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van der Waals Interactions in Density-Functional Theory
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We present a framework for long-range density-functional theory which is valid for interactions
between isolated fragments of matter at large separation. The van der Waals coefficients for interactions
between a large number of pairs of atoms are calculated and compared to available first-principles
calculations. The success in this test case shows a way of extending density-functional theory
calculations with local or semilocal approximations to include van der Waals forces.
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The spectacular success of the local-density approxi
tion (LDA) [1,2] to density-functional theory (DFT) [3] is
well known. It fails, however, to describe interactions
long range, such as van der Waals interactions (vdW)
The right asymptotic dependences of interaction potent
on separation are neither obtained within the LDA, nor
semilocal approximations, such as gradient corrected
proximations [5–8], lately in wide use.

To restore the vdW interactions in DFT method
we have used an approach which ties together sev
previous ideas where local or semilocal approximatio
are applied in various ways [9–12]. This approximati
has proved to be successful in the simple case of
interacting atoms and seems to be a good starting p
for the theory of atomic and surface physics potentia
The possibility to obtain van der Waals constants
interaction between two atoms and between an atom
molecule and a metal surface in a general and simple
will be very useful, e.g., for obtaining accurate interacti
potentials to use in simulations.

van der Waals interactions result from density fluctu
tions in regions separated in space. These are not prop
accounted for in the LDA or in semilocal approximation
It has been shown [10,13] that for the interaction betwe
two small but distant charge perturbations in a unifo
electron gas they are described through the limiting
havior [14] of the linear response kernelKxc expressing
the exchange-correlation energy of a slightly nonunifo
system [1],

Exc 
Z

d3r1

Z
d3r2Kxcsr1, r2ddnsr1ddnsr2d , (1)

where dn is the deviation in charge density from
uniform system. As one often wants to go beyo
linear response by extrapolation of this expression
key issue in density-functional theory has always be
how to approximate the “uniform” densityneff of the
medium in whichKxc is defined, in terms ofnsr1d and
nsr2d. Rapcewicz and Ashcroft (RA) [10] have suggest
that one takeneff 

p
nsr1dnsr2d and obtained in the

asymptotic limit of large separation the effective lon
range electron interaction (h̄  1 here and elsewhere i
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fRAsr1, r2d ! 2
3e4

4m2

1
v3

psr1, r2djr1 2 r2j6
, (2)

where they define the plasma frequency in terms of the
fective density,vp 

p
4pe2neffym. This contribution

comes from the lowest-order perturbation-theoretic flu
tuation term, representing plasmons being scattered
the potential caused by a density gradient, exchanging
tween pointsr1 andr2 in the effective medium.

If one wishes to create a density-functional theo
that is valid in both the uniform gas and separate ato
limits one must have a form that is viable and physica
motivated in both limits. We show here that such
situation exists if we choose a different effective dens
to be used inKxc in Eq. (1) and hence by implication in
the expression forvp in Eq. (2). Our choice of effective
density is

neff 

∑q
nsr1dnsr2d

µq
nsr1d 1

q
nsr2d

∂∏2y3

. (3)

We also use the total fragment density instead ofdn in the
isolated fragment limit, following other works in the field
[6,7,10]. We then get the effective long-range electro
interaction

fsr1, r2d ! 2
3e4

2m2

3
1

vpsr1dvpsr2d fvpsr1d 1 vpsr2dgjr1 2 r2j6
,

(4)

where vpsrid 
p

4pe2nsridym is the local plasma fre-
quency at the position of electroni. It is suggestive that
with the identificationvA  vpsr1d, vB  vpsr2d, the
expression above is identical in form to the London e
pression for the vdW interaction between two atomsA
andB at separationR, for the case where only one excita
tion frequencyvAyB needs to be considered for each ato
[15,16],

ELondon
vdW  2

3e4

2m2

ZAZB

vAvBsvA 1 vBd
1

R6
. (5)
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Even more important is the observation that when Eq.
is integrated overr1 and r2 to obtain the correlation
energy between two widely separated pieces of ma
with volumesV1 and V2, one finds that one can expre
the long-range interaction as

El-r
xc  2

3
p

Z `

0
du

Z
V1

d3r1

Z
V2

d3r2
x1siudx2siud
jr1 2 r2j6

,

(6)
where the coordinateri is restricted to the volumeVi.
Here xsvd is the electric susceptibility or polarizatio
responseP of a uniform electron gas at densitynsrd to
a spatially constant applied electric field,

xsvd 
1

4p

∑
1 2

1
esvd

∏


1
4p

v2
p

2v2 1 v2
p

, (7)

whereesvd is the electron gas dielectric function at ze
wave vector,esvd  1 2 v2

pyv2. For two atoms widely
separated by a distanceR, Eq. (6) givesE  2C6yR6,
where

C6  2
3
p

Z `

0
du a1siuda2siud (8)

and

aisvd 
Z

d3r xisvd . (9)

Equation (8) is the standard expression [16] forC6 in
terms of the atomic polarizabilitiesai . The essence o
the approximation is that the atomic polarizabilities a
calculated in a local approximation, where the respo
function x , giving the polarization per unit volume of
uniform electron gas, is integrated over the atom.

A number of types of local approximations have be
suggested [11,12] for different response functions in or
to obtain the van der Waals interaction. Here we int
duce one [Eq. (9)] which is also not only highly phys
cally motivated, but which we show to give reasonab
results for wide classes of atomic systems. The fact
we have found a theory that not only does this, but a
gives the correct kernel for small deviations from the u
form electron gas limit, holds promise that in the futu
a density-functional theory at intermediate ranges can
developed.
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So far we have essentially a zero wave vector theo
which needs a cutoff. In the limit of two small distant dis
turbances in an electron gas, this cutoff occurs physica
because the long-range interaction is propagated by p
mons, which become highly damped forq , vpyyF 
kFT y

p
3, where they meet the electron-hole continuu

In a full finite q theory such as done in this limit by Lan
greth and Vosko [9], this cutoff occurs smoothly and nat
rally, with their function Zc falling off rapidly when q
becomes of this order. RA implemented the cutoff in
real space form, using the Langreth-Mehl (LM) [6] ex
pressionq  j=njy6n as a measure of the local wave ve
tor, and cutting off the integrals when this became eq
to vpyyF , whereyF  kFym  s3p2nd1y3ym is the lo-
cal Fermi velocity. In the limit of widely separated atom
a cutoff to our zeroq theory is also necessary. Physical
this can be seen by considering our expression (9) for
atomic polarizabilities. In the spirit of local approxima
tions, it is reasonable to suppose as we have done tha
interior portions of the atom polarize in roughly the sam
way as a uniform electron gas at the same local dens
However, this is not true in the outer tails of the wav
function, where the length scaleld for density change is
much shorter than the electron gas screening lengthls. In
this case it should be a much better approximation to s
pose that these parts of the atom do not respond at all to
applied field. The crossover should come when the len
ld measuring the fractional rate of change (with respect
distance) of the local Fermi wave vectorkF is of the order
of the electron gas screening length. We useld  1yq
with q determined by the LM formula above, and the lo
cal value ofyFyvp for ls. In this manner we obtain a
cutoff criterion that is exactly the same as that introduc
by RA. Thus, although the mechanisms are different,
cutoff is the same for the limit both of separated atom
and of distant disturbances in an electron gas.

We have calculated the frequency-dependent polar
bility for a number of atoms using Eq. (9) and found goo
agreement with available first-principles calculations (s
Tables I and II).

When integration over the complex frequency
Eq. (6) is carried out, and thexi are expressed using
the atomic charge densities, the long-range interact
between the two separated fragments of matter beco
m

5
8
9
8
1
7
3

TABLE I. Atomic polarizabilitiesasiud (in atomic units). Results from Eq. (9) in left columns and first-principles results fro
Ref. [17] in right columns. (u in Ry units.)

u Ne Na1 Ar K1 Kr

0 2.83 2.97 1.15 1.08 14.17 12.15 6.55 5.60 22.27 17.5
1 2.09 2.29 1.01 0.94 5.80 7.22 3.91 4.45 7.56 9.7
2 1.42 1.55 0.81 0.81 3.10 3.64 2.36 2.77 3.71 4.5
4 0.67 0.74 0.47 0.54 1.35 1.28 1.08 1.15 1.69 1.4
6 0.40 0.47 0.34 0.34 0.81 0.61 0.61 0.54 0.94 0.6
8 0.27 0.27 0.27 0.27 0.47 0.27 0.40 0.34 0.67 0.2

10 0.20 0.20 0.20 0.20 0.34 0.13 0.27 0.20 0.47 0.1
103
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TABLE II. Atomic polarizabilities asiud (in atomic units).
Results from Eq. (9) in left columns and first-principles resu
from Ref. [18] in right columns. (u in Ry units.)

u H He

0.01 4.84 4.50 2.07 1.38
0.53 2.79 3.20 1.65 1.28
1.07 1.41 1.76 1.12 1.06
1.79 0.72 0.88 0.71 0.77
2.21 0.52 0.63 0.57 0.63
3.19 0.29 0.34 0.37 0.42
4.32 0.17 0.19 0.24 0.27
6.30 0.08 0.10 0.14 0.15
8.56 0.05 0.05 0.08 0.09

10.21 0.03 0.04 0.06 0.07

El-r
xc 

6e
4s4pd3y2m1y2

Z
V1

d3r1

3
Z

V2

d3r2

p
n1sr1dn2sr2dp

n1sr1d 1
p

n2sr2d
1

jr1 2 r2j6
, (10)

wherensrid is the charge density of fragmenti. The vdW
constantsC6 for the interaction between a large numbe
of different atoms and also for hydrogen molecules, c
culated using this expression, are displayed in Fig. 1. N
merical values of the coefficients are also presented
Figs. 2 and 3 and in Table III. The cutoff discussed abo
has been applied to the integrals in Eq. (10), and in det
mining the cutoff we have accounted for spin polarizatio
when present. The atomic charge densities have been
tracted from available Roothaan-Hartree-Fock wave fun
tions with Slater basis sets [19–21].

Our theory is crude in the sense that the results
some cases are sensitive to the cutoff. Nevertheless,
results are good over wide classes of atoms. Our wo
also explains why RA’s results for several rare gas ato
are as good as they are. Unlike the previous work o

FIG. 1. van der Waals coefficientsC6 (in Ry atomic units)
calculated from Eq. (9), plotted against corresponding valu
from first-principles calculations.
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FIG. 2. Values of C6 coefficients plotted in Fig. 1. In
parentheses the corresponding values from Refs. [22] and
(H2) are given (in Ry atomic units).

theory provides a physically correct form for the densit
functional in the separated fragment limit. We believe
will provide the framework in which future finite wave
vector theories will have to be discussed.

FIG. 3. Values of C6 coefficients plotted in Fig. 1. In
parentheses the corresponding values from Refs. [22] (alka
alkali) and [24] (alkali–alkali earth) are given (in Ry atomi
units).
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TABLE III. Values of C6 coefficients plotted in Fig. 1 (in Ry
atomic units).

Eq. (10) Other calculations

Na1-Na1 3 3a

K1-K1 44 47a

C-C 77 51b

He-Be 38 26c

He-Mg 57 44c

He-Ca 92 64c

H2-He 10 7.8d

H2-Ne 17 16d

H2-Ar 60 54d

H2-Kr 84 76d

H2-Xe 123 114d

H2-H 18 17d

H2-Li 154 159d

H2-Be 119 85d

H2-H2 29 27e

aReference [17].
bReference [23].
cReference [24].
dReference [25].
eReference [26].
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