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Determining the Cabibbo-Kobayashi-Maskawa Unitarity Triangle from B Decays
to Charged Pions and Kaons
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Decay rates ofB0std ! p1p2, B0 ! p2K1, B1 ! p1K0 sKS ! p1p2d and of charge-conjugate
processes are studied within flavor SU(3) symmetry and first-order SU(3) breaking. We show tha
these measurements can determine with a reasonable accuracy the two anglesa andg of the Cabibbo-
Kobayashi-Maskawa unitarity triangle.
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B decays provide a variety of CP asymmetry me
surements [1], which can test the currently favore
hypothesis that phases in elements of the Cabib
Kobayashi-Maskawa (CKM) matrix [2] are the source o
the observedCP violation in the neutral kaon system [3]
The time-dependent rate asymmetry between the proc
B0std ! p1p2 and its CP conjugate measures one o
these phases, the anglea of the CKM unitarity triangle.
Penguin amplitudes [4] and higher order electroweak pe
guin contributions [5] complicate the situation somewha
However, by measuring also the rates ofB0 ! p0p0,
B1 ! p1p0 and of their charge-conjugate counterpar
one can isolate the amplitudes contributing to final sta
with isospin 0 and 2 and thereby determinea with a rather
good accuracy [6,7]. The detection of the modes invo
ing neutral pions poses an interesting challenge for futu
experiments.

A few alternative ways to learn the penguin effect
B0 ! p1p2 were suggested recently. DeJongh and Sp
icas [8] have studied in detail the dependence of the asy
metry inB0std ! p1p2 on the (unknown) magnitude and
relative phase of the tree and penguin amplitudes contrib
ing to this process. Using flavor SU(3) symmetry, Silv
and Wolfenstein [9] proposed to approximately estima
the penguin contribution by comparing the tree-dominat
decay rate ofB0 ! p1p2 with that of B0 ! p2K1

which has a large penguin term. Buras and Fleischer [1
suggested to isolate the penguin term inB0 ! p1p2 from
its [SU(3)-related] dominant effect in the time-depende
asymmetry ofB0std ! K0K

0.
In the present Letter we describe a method whi

determines simultaneously both the anglea and the angle
g of the unitarity triangle from the decay rates ofB0std !
p1p2, B0 ! p2K1, B1 ! p1K0 (whereK0 ! KS !

p1p2) and their charge conjugates. All these modes a
detected by charged pions and kaons in the final sta
Other ways to measureg, based on chargedB decays, were
proposed in Ref. [11]. Our method employs flavor SU(
symmetry [12–14], and neglects “annihilation” amplitude
0031-9007y96y76(8)y1200(4)$06.00
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in which the spectator quark (the light quark accompanyi
theb in the initial meson) enters into the decay Hamiltonia
[15]. These amplitudes inB decays are expected to
be suppressed byfBymB, where fB . 180 MeV. In
order to improve the precision of the method, we al
include first-order SU(3) breaking terms [16]. Secon
order corrections, which are expected to be at a level
a few percent, will be neglected.

In the SU(3) limit and neglecting annihilation terms a
B decay amplitudes intopp, pK , and KK states can
be decomposed in terms of three independent amplitu
[7,15]: a “tree” contributiontst0d, a “color-suppressed”
contribution csc0d, and a “penguin” contributionpsp0d.
These amplitudes contain both the leading-order a
electroweak penguin contributions:

t ; T 1 scu 2 cddPC
EW ,

c ; C 1 scu 2 cddPEW ,

p ; P 1 cdPC
EW . (1)

Here the capital letters denote the leading-order co
tributions defined in Ref. [15], andPEW and PC

EW are
color-favored and color-suppressed electroweak peng
amplitudes defined in Ref. [7]. The valuescu ­

2
3 and

cd ­ 2
1
3 are those which would follow if the electrowea

penguin coupled to quarks in a manner proportional
their charges. (Small corrections, which we shall igno
and which do not effect our analysis, arise from axia
vector Z couplings and fromWW box diagrams.) The
DS ­ 0 amplitudes are denoted by unprimed quantiti
and theDS ­ 1 processes by primed quantities.

The amplitudes of the two processesB0 ! p1p2 and
B0 ! p2K1 are expressed as

App ; AsB0 ! p1p2d ­ 2t 2 p

­ 2T 2 P 2
2
3 PC

EW ,

ApK ; AsB0 ! p2K1d ­ 2t0 2 p0

­ 2T 0 2 P0 2
2
3 P0C

EW ,

(2)
© 1996 The American Physical Society
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while that forB1 ! p1K0 will be approximated by

A1 ; AsB1 ! p1K0d ­ p0 ­ P0

2
1
3 P0C

EW ø P0 1
2
3 P0C

EW , (3)

neglecting a color-suppressed electroweak penguin e
of orderjP0C

EW yP0j ­ Ossss 1
5 d2ddd [7]. With this approxima-

tion, A1 contains the same combination of electrowe
and gluonic penguins as in the expression forApK .

The terms on the right-hand sides of (2) and (3) ca
well-defined weak phases. The weak phase ofT is
ArgsVudV p

ubd ­ g, and that ofP 1
2
3 PC

EW is approxi-
mately ArgsVtdV p

tbd ­ 2b, where we neglect correction
due to quarks other than the top quark. The effects of
u andc quarks become appreciable [17] whenVtd obtains
its currently allowed smallest values. This correspond
a small deviation of theCPasymmetry inB0std ! p1p2

from sins2ad sinsDmtd (whereDm is the neutralB mass
difference). For large values ofVtd, where the deviation
due to the penguin amplitude becomes significant [1
theu andc contributions become vary small.T 0 also car-
ries the phaseg, while the weak phase ofP0 1

2
3 P0C

EW is
ArgsVtsV p

tbd ­ p . The ratio ofDS ­ 1 to DS ­ 0 tree
and penguin amplitudes are given by the correspond
ratios of CKM factors, jT 0yT j ­ jVusyVudj ; ru ­
0.23, jP0yPj ­ jVtsyVtdj ; rt .

DenotingT ; jT j, P ; jP 1
2
3 PC

EW j and assigning
SU(3)-symmetric strong phasesdT , dP to terms with
specific weak phases, (2) and (3) may be transcribed a

App ­ T eidT eig 1 P eidP e2ib ,

ApK ­ ruT eidT eig 2 rtP eidP ,

A1 ­ rtP eidP .

(4)

To introduce first-order SU(3) breaking corrections, w
note that in theT 0 amplitude theW turns into ans
quark instead of ad in T. This SU(3) breaking term
was denoted byT 0

1 in Ref. [16]. Assuming factorization
for T, which is supported by experiments [19,20] a
justified for B ! pp and Kp by the high momentum
with which the two color-singlet mesons separate fro
ect
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one another, SU(3) breaking is given by theKyp ratio of
decay constants

T 0

T
­

jVusjfK

jVudjfp

; r̃u . (5)

Apart from small electroweak penguin terms, a
amplitudes we consider are free of color-suppress
contributions, for which factorization might be mor
questionable. The situation would be very different we
we to consider the amplitude forB0 ! p0p0, where the
color-suppressed contribution could be dominant.

In the penguin amplitudes (including electroweak pe
guin) of bothB0 ! p2K1 andB1 ! p1K0 theb quark
turns into ans quark instead of ad in B0 ! p1p2.
This SU(3) breaking term was denoted byP0

1 in Ref. [16].
Here we will denote the magnitude of theDS ­ 1 pen-
guin amplitude byrtP̃ , to allow for SU(3) breaking.
Since factorization is questionable for penguin amp
tudes, one generally expects̃P fi s fKyfp dP . We will
assume that the phasedP is unaffected by SU(3) breaking
Since this phase is likely to be small [21], this assumpti
is not expected to introduce a significant uncertainty in t
determination of the weak phases.

Thus, including first-order SU(3) breaking, Eqs. (4) a
modified to become

App ­ T eidT eig 1 P eidP e2ib ,

ApK ­ r̃uT eidT eig 2 rtP̃ eidP ,

A1 ­ rtP̃ eidP .

(6)

It will be shown that the numerousa priori unknown
parameters in (6), including the two weak phasesa ;
p 2 B 2 g and g, can be determined from the rat
measurements of the above three processes and
charge conjugates.

First, we note that the amplitudes for the correspond
charge-conjugate decay processes are simply obtaine
changing the signs of the weak phasesg and b. We
denote the charge-conjugate amplitudes correspondin
(6) by App , ApK , A2, respectively.

The time-dependent taggedB0 and B
0 decay rates to

p1p2 are given by
GfB0std ! p1p2g ­ e2Gt

∑
jApp j2 cos2

µ
Dm

2
t

∂
1 jApp j2 sin2

µ
Dm

2
t

∂
1 Imse2ibAppA

p
pp d sinsDmtd

∏
,

GfB0std ! p1p2g ­ e2Gt

∑
jApp j2 sin2

µ
Dm

2
t

∂
1 jApp j2 cos2

µ
Dm

2
t

∂
2 Imse2ibAppA

p
pp d sinsDmtd

∏
. (7)
s

Measurement of these rates determinesjApp j2, jApp j2,
and Imse2ibAppAp

pp d:

jApp j2 ­ T 2 1 P 2 2 2T P cossd 2 ad ,

jApp j2 ­ T 2 1 P 2 2 2T P cossd 1 ad ,

Imse2ibAppA
p
ppd ­ 2 T 2 sins2ad

1 2T P cosd sina ,

(8)
where we usedb 1 g ­ p 2 a and where we defined
d ; dT 2 dP. The rates of the self-tagging mode
p2K1, p1K2, and p1K0 determinejApK j2, jApK j2,
andjA1j2, respectively:
jApK j2 ­ r̃2

uT 2 1 r2
t P̃ 2 2 2r̃urtT P̃ cossd 1 gd ,

jApK j2 ­ r̃2
uT 2 1 r2

t P̃ 2 2 2r̃urtT P̃ cossd 2 gd ,

jA1j2 ­ jA2j2 ­ r2
t P̃ 2.

(9)
1201
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Measurement of the six quantities in (8)–(9) suffice
to determine all six parametersa, g, T , P , P̃ , and d

up to discrete ambiguities. The CKM parameterrt ;
jVtsyVtd j, which is still largely unknown, is obtained from
the unitarity triangle in terms ofa andg:

rurt ­
sina

sing
. (10)

We note immediately that

jApK j2 2 jApK j2

­ 2

µ
fK

fp

∂ µ
P̃

P

∂
sjApp j2 2 jApp j2d , (11)

which determines the magnitude of SU(3) breaking in t
penguin amplitudeP̃ yP . The relation (11) between the
particle-antiparticle rate differences inB ! pK and in
B ! pp was recently derived [22] in the SU(3) limit
fKyfp ! 1, P̃ yP ! 1. The authors assumed for SU(3
breaking a valueP̃ yP ­ fKyfp (based on factorization
of penguin amplitudes) which is questionable. In o
approach, this ratio is a free parameter to be determin
by experiment. We expect it to differ from 1 by up to
30%.

Both sides of Eq. (11) are proportional to sind, and
thus would vanish in the absence of a strong pha
difference. In that case, one would have to assume
relation betweenP̃ andP in order to obtain a solution.
If, on the other hand,d fi 0, leading to a rate asymmetry
between the self-tagging decaysB0 ! p2K1 andB

0
!

p1K2, the present method permits one to interpret th
rate asymmetry in a manner independent ofd.

A combined sample of the decaysB0 ! p1p2 and
B0 ! p2K1 has already been observed [23] with
joint branching ratio of about2 3 1025. Equal mixtures
of the two modes are likely, although confirmation o
this estimate awaits a betterpyK separation. A similar
branching ratio is expected forB1 ! p1K0, where the
efficiency of observing aK0 by a KS decay to two
charged pions is1y3. Samples of hundreds of event
in each of these modes (combiningB1 ! p1K0 and
B2 ! p2K

0) are expected to be obtained in futuree1e2

colliders operating at theYs4Sd resonance. The resulting
statistical accuracy of determining the weak phasesa

and g using the above method thus is expected to
at a level of 10%. The theoretical uncertainty of th
method is at a similar level, involving the following
corrections all of which are of order a few percen
a correction from an electroweak penguin amplitude
B1 ! p1K0, corrections due tou and c quarks in
the B0 ! p1p2 penguin amplitude, second-order SU(3
breaking in the magnitudes of weak amplitudes, first-ord
SU(3) breaking in the (small) strong phase of the pengu
amplitude, andOs fBd annihilation amplitudes.

To summarize, we have shown that measurements
the rates forB decays to modes involving charged pion
and kaons in the final states can determine the sh
of the unitarity triangle. The accuracy of this metho
1202
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of determining the anglesa and g in future e1e2 B
factories is roughly estimated to be at a level of 10%
More detailed studies of the precision of this method a
worthwhile.
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