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Comment on “Asymptotic Scaling in the
Two-Dimensional O(3)s Model at Correlation
Length 105 ”

In their recent Letter [1] Caraccioloet al. claim to have
determined the correlation length of the 2D O(3)s model
up to 105 and to find excellent (4%) agreement with th
Hasenfratz-Maggiore-Niedermayer (HMN) formula [2
Their results come from applying finite size scaling (FS
to Monte Carlo (MC) data taken on lattices of linear siz
L # 512, 200 times smaller than the alleged correlatio
lengths. Although this fact alone casts doubt upon su
claims, we would like to repeat here why such procedur
cannot be relied upon to study asymptotic scaling in 2
OsNd models (see also [3,4]).

FSS is a statement about the limitL ! ` at x ;
jsLdyL fixed. So if asymptotic scaling would hold,L
would have to be increased likeOse2pbd; if, as we
believe, there is a critical point at a finite value ofb, L has
to increase withb even faster. There is no easy answer
the crucial question how largeL should be chosen to keep
the corrections to FSS smaller than a given percenta
but a criterion is provided by perturbation theory (PT
PT provides the correct asymptotic expansion atL fixed,
b ! ` and suggests that ifL ø Osepbd, any MC
measured quantity will just reproduce PT. Moreove
at fixed L, the accuracy with which PT reproduces MC
data increases with increasedx. We have verified this
explicitly in Ref. [4] and so have Caraccioloet al. (see
their Fig. 2, where forx . 0.7, the PT prediction is
indistinguishable from the MC data). So contrary to wh
they say, implicitly they do assume asymptotic scaling
working in the perturbative regime for the crucial largex
values.

There is another, related, trouble with PT at fixe
L: As we have shown explicitly [5], the two limits
L ! ` and b ! ` cannot be interchanged. If by thei
procedure Caraccioloet al. did determine the truej

s2d
` sbd,

the result should be independent of the boundary con
tions (BC) used. But in [5] we showed that in the non
Abelian models OsNd N $ 3, the termwise limits of the
PT coefficients, and even of the so-called universal co
ficients of theb function depend upon the BC.

The only safe way to avoid the pollution of the FS
predictions by the BC is to work on lattices withL ¿

Osepbd. The authors not only did not obey this criterion
but for x . 0.7 they reducedLmin from 128 to 64.
They state that they needed a largerLmin for x , 0.7 to
eliminate certain scaling violations. These are, in fa
systematic: In their Fig. 1, forx , 0.6 the data points
taken at the samex but largerL (i.e., largerb) generally
produce larger values for the scaling functionFj. These
nonperturbative scaling violations shift to largerL values
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with increasingx and for x . 0.7 are no longer visible
in the limited range ofL values studied. This certainl
cannot be taken as proof that the limitL ! ` has been
reached; it would rather be worth some effort to stu
these violations in more detail.

Those FSS violations are also reflected in the extr
olated values of the correlation lengthj

s2d
` produced by

Caraccioloet al. as well as those of Kim, reported i
their Table II: generally larger lattices lead to larger valu
of j

s2d
` .

Caraccioloet al. state that their work establishes FS
for Lmin # L # 256 and1.65 # b # 3. This statement
is incorrect: As said above, all their results employi
FSS data withx . 0.7 are perturbative, hence, in prin
ciple, polluted by BC effects and cannot be regard
as true determinations ofj

s2d
` sbd. So contrary to their

claim implicity in Table II, one does not knowj
s2d
` sbd

for b . 1.9; it is unknown if it varies in agreement with
asymptotic scaling or whether it diverges forb , 3.

The authors invoke as support for their claims t
improved agreement between theirj

s2d
` s3.0d and the HMN

formula. But if one accepts their premises, one c
extend their procedure to arbitrarily largeb and see if the
agreement still improves: Instead of the nonexisting M
data at very largeb one can forx . 0.7 use the PT values
for j

s2d
L —which will be very good at fixedL and those

largeb values—and determinej
s2d
` using the PT form of

their FSS function [their Eq. (7)]. The agreement with t
HMN prediction does not improve, so the good agreem
found atb  3 has to be considered as accidental.
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