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Probability of Reflection by a Random Laser
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A theory is presented (and supported by numerical simulations) for phase-coherent reflection of light
by a disordered medium which either absorbs or amplifies radiation. The distribution of reflection
eigenvalues is shown to be the Laguerre ensemble of random-matrix theory. The statistical fluctuations
of the albedo (the ratio of reflected and incident power) are computed for arbitrary ratio of sample
thickness, mean free path, and absorption or amplification length. On approaching the laser threshold
all moments of the distribution of the albedo diverge. Its modal value remains finite, however, and
acquires an anomalous dependence on the illuminated surface area.

PACS numbers: 78.20.Ci, 05.40.+j, 42.25.Bs, 78.45.+h

Recent experiments on turbid laser dyes [1—4] havalistribution of the reflection matrix, from which(a) can
drawn attention to the remarkable properties of disorderetle computed directly.
media which are optically active. The basic issue is We contrast the two cases of absorption and amplifica-
to understand the interplay of phase-coherent multipléion. In the case of absorptio®(a) is a Gaussian with
scattering and amplification (or absorption) of radiation.a width 64 smaller than the average by a factorv/N,
A quantity which measures this interplay is the albedo where N = §/A?> > 1 is the number of modes associ-
which is the power reflected by the medium divided by theated with an illuminated ares and wavelength\.. In the
incident power. A thick disordered slab which is optically case of amplification, botlia anda increase strongly on
passive hasa = 1. Absorption leads toa < 1 and approaching the laser threshold—in a manner which we
amplification toa > 1. As the amplification increases compute precisely. Below threshold, the mean and modal
the laser threshold is reached, at which the averagealue ofa coincide. Above threshold, the mean is infinite
albedo becomes infinitely large [5]. Such a generatowhile the modal value is found to be
was referred to by its inventor Letokhov as a “laser

with incoherent feedback” [6], because the feedback of amax = 1 + 0.8yN. ()
radiation is provided by random scattering and not by
mirrors—as in a conventional laser. Here y denotes the amplification per mean free path, as-

The current renewed interest in random lasers owesumed to be in the rangé > < y < 1. The existence
much to the appreciation that randomness is not the san® a finite am.x is due to the finiteness of the number of
as incoherence. Early theoretical work on this problenmodesN in a surface ared (ignored in radiative trans-
was based on the equation of radiative transfer [7]fer theory). Sincean,, scales withN and hence with
which ignores phase coherence. Zyuzin [8] and Feng andl, and the incident power scales wifh) it follows that
Zhang [9] considered interference effects on the averagie reflected power scalepiadratically rather thanlin-
albedoa, averaged over different configurations of theearly with the illuminated area. We suggest the name
scattering centra. Their prediction of a sharpening of‘'superreflection” for this phenomenon. To measure the
the backscattering peak in the angular distribution of thealbedo in the unstable regime above the laser threshold
average reflected intensity has now been observed [3jve propose a time-resolved experiment, consisting of il-
The other basic interference effect is the appearance dfimination by a short intense pulse to pump the medium
large, sample-specific fluctuations of the albedo aroundheyond threshold, rapidly followed by a weak pulse to
its average. These diverge faster than the average aneasure the reflected intensity before spontaneous emis-
approaching the laser threshold [10], so tlatis no  sion has caused substantial relaxation.
longer characteristic for the albedo of a given sample. In Our work on this problem was motivated by a recent
the present Letter we show that while all moments ofpaper by Pradhan and Kumar [11] on the case= 1 of
the distribution functionP(a) of the albedo diverge at the a single-mode waveguide. We discovered the anomalous
laser threshold, its modal valug,,x remains finite. The scaling with area in an attempt to incorporate the effects
modal value is the value af at which P(a) is maximal, of mode coupling into their approach.
and hence it is the most probable value measured in a We consider the reflection of a monochromatic plane
single experiment. The diagrammatic perturbation theoryvave (frequencyn, wavelengthi) by a slab (thickness,
of Refs. [8—10] can give only the first few moments of areaS) consisting of a disordered medium (mean free path
a, and hence cannot determing.x. Here we develop [) which either amplifies or absorbs the radiation. We
a nonperturbative random-matrix theory for the entiredenote byo the amplification per unit length, a negative
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value ofo indicating absorption. The parameter= ol  transverse dimensioW of the slab is much greater than
is the amplification (or absorption) per mean free pathits thicknesd., but is expected to be reasonabl@if< L.
We treat the case of a scalar wave amplitude, and leavks a consequence of isotropy, becomes statistically
polarization effects for future study. A discrete numberindependent of the index of the incident mode. We
N of scattering channels is defined by imbedding the slalfurther assume that the wavelengtlis much smaller than
in an optically passive waveguide without disorder (seéboth the mean free path and the amplification length
Fig. 1, inset). The numbeWN is the number of modes 1/0. The evolution of the reflection eigenvalues with
which can propagate in the waveguide at frequeacy increasinglL can then be described by a Brownian motion
The N X N reflection matrixr contains the amplitudes process. To describe this evolution it is convenient to use
ran Of waves reflected into mode: from an incident the parametrization

mode n. (The basis states of are normalized such

that each carries unit power.) 'The reflection eigenvalyes Ry=1+pu,', tn € (=, —1) U (0,%). (4)

R, (n=1,2,...,N) are the eigenvalues of the matrix

productrrt. The matrixr is determined by the&,’s and

by a unitary matrix/ The L dependence of the distributiad®(wy, wo, ..., uy)

of the u’s is governed by the Fokker-Planck equation

Tmn = ZUmkUnk\/R—k- (2)
k

P 2 & 9
| — = (1 + w;
oL T 1 ; I i Mi)
Note thatr,,, = r,, because of time-reversal symmetry.

N
From r one can compute the albedoof the slab, which { oP
X

1
is the ratio of the reflected and incidental power: + P Z — +y(N + l)P},

ap JE MG T M

a = Z |rmn|2 = Z UnkUZkRk . (3) (5)
" k with initial condition lim,—oP = N[, 6(ui + 1). In
For a statistical description we consider an ensembléhe single-channel cagd/ = 1), the term}_;..; is absent
of slabs with different configurations of scatterers. As inand Eq. (5) reduces to the differential equation studied
earlier work on optically passive media [12], we makeby Pradhan and Kumar [11,13]. The multichannel case
the isotropy assumption thét is uniformly distributed in  is essentially different due to the coupling of the eigen-
the unitary group. This assumption breaks down if thevalues by the tern}_;..;(u; — w;)~'. This term induces
arepulsionof closely separated eigenvalues. Equation (5)
with y = 0 is known as the Dorokhov-Mello-Pereyra-

1.2 Kumar (DMPK) equation [14,15], and has been studied
1.0 extensively in the context of electronic conduction [16].
' We have generalized it toy # 0, by adapting the ap-

proach of Ref. [15] to a nonunitary scattering matrix.
0.8 The averag&r = (a) and the variance Var = {((a —
a)?) of the albedo (3) can be computed by first averaging
. U over the unitary group and then evaluating moments o
0.6 he uni dth luati f
the R;’s by means of Eq. (5) [17]. In the limiV — oo
0.4 we obtain the differential equations
0.2 l%a =(a — 1) + 2va, (6a)
0.0 Al ! . .
-0.3-0.2-0.1 0.0 0.1 0.2 |—Vara =4(@— 1+ y)Vara + 2N 'a@@ — 1)%.
~y dL (6b)

FIG. 1. Comparison between theory and simulation of the

average albeda@ (upper curves, squares) and \ar(lower . 2-1/2 .
curves, triangles) fok./I = 1.92 (dashed curves, open markers) Corrections are smaller by a factoyN?| , Which
and L/l = 9.58 (solid curves, filled markers). Negativg = we assume to bexl. Equation (6a) for the average

corresponds to absorption, positie to amplification. The  alpbedo is an old result of radiative transfer theory [18].

curves are the theoretical result (7). The data points are Equation (6b) for the variance is new. It describes
numerical simulation of a two-dimensional latticé & 50d '

and250d, W = 51d, N = 21), averaged over 100 realizations Fhe sample-specific fluctuations of the albedo due to

of the disorder. The inset shows schematically the systeninterference of multiply scattered waves. Integration of
under consideration. Eq. (6) yields
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11—y + Q2y — yz)l/ztant, (7a)

Q
Il

Var a = (8N cos' 1) "{4y(1 — 2y)L/1 + 2y(1 + y) — 4y?cos2t + 2y(1 — y) cos4t

+ @2 = )2y = Y)Y 4y — y)sin2t — (1 — 4y + 2y?)sindt]}. (7b)
We have abbreviated = (2y — y?)/2L/I - | We seek the probability distribution of the albedo
arcsinll — ).
Plots of Eq. (7) as a function of are shown in Fig. _1, Pla) = <5<a 1= Z Unka;k,u;Zl>>~ (12)
for two values ofL/l. (The data points are numerical P

simulations, discussed later.) In the case of absorption

(y < 0), the largeE limit The averagd:--) consists of the average @f over the
_ ) 12 unitary group followed by the average of the's over
ae=1-—7y —(y" =277, (82) the Laguerre ensemble. The averages can be done ana-
_ v lytically for N2 < y < 1 (in the continuum approxi-
var a. — LM (8b)  mation [21], i.e., by ignoring the discreteness of the
N1 — vy — as eigenvalues), and numerically for ady, y (by Monte

can be obtained directly from Eq. (6) by equating theCarlo integration, i.e., by randomly sampling the La-

right-hand side to zero. The limit (8) is reached whenguerre ensemble).
L/l > (y* — 2y)~!2. Inthe case of amplificatiofy > The analytical result is an inverse Laplace transform,

0), Eq. (7) holds for. smaller than the critical length

N N L _
L. =12y — v») " arccogy — 1) ) P(a) = SN ) 2w exdy s(a — 1)/yN — 2f(s)]
t whicha and Vara di . Thisis the | threshold
at whnicha an ara diverge IS IS tne laser thresno % [1 + %f(s)]z’ (133.)

[5,18]. For y < 0 the largeL limit of the probability

distribution P(a) of the albedo is well described by a . . . .
Gaussian, with mean and variance given by Eq. (8). (Th(\e/vheref is an implicit function of the Laplace variable

tails are non-Gaussian, but carry negligible weight.) The 1 1 ———=.-1/2
modal valuean,, of the albedo equalg. For y >0 (s = 2 f + 2V4f + f?) Pt
the largeL limit of P(a) cannot be reconstructed from its
moments, but needs to be determined directly. We will 2(f — Vaf + fz)_1 +1 =0. (13b)
see that whilez divergesa,.x remains finite.

The largeL limit Po(uy, o, ..., uy) Of the distribu-  The continuum approximation (13) is plotted in the inset
tion of the u’s is obtained by equating to zero the expres-of Fig. 3 (dashed curve). Itis close to the exact numerical
sion between square brackets in Eq. (5). The result is

1.0 T T T T TTTHI ",' .A‘ :'
P, = Cl_[exp[—y(N + I)Mi]nlﬂj - wil,  (10) o 7=1.09 F§

i<j

< 0.8} 2 r=0.68
with C a normalization constant. Equation (10) holds 2 0 7=0.22
for both positive and negative, but the support ofP. S ~0.072
depends on the sign of: All u’s have to be>0 for ..g- 0.6 = 7=0- 1
y > 0 (amplification) and<—1 for y < 0 (absorption). 3= ©7=0.038
In what follows we takey > 0. The function (10) is T -
known in random-matrix theory as the distribution of the Z

Laguerre ensemblg.9]. The densityp () = O ; 6(u — 0.2
w;)) of the u's is a series of Laguerre polynomials, hence :
the name. FoyN? > 1 one has asymptotically

pp) = (N/m)Qy/w — ¥y 0<u<2/y. 001 01 1 10

(11) FIG. 2. Comparison between theory and simulation of the

_ ; ; — 0 ; cumulative density of the variablgs, (related to the reflection
The square-root singularity at = 0 is cut off in the exact eigenvalues byR, — 1 + u-1). Curves are computed from

H — 2 i 2
density _[20]' Suqh t'hap N VN 'f, p = 1/yN*". The the density (11) of the Laguerre ensemble; data points are from
cumulative density is plotted in Fig. 2, together with thethe simulation { = 5004 = 19.21, W = 151d, N = 63), for

numerical simulations (discussed below). a single realization of the disorder.
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1.0 T T T T e computed for normal incidence. Data points in Figs. 1-3
<% 5 are the numerical results. The agreement with the curves
— 0.8 from random-matrix theory is quite remarkable, given that
) there areno adjustable parameters.
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