j, 47.11.+j, 47.15.Pn
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In a sedimenting suspension, the root-mean-square
tuations in particle velocity are of the same magnitu
as the mean sedimentation velocity; for particles m
than about10 mm in diameter this hydrodynamic diffusio
completely dominates the thermal Brownian motion.
apparently straightforward calculation has shown that f
suspension of randomly distributed particles the long-ra
hydrodynamic interactions cause the fluctuations in p
ticle velocity to diverge linearly with the width of the con
tainer [1]. Although this result may seem surprising, th
are experimental observations of just such a container-
dependence in very dilute sedimenting suspensions
where the solid volume fractionf is less than 1%. On
the other hand, more recent experiments, at a some
larger solid volume fractionsf  0.05d, found no sys-
tematic variation in the particle velocity fluctuations wi
container size [3]; the measured velocity fluctuations w
also consistent with experiments using fluidized beds
These theoretical and experimental findings raise the q
tion of whether velocity fluctuations in sedimenting su
pensions are controlled by the container size, or by
establishment of a nonrandom microstructure [5].

Koch and Shaqfeh have suggested that changes in
correlations, induced by three-body hydrodynamic int
actions, might lead to screening [5]. If long-range h
drodynamic interactions are screened, then the velo
fluctuations should be finite and independent of conta
size for sufficiently large vessels. However, the criti
test of the theory is its prediction of a mass deficit,
other words, that the neighborhood around a test sp
contains precisely 1 particle less than if the same volu
were filled uniformly with particles at the bulk suspe
sion concentration. This prediction has not been tes
experimentally because the particles used in the lab
tory are too large to allow for a direct measurement
the structure factor by light scattering. Thus numeri
simulations are the only technique available at presen
study the microstructure (pair correlations) in sedime
ing suspensions and to test for a mass deficit. The
tivation for this work was to discover if hydrodynam
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screening occurs in uniform sedimenting suspensions
the absence of inhomogeneities introduced by cell bou
aries. Thus large-scale numerical simulations, with mo
than 32 000 particles, have been carried out, using p
odic boundary conditions to ensure that the suspens
is uniform. The full many-body hydrodynamic interac
tions are accounted for, using the fluid equations for lo
Reynolds number (Stokes) flow. The numerical metho
used in this work have allowed simulations of more th
100 times as many particles as in previous work [6]; f
the first time we are able to simulate systems of mac
scopic size and address fundamental questions abou
effects of flow on the long-range microstructure of pa
ticle suspensions.

Numerical method.—The numerical method is based o
a lattice-Boltzmann model of the fluid phase and a mole
lar dynamics simulation of the particle motion. The a
curacy of the method has been established by exten
comparisons with theory, simulation, and experiment [
Moreover, for internal consistency we have run most
the calculations with two different mesh sizes, correspon
ing to an effective hydrodynamic radiussad of the spheres
of 1.39 and 2.443 lattice spacings (see Ref. [7] for a d
cussion of how the accuracy of the simulations depen
on the effective hydrodynamic radius). Lastly, we ha
made several quantitative comparisons with earlier sim
lations of sedimentation [6], to verify that the new metho
does indeed reproduce known results for small syste
sN  32d. In this work more than 32 000 spheres ha
been simulated; the cell width is about70a, comparable to
laboratory experiments, and larger than the predicted
drodynamic screening length in the Koch-Shaqfeh the
which suggestsl ø ayf, or l ø 10a in this case.

Since these simulations solve time-dependent fl
equations, the results depend on the mean particle ve
ity. The simulations can be characterized by a Reyno
numberRW  UWyn, based on the width of the cellW
and the mean flow velocityU (n is the kinematic viscos-
ity of the fluid). RW is a measure of the range of distanc
scales over which the hydrodynamic interactions spre
© 1996 The American Physical Society
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before a solid particle sediments a significant fraction
that distance. It is based on the cell width to allow t
range of the hydrodynamic interactions to grow with t
dimensions of the cell. The leading order correction
Stokes flow around an isolated sphere is of orderRW y4 at
the boundary of the periodic unit cell. It was determin
empirically that the results for small systemssN  128d
were independent of particle velocity forRW , 1. In the
simulations reported hereRW was kept essentially con
stant atRW ø 0.4; as the systems got larger the effe
tive gravitational force was reduced in proportion. B
comparison, in the laboratory experiments [3]RW ø 0.03,
roughly a factor of 10 less.

To reduce the expected screening length, while s
keeping the suspension reasonably dilute, the simulat
were run at a volume fractionf  0.1. Since our earlier
studies of sedimentation, it has been found that the ve
ity fluctuations and hydrodynamic diffusion coefficien
depend on boxshapeas well as box size [8]. Diffusion
in a cubic box is considerably more anisotropic than if t
box is elongated; we have used a 4:1 height to width ra
throughout, which is very close to the asymptotic limit
a very elongated box [8]. A wide range of system siz
was used, fromN  128 to N  32 768, to compare the
scaling of the velocity fluctuations with the predictions f
a random long-range microstructure and with the pred
tions for screened hydrodynamic interactions. Each sim
lation was run for about 500 Stokes times, where a Sto
time sayU0d is the time it takes an isolated sphere (v
locity U0) to fall one particle radius. Data from the firs
150–200 Stokes times, during which time the suspens
microstructure adjusts to the steady state, were discar
results were obtained by averaging over the remain
300–350 Stokes times. For the smaller systems we
semble averaged over a number of different initial co
ditions as well. The largest calculations involved abo
4.5 million fluid nodes for nearly 1 million time steps
Both the memory requirements (ø109 bytes) and the com-
putation time (ø1015 floating point operations) necess
tated parallel computing. A problem of this size tak
about 1000 h on 32 nodes of the Meiko CS2, or ab
200 h on 32 nodes of the IBM SP2.

Hydrodynamic screening.—In slow sedimentation both
particle inertia and fluid inertia can be ignored; in a typic
experiment the particle Reynolds number is of the ord
of 1024 [3,4]. Thus the velocity of a particle, at an
instant, is completely determined by the configuration
its neighbors. In addition to the direct hydrodynam
interactions between the spheres, there is a pres
gradient generated by the base of the container, wh
balances exactly the total gravitational force on t
particles; i.e., Z

V
===psrddr  NF , (1)

whereF is the gravitational force on each of the (iden
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cal) spheres andN is the number of spheres in the sam
ple volumeV . In the homogeneous suspensions mode
by the simulations, the pressure gradient is replaced
an equivalent uniform force density,f  NFyV , applied
throughout the sample. Onaverage, the backflow of fluid
induced by the pressure gradient (or force density) c
cels the contributions of the hydrodynamic interactions
large distances, so that the mean sedimentation velo
is finite and independent of container size [9] and sha
[10]. However, contributions of distant particles to th
velocity fluctuationsof a test sphere fall off asR22, and,
when summed over all particles in the system (apart fr
the test sphere), give a contribution to the variance t
is proportional to the linear dimensions of the contain
[1]. For a sample with periodic boundary conditions, t
diverging contribution to the velocity fluctuations can b
written as a sum over wave vectorsk that are commensu
rate with the periodic box [6]

kUUl 
NSsk ! 0d

V 2

X
kfi0

F ? TskdTskd ? F . (2)

In this equationSsk ! 0d is the long-wavelength limit
of the structure factor, andTskd  s1 2 kkyk2dyhk2 is
the periodic Green’s function for hydrodynamic intera
tions in a fluid of viscosityh. The sum in Eq. (2) is
proportional toV 4y3; thus any divergence in the veloc
ity variance is directly connected to the behavior of lon
wavelength density fluctuations, described bySsk ! 0d.
If the particle positions are uncorrelated at separations
yond a few particle radii, thenSsk ! 0d is finite and the
velocity fluctuations diverge. If, on the other hand, lon
wavelength density fluctuations are for some reason s
pressed, andSsk ! 0d  0, then the velocity fluctuations
will be finite [5], even for very large samples. An analo
gous situation occurs in electrolyte solutions where lon
wavelength fluctuations in charge density are suppres
by Debye-Hückel screening. The charges rearrange
that an ion and its environment are overall electrica
neutral on length scales greater than the Debye-Hüc
screening length. Thus in charged systems there are lo
range pair correlations (on the order of the screen
length) which are such that the charge-charge struc
factor vanishes in the long-wavelength limit. Koch an
Shaqfeh [5] have proposed that a similar effect could s
press the velocity fluctuations in sedimenting suspensio
Here the pressure gradient in the background fluid pl
the same role as the counterions in an electrolyte solut
The equivalent Koch-Shaqfeh screening of the hydro
namic interactions requires that a sedimenting sphere
its neighbors are neutrally buoyant with respect to the b
suspension. In terms of the pair correlation functiongsrd,
hydrodynamic screening requires that the mass deficit,

nsld 
N
V

Z
Vl

f gsrd 2 1gdr , (3)

is precisely equal to21. The integral in Eq. (3) is over
1393
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a spherical volume of radiusl, wherel is much greater
than the particle radiusa, but much less than the size o
the container. Thus for hydrodynamic screening to oc
the number of neighbors in asubmacroscopicvolumeVl

around a test sphere must be exactly 1 particle less tha
that same volume were filled uniformly with particles [5
Using the relation between the structure factor and
pair correlation function,Sskd  1 1 sNyV d

R
cossk ?

rdf gsrd 2 1gdr, it is clear that Eq. (3) corresponds to th
conditionSsk ! 0d  0.

In order to test the validity of the Koch-Shaqfeh theor
we have determined the value of the mass deficitnsrd at
distance scales larger than the expected screening len
l ø 10a, at the simulated volume fractionsf  0.1d; the
results are shown in Fig. 1. There is some mass defi
even for the most-probable (or equilibrium) distributio
of nonoverlapping spheres, because of excluded volu
effects. However, the large-r asymptotic value of the
deficit for the most-probable distribution is always grea
than21; at f  0.1, nsr ! `d  20.54. By contrast, if
there is hydrodynamic screening, then the Koch-Shaq
theory predicts thatnsr ! `d is exactly 21. If the
deficit is less than 1 particle or, in other words, ifnsr !
`d . 21, there will not be a complete screening of th
hydrodynamic interactions, and the velocity fluctuatio
will diverge. Results fornsrd from a numerical simulation
of 32 768 sedimenting spheres are shown in Fig. 1. T
pair correlation function is qualitatively different from
what would be expected if there were hydrodynam
screening (shown by the dashed curve). It can be s
that nsrd is essentially constant in the range15a , r ,

35a; its large-r asymptotic value,nsr ! `d  20.6, is
close to that for the most-probable distribution. O
calculations would detect the onset of screening, if
existed, for screening lengths up to about50a, which is an
order of magnitude larger than the theoretical predicti
More accurate simulations, using a smaller numbersN 
7424d of larger spheres (a  2.443 lattice spacings), have
also been carried out; in this case we can calculate
correlations out to aboutr  20a (see Fig. 1). These
results also show no sign of hydrodynamic screening;
mass deficit is the same as for the smaller spheres (wi
statistical errors).

Although our calculations indicate that there are
long-range pair correlations in homogeneous sedime
ing suspensions, significant changes in the short-ra
microstructure are induced by the sedimentation proc
A comparison of pair correlations for most-probable a
steady-state sedimentation microstructures is also sh
in Fig. 1. The enhancement in pair correlations ne
contact can be explained by consideration of three-bo
hydrodynamic interactions [5]. At somewhat larger se
arations,5a , r , 15a, the pair probability decrease
more rapidly than for the most-probable distribution (s
Fig. 1), perhaps by the mechanism suggested by K
and Shaqfeh [5]. However, it seems that the correlat
1394
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FIG. 1. Long-range pair correlations in a steadily sedimenti
suspension at a volume fractionf  0.1. The number of
particles in a spherical volume surrounding a test sphere, mi
the average number of particles in the same volume,nsrd,
is plotted for a system with a periodic repeat width of70a
(circles). The 4:1 unit cell contained 32 768 spheres, with
effective hydrodynamic radiusa  1.39 lattice spacings. Data
from a run of 7424 spheres, with an effective hydrodynam
radius a  2.443 lattice spacings, are also shown (square
The statistical errors for both sets of data are similar and
indicated by the vertical bars. The pair correlation functio
for the most-probable distribution of nonoverlapping spheres
f  0.1 is also shown for comparison (solid line); its large
r asymptotic value,nsr ! `d  Ssk ! 0d 2 1  20.54, can
be determined from the Carnahan-Starling equation of state
hard spheres, and is shown by the horizontal arrow. A rou
sketch of a screened pair correlation function, with a screen
length of approximately10a, is shown by the dashed curve.

times for the three-body hydrodynamic interactions a
not long enough to lead to sufficient deficit for hydro
dynamic screening.

Velocity fluctuations.—If there is no screening of the
hydrodynamic interactions, as the simulations strong
suggest, then the velocity fluctuations should diverge l
early with the width of the container, as described b
Eq. (2). It can be seen in Fig. 2 that the simulated velo
ity fluctuations do diverge approximately linearly with th
periodic repeat widthW ; the actual numerical values ar
in reasonable quantitative agreement with the theory
the most-probable distribution of spheres [Eq. (2)]. Th
relatively small differences between simulation and theo
are most likely due to finite size effects.

Although the results for the largest systemsN 
32 768d are in quite good agreement with experime
[11], there are two significant qualitative difference
between simulation and experiment. First, the vertic
to horizontal anisotropy in the simulated velocity fluctu
ations is close to 10:1, which is characteristic of a rando
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FIG. 2. Particle velocity fluctuations as a function of bo
width sW d in a steadily sedimenting suspension at a volum
fraction f  0.1. The data are normalized by the sediment
tion velocity, U0, of an isolated sphere under the same appli
force. Simulation results for two different particle sizes a
shown; the solid line is the theoretical scaling (linear inWya)
for the most-probable distribution of spheres [Eq. (2)]. Th
statistical errors in the simulation data are in the range 2%
4%, smaller than the plotting symbols in the figure. Expe
mental results at a volume fractionf  0.1 (open symbols)
are shown for comparison [11]. The experimental data are
cated along theW axis by the smallest dimension of the exper
mental vessel. The range of container widths for which
systematic change in variance was observed experiment
(however, atf  0.05) [3] is from Wya  50 200, as in-
dicated by the horizontal arrows.

microstructure at large particle separations. The simula
anisotropy is independent of system size (see Fig. 2),
is significantly larger than the experimental measurem
of about a 4:1 anisotropy. The second and most import
difference illustrated in Fig. 2 is that the velocity fluctu
ations for a homogeneous sedimenting suspension dive
over ranges of container size, where they are obser
experimentally to be constant [3]. The data in Fig.
indicate that the velocity fluctuations measured in t
simulations are independent of the particle radius (or me
size) used in the lattice-Boltzmann simulations, and a
thus not likely to be further modified by more accura
calculations.
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The pair correlation function for a sedimenting suspe
sion has been computed to distances well beyond the
pected screening length,l ø 10a. We find no evidence
of a mass deficit sufficient for hydrodynamic screenin
nor of long-range pair correlations that might eventua
lead to such a deficit. Moreover, the velocity fluctuation
diverge with the width of the periodic unit cell, as woul
be expected for a random long-range microstructure. O
results suggest that other mechanisms must be uncov
to account for the experimental observations in Refs.
and [4]. The inhomogeneities introduced by the expe
mental apparatus may affect the velocity fluctuations in
least two different ways. First, long-range perturbatio
to the microstructure may be induced by the contain
walls, which may in turn lead to hydrodynamic screenin
second, there may be large-scale fluctuations in volum
ric flow, which, in the present calculations, have bee
suppressed by the periodic boundary conditions. N
simulations, explicitly including container walls, ar
planned to address these questions.
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