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Floating of Extended States and Localization Transition in a Weak Magnetic Field
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We report results of a numerical study of noninteracting electrons moving in a random potentia
in two dimensions in the presence of aweakperpendicular magnetic field. We study the topological
properties of the electronic eigenstates within a tight binding model. We find that in the weak magneti
field or strong randomness limit extended states float up in energy. Further, the localization length
found to diverge at the insulator phase boundary with thesameexponentn as that of the isolated lowest
Landau band (high magnetic field limit).

PACS numbers: 71.30.+h, 73.40.Hm
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Recently there has been considerable interest in the
of delocalized electronic states in a weak magnetic fi
in two dimensions (2D) [1–5]. In the limit of strong
magnetic field, or equivalently weak randomness, it is b
lieved that there exists a single critical energy within ea
Landau band where the localization length of electro
states diverges [6,7]. In contrast, one electron locali
tion theory [8] predicts that in the absence of magne
field all states are localized in 2D. Consequently, it w
argued [9,10] that in the limit of weak magnetic field o
strong randomness, where Landau bands merge toge
these extended states do not disappear discontinuousl
“float up,” tending to infinite energy in theB ! 0 limit.
Thus, for a given electron density (and hence finite Fe
energyEF), for sufficiently low B all extended states ar
aboveEF and the system becomes insulating. This s
nario is crucial to the global phase diagram for the qua
tum Hall effect proposed by Kivelsonet al. [11] and has
received strong experimental support [1–3]. Recen
however, based on numerical calculations of localizat
length on a tight binding model (TBM), Liu, Xie, and Niu
[5] concluded that extended states do not float. This is
is more clearly posed, and its resolution well describ
by studying certain topological properties of the electron
eigenstates, as we shall see below.

A second issue of interest is the divergence of the
calization length when approaching the insulator quant
Hall phase transition. A previous numerical study [1
performed on a random site TBM with a magnetic fie
suggested that the localization length exponentni . 0.8
in 2D at the localization transition point. Besides the fa
that this value is much smaller than that at the transit
between quantum Hall phases in the strong magnetic fi
limit [7] nH ø 2.4, it violates the inequalityn $ 2yd
[13] which is widely believed to be satisfied in known ra
dom systems [14]. To address both these issues, a m
clear-cut numerical method appears warranted.

In the presence of a magnetic field, electronic states
hibit interesting topological properties [15–18]. In pa
ticular, each state can be labeled by an integer called
Chern number, which is its boundary condition averag
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ate
ld

e-
h
ic
a-
ic
s

r
her,
but

i

e-
n-

y,
n

ue
d,
ic

o-
m
]

d

ct
n
ld

-
ore

x-
-
the
d

Hall conductance, in units ofe2yh [16,17]. A state with
nonzero Chern number carries Hall current and is neces
ily extended. Thus by calculating the Chern numbers o
is able to identify extended states unambiguously onfinite
size systems. This approach has proved very successf
addressing the localization problem in the lowest Land
band [19]. In this paper, we apply this approach to t
TBM studied by Liu, Xie, and Niu [5] and also by Ando
[20]. Our results clearly support the “floating up” pictur
and are consistent with Thouless number calculations
Ando [20]. In fact, the results of Liu, Xie, and Niu [5
are also consistent with ours, but our interpretation of th
results is somewhat different, as we discuss later.

We also study the dependence of the number and
ergies of extended states on system size. We find,
as in the case of individual Landau bands, the localiz
tion length diverges only at individual energies. In th
high field limit, the localization exponent is found to be th
same as that of an isolated lowest Landau band,nH ø 2.4
[7]. For strong enough randomness the localization len
remains finite throughout the band and the number of
tended states goes to zero as the system size goes to
ity, in this one band model. Using finite size scaling, w
find the largest localization length of the system diverg
as the critical randomness is reached with an exponenni

which is the same asnH , contrary to previous suggestio
[12,14] that they may be different. Thus our data sho
thatn is a universal exponent for all spin polarized integ
quantum Hall transitions, including the ultimate one to t
insulating state.

We study the TBM on a square lattice with neare
neighbor hopping, a uniform magnetic field, and rando
potential, described by the Hamiltonian

H 
X
mn

h 2 tscy
m11,ncm,n 1 c

y
m,n11ei2pamcm,n 1 H.c.d

1 em,ncy
m,ncm,nj , (1)

where the integersm and n are thex and y coordinates
of the lattice site,cm,n is the fermion operator on tha
site, t is the hopping matrix element which we set a
the unit of energy from now on, ande is the random
© 1996 The American Physical Society
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potential ranginguniformly from 2W to W . a is the
amount of magnetic flux per plaquette in units of the fl
quantumhcye. The Landau gaugeA  s0, Bx, 0d is used
in Eq. (1). Here we concentrate on the casea  1yNf ,
whereNf is an integer. In this case, we haveNf Landau
subbands in the absence of random potential, and
lowest energy subbands map onto the lowest Lan
levels in the limitNf ! `, which is the continuum limit.

The Hall conductance of an individual eigenstatejml
can be obtained easily using the Kubo formula [18]

sm
xy 

ie2h̄
A

3
X

nfim

kmjyyjnl knjyxjml 2 kmjyx jnl knjyyjml
sEn 2 Emd2 ,

whereA is the area of the system, andyx andyy are the
velocity operators in thex andy directions, respectively.
For a finite system with the geometry of a parallelogra
with periodic boundary conditions (torus geometry),sm

xy
depends on the two boundary condition phasesf1 andf2.
As shown by Niuet al., the boundary condition average
Hall conductance takes the form [16]

ksm
xyl 

1
4p2

Z
df1 df2 sm

xysf1, f2d  Csmde2yh ,

(2)

whereCsmd is an integer called the Chern number of th
statejml. States with nonzero Chern numbers carry H
current and are necessarily extended states [17,19]. T
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by numerically diagonalizing the Hamiltonian on a gr
of f1 and f2, and calculating the Chern numbers b
converting the integral in (2) to a sum over grid point
we are able to identify extended states unambiguously

We have studied systems of square geometry with v
ous size (from3 3 3 to 15 3 15), strength of randomness
(W ), and magnetic field (equivalently,Nf). The number
of samples explored for a givenW range from 2000 to 30
depending on system size. Most of our data were tak
for Nf  3. We do not, however, see any qualitative di
ference in behavior of the extended states, for syste
with Nf as large as 13. Hence we believe our results
generic and apply to the continuum limitNf ! `.

Figure 1 shows the density of states [rsEd] and density
of extended states with nonzero Chern numbers [rcsEd],
for two different strengths of randomness forNf  3 on a
square of lattice size9 3 9. For weak enough randomnes
(W  1.0), the three Landau subbands are broadened
randomness, but are still well separated. We see th
are extended states in all subbands, with their densi
peaked essentially at the center of each subband. Th
consistent with the previous study on individual Land
bands [19]. As randomness increases, the subbands fu
broaden and start to merge, as is seen forW  2.5. In
this case there are still three prominent peaks inrsEd (we
call themE1, E2, andE3, respectively), which are (loosely
identified as centers of Landau subbands.rcsEd, however,
now looks very different: most of the extended states
near the center of the entire band (E2) and there is no peak
FIG. 1. Ensemble averaged density of statesrsEd and density of extended statesrcsEd for two values of randomnessW , for
systems of size9 3 9.
1317
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in rcsEd at E1 or E3, which are the centers of Landau
subbands. There are nontrivial features inrcsEd which
we discuss below, but it is clear from Fig. 1 that as th
three subbands start to merge the extended states in
lower and upper subbands move away from the centers
the subbands (E1 andE3) toward center of the band (E2).
This behavior is also seen in systems ofNf as large as
13. We hence believe in the limitNf ! ` (which can be
mapped onto the continuum model) the extended state
the lowest subbands (which becomes Landau levels) fl
up toward the center of the band (which is at infinitely hig
energy relative to them in the continuum model). This pr
vides unambiguous support for the floating up picture p
dicted theoretically [9,10] and seen experimentally [1–3

The fact that the extended states in the lower and up
subbands float toward the center of the band as rando
ness increases may be understood in the following m
ner. In finite size systems, the Chern number of a state
change only when it becomes degenerate with a anot
state under certain boundary conditions. If such a deg
eracy were to occur, the Chern numbers of the two sta
involved may change but their sum is conserved. Rando
ness tends to localize all states and annihilate the nonz
Chern numbers carried by the extended states. Thus st
with nonzero Chern numbers of opposite signs “attrac
each other and tend to move close in energy as randomn
increases. It is believed that in the thermodynamic lim
true extended states exist only at individual critical ene
gies (see below). Each such critical energy is characteri
by its total Chern number which isinvariantas randomness
varies, unless merging between critical energies occur.
exactly the same reason, critical energies with total Che
numbers of opposite sign also attract each other as rand
ness increases. In the case ofNf  3 systems, the total
Chern numbers for the three subbands are1, 22, and1,
respectively [21]. Because of the “attraction,” we expe
that as randomness is turned on the extended states in
central subband with total Chern number22 splits into two
critical energies with total Chern number21 each (by sym-
metry) and move toward the two band edges as rando
ness is increased further. Concurrently, the two critic
energies of the upper and lower subbands with total Ch
number11 move away from the center of the subbands t
ward the center of the band. This is precisely what is se
in rcsEd at W  2.5: There is a small dip at the center o
the band indicating the splitting of the central critical en
ergy; further, there are two less pronounced peaks from
two edge subbands, whose positions have clearly mo
away from the corresponding peaks ofrsEd. Similar be-
havior is found for systems with largerNf . Our data
suggest that the shift of critical energies from their corr
sponding peaks ofrsEd (floating) becomes sizable when
the broadening of subbands due to randomness is c
parable to subband gaps, consistent with previous pred
tion [9,10] that floating becomes important whenvct ,
1. The number of states below these critical energ
(or, equivalently, the filling factor at these critical en
1318
the
of

in
at

-
-
.
er

-
n-
an
er
n-
s
-
ro
tes
”
ss

t
-
d

or
n
m-

t
the

-
l

rn
-
n

e
d

-

m-
c-

s

ergies) grows roughly linearly with randomness streng
as it further increases. However, we are unable to test
quantitative prediction of Refs. [9,10] due to system si
limitations.

Figure 2 depicts the number of states with nonze
Chern numberNc ;

R`
2` rcsEd dE versus the system

sizeNs (number of sites), for different values of disorde
W , for Nf  3, on a double logarithmic plot. We find the
plot is essentially linear for smallW up toW ø 3.0, with
slope y  0.79 6 0.01 which is relatively independent
of W , indicating thatNc , sNsdy in this region. This
power law behavior is exactly what is expected [18,1
where there are individual critical energiesEi

c in the
vicinity of which the localization length diverges with
a power law of the formjsEd , jE 2 Ecj2n. In a
finite system with linear sizeLs 

p
Ns, states with

jsEd . Ls look extended. The number of such state
goes likeNc , NsrsEcdL21yn

s , N
121y2n
s , thusy  1 2

1y2n. This givesn  2.4 6 0.1, in agreement with the
nH for lowest Landau band [7,19]. This suggests thatn is
a universal exponent in all spin-polarized integer quantu
Hall transitions.

For largerW , the dependence ofNc onNs deviates from
a power law and bends down asNs increases, indicating
that the two critical energies have merged and disappea
j is finite throughout the band. For strong enough ra
domness and largeNs, Nc decreasesasNs increases; thus
in the localized regime the average number of extend
states per sample goes to zero in the thermodynamic lim
From the shape of the density of extended states a
scaling of data we determine the critical randomness
be Wc ø 2.9 6 0.1. For W greater than but close toWc,
and large sizesNs, Nc is expected to take the scaling form
Nc , N

y
s F̃sLsyjmd , N

y
s FsssN1ys2nid

s sW 2 Wcdddd, where
jm is the largest localization length in the system th
diverges asWc is approached with exponentni . The best

FIG. 2. Number of extended statesNc vs system sizeNs for
variousW on a double logarithmic scale. The solid line wit
slopey  0.79 is a linear fit to the data forW  3.0.
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FIG. 3. The scaling functionFsssN1ys2ni d
s sW 2 Wcdddd.

scaling is achieved withni ø 2.3, assumingWc  2.9,
and Fig. 3 shows the scaling functionF. Taking into
uncertainty in Wc we estimateni ø 2.3 6 0.3. This
suggests that the localization length exponents are
same in both the localized and extended regimes, in c
trast to a previous suggestion that they may be differe
[12]. The increasing negative slope of the scaling cur
suggests thatNc goes to zero faster than any power law a
Ns increases at largeNs.

We emphasize that the existence of this localized regi
in the TBM is due to the fact that there exist critical en
ergies with negative Chern numbers and the total Ch
number of the system is zero. In the continuum, howev
the total Chern number of the critical energy of each La
dau band is 1, and there isno critical energy with negative
Chern number at finite energy. Hence the extended sta
at these critical energies cannot annihilate their Chern nu
bers and become all localized as the randomness increa
They only float up and “disappear” at infinite energy. Th
becomes clear as one views the continuum system as
Nf ! ` limit of the TBM. In the TBM, the natural en-
ergy scale is hoppingt (set to be 1 previously), and the zer
point of energy is the center of the band. In the continuu
however, the energy scale is Landau level spacingh̄vc,
and the zero point of energy is determined by identifyin
the center of the lowest energy band with energyh̄vcy2.
In terms of TBM parameters we havēhvc  4ptyNf .
Based on our data up toNf  13 we conclude that the
critical randomness is almostNf independent and is abou
Wc ø 3t, in agreement with Ando [20]. The energy a
which the final merging and disappearance of critical e
ergies measured from thebottomof the band is found to
be of OsWcd, which is the only energy scale of the TBM
at criticality. Therefore the number of Landau subban
below the lowest critical energy (and hence its correspon
ing Landau level filling factor) before it finally disappear
is of OsWcyh̄vcd ~ Nf . We hence conclude in the con
tinuum limit (h̄vc finite, Nf ! `) the critical randomness
strength (Wc ~ Nf h̄vc) is infinite, and extended states a
float up to infinite energy in the strong randomness limi

Liu, Xie, and Niu [5] find the energies of the extende
states do not shift much relative to thecenterof the band
(E  0) and interpret it as evidence against floating. O
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results forNf  3 are consistent with very little shift of
peaks ofrcsEd from edge bands relative toE2. However,
critical energies clearly float away from peaks ofrsEd
(which are roughly at the centers of Landau subband
This is because as randomness increases, both the bo
of the band and peaks inrsEd move downward. We
believe this relative movement is a clear indication o
floating of extended states which survives the continu
limit.
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