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Quantum Algebraic Nature of the Phonon Spectrum in4He
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We propose that the phonons in4He obey aq deformation of the Heisenberg algebra and we give an
algebraic interpretation for the polynomial expansion of the small momenta phonon dispersion relation.
Comparison withCV experimental data shows that our spectrum reproduces the experimental one with
a less than 5% discrepancy.
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The superfluid properties of4He [1] are well described
by Landau theory [2]; nevertheless, even for temperatu
as low as 1 K there are still unsolved discrepanc
between theory and experiment. In Landau theory,
superfluidity follows from phonon and roton elementa
excitations [3]. The anomalous dispersion of the phon
spectrum in4He,vspd ­ c0ps1 2 gp2d (c0 is the sound
velocity), was theoretically derived [4] andg estimated to
be positive. On the other hand, data from4He specific
heat measurements were fit by a different expression
the dispersion of the phonon spectrum and give a nega
g for most values of the pressure [5,6]. Negativeg

leads to an unstable phonon spectrum, which is confirm
by experimental measurements of phonon lifetime
scattering of neutrons [7]. In this Letter we show th
this difficulty can be overcome if we treat the phono
as bosonicq oscillators [8]. UsingA, B, and D values
experimentally determined by fitting the low-temperatu
phonon specific heat

C
phonon
V ­ AT3 1 BT5 1 DT7, (1)

with measured specific heat data of4He [6] at the
temperature range0.14 # T # 0.86, our model leads
to unstable phonons for all the analyzed values of
pressure.

Bosonic q oscillators [8] are a generalization of th
Heisenberg algebra obtained by introducing a deformat
parameterq. For q . 1 [9], an ideal q gas presents
Bose-Einstein condensation and the specific heat exh
a l-point discontinuity [10], two features connected
superfluidity [11]. On the other hand, there have be
interesting indications that the continuum descriptions
physical quantities break down both in a convergent flu
flow [12] and, more recently, in superfluid4He [13].
A similar breakdown has been observed in connect
with deformed algebras [14], and we are led to thi
that they might have a role to play in the study
superfluidity.
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Let us then consider the algebra generated bya, ay and
N satisfying

fN , ayg ­ ay, fN, ag ­ 2a ,

aay 2 q21aya ­ qN sq [ Rd .
(2)

Assuming thata and ay are mutually adjoint,N ­
Ny, and the spectrum is nondegenerate, the followi
representations of (2) were obtained [15] forq . 1:

ayjnl ­ qn0y2fn 1 1g1y2jn 1 1l ,

ajnl ­ qn0y2fng1y2jn 2 1l ,

Njnl ­ sn0 1 ndjnl ,

(3)

wherefng ­ sqn 2 q2ndysq 2 q21d andn0 is a real free
parameter which goes to zero when (2) becomes
usual Heisenberg algebrasq ! 1d. Note that only when
n0 ­ 0, N is the usual particle number operator for th
normalized vector statejnl; otherwise, the particle number
operator is N̂ ­ N 2 n0 and n0 is a parameter that
classifies the inequivalent representations of the alge
(2) [15–17].

Generalizing previous results obtained forn0 ­ 0 [18],
in the Fock space spanned by the vectorsjnl, we can
express the above deformed oscillators in terms of t
standard bosonic ones,b andby, according to

a ­ qn0y2

√
fN 1 1 2 n0g
N 1 1 2 n0

!1y2

b,

ay ­ qn0y2by

√
fN 1 1 2 n0g
N 1 1 2 n0

!1y2

, (4)

and it can be easily shown that

aay ­ qn0 fN 1 1 2 n0g, aya ­ qn0 fN 2 n0g , (5)

whereN 2 n0 ­ byb. This shows that bosonicq oscil-
lators, in arbitrary representationsn0 and for realq . 1,
can be reinterpreted as standard bosonic oscillators.

We propose that the phonons in4He are described by a
q gas. Considering that our model will be compare
© 1996 The American Physical Society
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TABLE I. Values of c0, a, d, and q resulting from the least-squares fits of the specific heat data with the expres
CV ­ ÃT3 1 B̃T5 1 D̃T7 1 Croton

V , for samples 6–9 in analysis 2 of Ref. [6]; the roton data are those of [6].

Sample Ãy104 B̃y104 D̃y104 V c0y104 ay1038 dy1019 q
sergymol K4d sergymol K6d sergymol K8d scm3d scmysecd sg22 cm22 sec2d sg21 cm21 secd

6 84.42 249.8 83 27.5790 2.2854 2.1 1.7745 3.5090
7 69.3 236.10 67 26.9650 2.4177 2.7178 1.9361 4.395
8 57.77 225.4 49 26.4240 2.5501 3.0873 2.0134 4.877
9 49.85 218.8 38 25.9760 2.6625 3.3821 2.0700 5.249
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with the experimental results at the temperature ran
0.14 # T # 0.86 [6], where the rotons contribution is
at most 0.5% of the total specific heat [6], they will b
treated as usual [3]. We take for the phonon gas
Hamiltonian

H ­
X

i

via
y
i ai ­

X
i

visfNig 2 qNi C d , (6)

whereC ­ q2N sfNg 2 ayad is a Casimir operator of the
algebra (2) and in the representations (3) one has

Cjnl ­ qn0 fn0g jnl . (7)

In (6) ai and a
y
i are the annihilation and creatio

operators, respectively, of particles in levelsi with energy
vi and Ni is the number operator of particles in levelsi
plusn

i
0, which we are assuming level dependent.

As the partition function factorizes for the above syste
the canonical potential is

V ­ 2
1
b

X
i

ln
X̀
n­0

e2bviq
n

i
0 fng, (8)

whereb ­ skBT d21, with kB the Boltzmann constant.
The phonon anomalous dispersion relation isvspd ­

c0ps1 2 ap2d, with c0 the velocity of sound, and we
is
e

e

propose the dispersion relation

n0s pd ­
d2

u
p2 ­

p2y2m
El

, (9)

with d an algebraic dimensional constant,fdg ­
g21 cm21 sec, andq ­ eu . As a consequence of th
dimensionlessness ofn0spd it appears in (9) an energ
scale,El, that we take asEl ­ kBTl, whereTl is the
temperature at which liquid4He undergoes a transitio
and becomes superfluid. Moreover, it seems natura
takem ­ m4He since we have forn0spd the nonrelativis-
tic classical dispersion law. For small phonon mome
we can expand our energy-momentum relation as

qn0spdvspd ­ ed2p2

c0ps1 2 ap2d

­ c0pf1 2 sa 2 d2dp2

2 sad2 2
1
2 d4dp4 2 · · ·g . (10)

We are thus presenting an algebraic interpretation
the usuallyad hoc introduced small momenta phono
dispersion relation [3,5,6].

It follows from a straightforward calculation that th
low-temperatureq-phonon specific heat per mole is give
by

C
phonon
V ,q ­ ÃT3 1 B̃T5 1 D̃T7 1 G̃T9 1 · · · , (11)

where
Ã ­
2k4

BV

p2h̄3c3
0

vs3d, B̃ ­
15k6

Bsa 2 d2dV
p2h̄3c5

0
vs5d, D̃ ­

28k8
Bs 7

2 a4 1 4d2 2 7ad2dV
p2h̄3c7

0
vs7d,

G̃ ­
15k10

B s281d6 1 110a3 1 243ad4 2 270d2a2dV
2p2h̄3c9

0
vs9d, (12)
t

gh
with V the molar volume and

vsmd ­
Z `

0
dy ym21

P
`
n­0fnge2yfngP`

n­0 e2yfng . (13)

Using its usual dispersion relationvr spd ­ D 1 sp 2

p0d2y2m, whereD is the energy gap,p0 is the position of
the energy minimum andm is the effective mass of the
roton; the roton contribution to the molar specific heat

Croton
V ­

2Vm1y2p2
0D2

s2pd3y2h̄3k
1y2
B T3y2

3 f1 1 kBTyD 1
3
4 skBTyDd2ge2DykBT ,

(14)
and the total specific heat is

CV ­ C
phonon
V ,q 1 Croton

V . (15)

Taking for the coefficients̃A, B̃, andD̃ the least-squares
fits for A, B, andD in (1) [6] of the measured specific hea
data (analysis 2 in Ref. [6]) and̃G ­ 0, we obtain forq,
a, d, andc0 the results listed in Table I. The values ofq
are derived from

ln q ­ 2m4Hed2kBTl , (16)

which is a consequence of (9), andc0, a, and d from
relations (12). As the very large errors in theT7

coefficients for the samples 10–16 [6] lead to a hi
1099
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fit of

0
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TABLE II. In the upper row, we repeat the values of Table I for sample 6. In the lower one, we have the values forc0, a, d,
andq obtained taking for̃A, B̃, D̃, andG̃ values that reproduce, within 5% accuracy, the curve resulting from least-squares
CV data [6] with the expressionCV ­ AT3 1 BT5 1 DT7 1 Croton

V .

Sample Ãy104 B̃y104 D̃y104 G̃y104 V c0y104 ay1038 dy1019 q
sergymol K4d sergymol K6d sergymol K8d sergymol K10d scm3d scmysecd sg22 cm22 sec2d sg21 cm21 secd

6 84.42 249.8 83 0 27.5790 2.2854 2.1 1.7745 3.509
6 80 221 83 267.5 27.5790 2.3209 3.4484 1.9815 4.783
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inaccuracy in the derivation of expression (16), we rest
our analysis to the samples 6–9 [6].

In Table I we see that the values ofq increase with the
pressure, and that the values ofc0 are around 4% lower
than the directly measured sound velocities [19]. The
results are obtained by least-squares fits of the spe
heat data [6] with the expression (15), considering ter
up to T 7 in C

phonon
V ,q . Since in our model higher power

of T are relevant, in the second row of Table II w
show the results obtained considering terms up toT9

in (11) and taking Ã ­ 80 3 104 ergymol K4, B̃ ­
221 3 104 ergymol K6, D̃ ­ 83 3 104 ergymol K8,
and G̃ ­ 267.5 3 104 ergymol K10. These values
reproduce, within 5% accuracy, the curve resulti
from least-squares fit ofCV data for sample 6 [6],
with CV ­ AT3 1 BT 5 1 DT7 1 Croton

V (see Fig. 1).
We see that thec0 value is then more in accordanc
with the experimental one. We note that for a giv
value of q, c0 and the parametersa and d are obtained
directly from the values of̃A, B̃, andD̃ through relations
(12). The coefficientG̃ of T9 is crucial to show the
consistency of our model. In fact, with the values ofa,
d, and c0 in the lower row of Table II, the coefficien
G̃ calculated from the last relation (12) is equal
267.5 3 104 ergymol K10.

In summary, considering the phonons in4He as being
described by a quantumq gas in a special representatio
of the Heisenberg algebra, we have shown theq-algebraic

FIG. 1. Specific heat of4He. Comparison of the curve
obtained in our model with the one resulting from least-squa
fit of CV data for sample 6 of analysis 2 [6].
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nature of the polynomial expansion of the small momen
phonon dispersion relation. Moreover, our estimat
values of c0 are in good agreement with the directl
measured sound velocities. To test the present mo
we have compared it with the available experimen
data: Our spectrum reproduces the experimental one
the entire0.14 # T # 0.86 range, within less than 5%
discrepancy. Finally, we would like to stress that as
consequence of the proposed dispersion relation (10), w
only two free parameterssq, n0d we have been able to fit
the experimental data with the three coefficientsB̃, D̃, and
G̃ in the specific heat expansion (11).
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