VOLUME 75, NUMBER 21

PHYSICAL REVIEW LETTERS

20 NOVEMBER 1995

Statistical Distributions of Level Widths and Conductance Peaks
in Irregularly Shaped Quantum Dots

Y. Alhassid! and C. H. Lewenkopf?

'Center for Theoretical Physics, Sloane Physics Laboratory, Yale University, New Haven, Connecticut 06520
2Department of Physics, FM-15, University of Washington, Seattle, Washington 98195
(Received 21 April 1995)

Analytical expressions for width and conductance peak distributions for quantum dots with
multichannel leads in the Coulomb blockade regime are presented for both limits of conserved and
broken time-reversal symmetry. The results are valid for any number of nonequivalent and correlated
channels, and the distributions are expressed in terms of the channel correlation matrix M in each lead.
The matrix M is also given in closed form. A chaotic billiard is used as a model to test numerically

the theoretical predictions.
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Advances in nanostructures technology make possible
the manufacture of semiconductor devices known as
quantum dots [1] where electrons are confined to very
small two-dimensional regions. By connecting external
leads to such devices, it is possible to study their
electronic transport properties: the conductance can be
measured as a function of the Fermi energy and/or as a
function of a magnetic flux through the dot. Of particular
interest are dots that are weakly coupled to leads, due to
the presence of barriers at the interface between dot and
leads. In these cases the resonance widths I' are small
compared to their mean spacing A. At low temperatures
kT < A, only one quasibound level participates in the
conduction process. The resulting Coulomb blockade
peaks of the conductance [2] are equally spaced, but their
amplitude exhibits order of magnitude fluctuations.

For dot sizes that are smaller than the electron-impurity
mean free path, conductance fluctuations are determined
by the dot geometry. We discuss dot geometries which
display classical chaotic motion. In such cases one can
model their transport properties using the concepts of
chaotic scattering [3]. Our results should also hold for
weakly disordered dots in the quasi-zero-dimension limit.
In Ref. [4] a statistical description of the conductance
peaks in the Coulomb blockade regime was developed
using the R-matrix formalism [5] and assuming that the
dot’s wave functions are described by random matrix
theory (RMT). Conductance and decay width distribu-
tions were derived for one-channel leads, as well as for
symmetric leads with several equivalent and uncorrelated
channels. However, a more general theory would encom-
pass leads with an arbitrary number of correlated and
nonequivalent channels. Progress in this direction was
made in Ref. [6], where by modeling leads as point con-
tacts [7] spatial wave function correlations were taken into
account. Using the supersymmetry method [8], exact for-
mulas for the width and conductance peak distributions
were obtained for two-point contact leads. However, the
derivation was restricted to the case of broken time re-

3922 0031-9007/95/75(21)/3922(4)$06.00

versal symmetry, and could not be applied to leads with
finite width or with more than two-point contacts. On the
experimental side, we note that conductance distributions
are becoming accessible; for ballistic open dots (I' > A)
such distributions were recently measured [9], and simi-
lar experiments are underway in the Coulomb blockade
regime.

In this Letter we present exact formulas for the width
and conductance peak distributions for leads with any
number of channels that are in general correlated and
nonequivalent. These distributions are obtained both for
conserved and broken time-reversal symmetry, and are
completely characterized in terms of the channel correla-
tion matrix M. Our results are valid for both the pointlike
contacts and the continuous extended leads models. We
are able to treat the most general case because our meth-
ods are based exclusively on RMT, which is technically
simpler than the supersymmetry method used in Ref. [6].
To test our theory we use a chaotic billiard, the Africa
[10], for which the statistical distributions of one-channel
leads were recently studied in detail [11]. This model is
particularly useful to study systems with strong channel
correlations. In contrast, the correlations between nearest
points in the discretized Anderson model of a disordered
dot [6] were too weak to produce any significant change
in the width distribution of two-point leads (as compared
with the uncorrelated channels distribution). We remark
that since the partial width is analogous to the wave func-
tion intensity [see Eq. (3) below], our results for the par-
tial and total width distributions can be directly tested in
the microwave cavity experiments [12], where the wave
function intensities are measured at several points and are
spatially correlated.

Provided that I' << k7" < A, which is typical of experi-
ments [1,2], the conductance peak amplitude for a two-
lead geometry is given by [13]

2 F[Fr
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and T4 (') is the partial decay width of a resonance
A into channels of the left (right) lead. Each lead can

l r
support A'") open channels so that T'y) — > |'yLl.<)\)|2

where ’yi(,\r) is the partial amplitude to decay into channel
c on the left (right). R-matrix theory gives [5]

R*kcPc\'? .
v = (L) [asorowm, @

where W) is the resonance wave function inside the dot
(scattering region), ®. is the wave function of an open
channel c in the lead (asymptotic region), and the integral
is taken over the contact boundary between the lead and
the dot. P, and k. are the channel penetration factor
to tunnel through the barrier and the longitudinal wave
number, respectively. An alternative modeling assumes
that the quantum dot is connected to the leads by one or
more pointlike contacts [7]. Every such point contact r,
is considered as a channel, and the corresponding partial
amplitude is [6]

Yer = (ac AA/m)V2W\(r,), 3)

where A is the area of the dot, A is the mean reso-
nance spacing, and «. is the coupling parameter of the
point contact to the dot. Expanding a resonance wave
function with energy e in a fixed basis of states with
that energy Wa(r) = >, 2, p.(r) (the sum is truncated
to N terms, typically much larger than A), the partial
width to decay to channel ¢ can be expressed as a scalar
prOdUCt Yea = <¢£ ’ ll’/\> = Z/.L ¢:,u,‘/,)\pn where 4):;4, =
(F%*k.P./m)'/? [dS®:(r)p,(r) in the R-matrix formal-
ism and ¢, = (acﬂlA/w)l/zp;(rc) in the pointlike
contact model. Expressing the width as a scalar product
allows us to treat the extended lead and the pointlike con-
tact models in an equivalent manner.

The resonance states W, are assumed to have Gaussian
orthogonal ensemble—(GOE-) or Gaussian unitarity en-
semble—(GUE-) like statistical properties, depending on
the symmetry class to which the dynamics in the dot cor-
responds [4]. This assumption is valid both for dots with
chaotic dynamics and for weakly disordered dots. The
eigenvector components (1, 2, ..., y) = ¥ (in the fol-
lowing we shall omit the eigenvector label A) are therefore
randomly distributed P(¢p) o« 8 N_, [y,.I> — 1) [14].
The joint distribution of the partial width amplitudes
v = (v1,¥2,...,ya) for A channels is given by

N A
n=1 c=1 (4)
where the metric is D[] = Ilzl di,, for the GOE and
D[] =[1,_, dy, dip,./2mi for the GUE. To evaluate
(4) we transform ¢, = Za (}C/AFC:C to obtain a new set
of orthonormal channels (¢, | P.) = S.. In the limit
N — oo, provided that A << N, one finds [15]
P(y) = (detM)#/2¢~37'M 7 ©)
where M = (NFYF)~!. The distribution (5) is normal-
ized with the measure D[y]=[1,dy./2m for the

GOE (B = 1) and D[y] = [1%,dA*dA./2mi for the
GUE (B = 2). Note that for both ensembles the joint
partial width amplitudes distribution is Gaussian, and it
follows that M is just the correlation matrix of the par-
tial widths Mo = v yo = (P, | d.)/N. In general, the
channels are correlated (nonorthogonal) and nonequiva-
lent, i.e., have different average partial widths.

Recalling Egs. (2) and (3), the spatial autocorrela-
tion function C(Ar) = ¥*(r)¥(r + Ar)/|¥(r)|? plays a
central role in deriving explicit expressions for the corre-
lation matrix M. For fully chaotic systems with time re-
versal symmetry, Berry obtained C(Ar) semiclassically,
assuming that classical orbits cover uniformly the en-
ergy surface [16]. For an eigenstate of a chaotic billiard
with energy & = #A%k?/2m, C(Ar) = Jo(k|Ar]). Alter-
natively, a resonance at energy & can be expanded inside
the dot in the fixed basis p,(r) = A~"2exp(ik, - r),
where the u’s correspond to N different (random) ori-
entations of k. In the spirit of RMT, assuming that
the expansion coefficients ¢, are Gaussian (this hy-
pothesis was confirmed for the Africa billiard [17]) and
using %, = N7'8,,/, one can rederive Berry’s re-
sult; see also Ref. [18]. The presence of a small mag-
netic flux @ introduces corrections to C(Ar) which are
small in the semiclassical limit and are of the order
F2(®/Pg)?/2m Ae < 1. Thus, the correlation matrix is

given by
B2(ko P ko Po)'? .
WPl [ 4o [ sz
mA

X Jolklr — r'[)@.(r') (6)
for the finite width leads, and
Alaca)'?

T

Mcc’ =

Mcc’ = J()(klrc - rél) (7)

for the point contact model.

We turn next to the calculation of the total width
distribution P(T") in a given lead that supports A channels
and is characterized by a correlation matrix M. Using (5)
and I' = > |y.|?, the characteristic function of P(I') is
readily obtained and we find

1 o e*itl‘
Py = o f et — zimayppr @
The matrix M is Hermitian and positive definite, so that its
eigenvalues w? are all positive. Since I is invariant under
orthogonal (unitary) transformations, P(I") depends only
on w? an Eq. (8) can be evaluated by contour integration.

When all eigenvalues of M are nondegenerate, we find for

the GUE case
e c — — —5 .
I—IC We =1 c'#c WCZ’ WZ

Pgue(l’) =
©)

For two equivalent channels (M, = M, = 1/2),
Eq. (9) coincides with the result of [6]

~ & 2 2 ~
Poue(l) = _2_ e 2I/0=I7l kinh(i‘ 1“) , (10

v L =1rP
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where ' =

T /f and f = M,/~/M| My, measures the degree of correlation between the two channels.

For the GOE case, the integral in (8) is still stralghtforward but carmot be expressed in a simple form as above.

Labeling the inverse eigenvalues of M in increasing order wy

Pgog(I') = <7T2A/2 l—[ Wc>

jﬂzwm !
(2W2m D!

2 < w;? < ..., the contour integral gives

e*l"r

, (11)

n”" "r = 12w 10, (1/2w3 = 1)

where, for an odd number of channels A, we define |
1/2w/2\+1 — o,  For the case of two equivalent but
correlated channels, Eq. (11) reduces to

-t f

1_fze Io(l_fzr), (12)
where f = My//M 1My, and Iy is the modified Bessel
function of order 0.

To test the RMT predictions, we modeled a quantum
dot by the Africa billiard [10,11]. The shape of this
billiard is determined by the image of the circle of
radius one in the complex z plane under the conformal
mapping w(z) = (z + bz? + ce'®z3)/V/1 + 2b2 + 3c2.
We studied the case » =02, ¢ =02, and § = 7w/2
which has a classical fully chaotic phase space [10].
For the statistical study of the case of broken time-
reversal symmetry, we consider the billiard threaded by an
Aharonov-Bohm flux line ® = a® [11,19]. We choose
a = 1/4 where the resonance fluctuations are known to
be GUE-like [11]. The study considers 50 eigenstates
starting from the 100th.

To investigate the eigenfunction amplitude correlations
C(Ar), we have used the eigenfunctions of the billiard
with von Neumann boundary conditions. The results are
shown in the inset to Fig. 1 where the correlations in the
model (solid line) compare well with the theoretical result
Jo(kAr) (dashed line). In what follows, we assume for

Por(D)

c(ilor])
c(lorl)
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FIG. 1. Total width distributions P(I") for extended leads with
A = 4. T is measured in units of its average value. The
solid lines are the theoretical distributions, and the histograms
are results from the Africa billiard for the (a) GOE and (b)
GUE cases (see text). The inset shows the spatial wave
function correlation C(Ar) calculated for the Africa (solid line)
compared with Jo(k|Ar|) dashed line.
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simplicity that the penetration factors k.P. are channel
independent. We first studied extended leads by taking
the contact region of the lead and the dot to have a finite
width D. In this case, the channels are defined by the
allowed transverse momenta w¢/D (¢ = 1,..., A) where
A = int[kD/7r]. To guarantee that the correlation matrix
M is the same for different eigenfunctions of the billiard,
we choose D such that kD is constant and scale the partial
amplitude (2) by k. We find that the channels in this case
are weakly correlated. Thus, the total width distribution
is similar to the case of uncorrelated equivalent channels,
which gives a y? distribution with A (GOE) or 2A (GUE)
degrees of freedom. However, this changes if the barrier
penetration factors have a strong energy dependence. Our
model calculations agree nicely with the RMT predictions
(see Fig. 1).

We also studied the model of leads with A pointlike
contacts by choosing for each lead a sequence of A
equally spaced points on the Africa boundary. Thus,
according to (7), M is completely determined by A
and k|Ar| (where |Ar| is the distance between two
neighboring points). In Fig. 2 we compare the results of
this model (histograms) with the theoretical predictions
(solid lines) for A = 4 and different values of k|Ar]|.

To calculate the conductance distribution, which is the
measurable quantity for quantum dots, we assume that the

P(T)

FIG. 2. Total width distributions P(I') for A = 4 point-
contact leads. (a) GOE, k|Ar| = 0.5; (b) GUE, k|Ar| = 0.5;
(¢) GOE, k|Ar| = 1; and (d) GUE, k|Ar| = 1. The solid lines
correspond to the theoretical distributions, the dashed lines to
uncorrelated channels, and the histograms to the Africa billiard
calculations.
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left and right leads are uncorrelated and characterized by M’ and M’, respectively.

We then use P(g) =

[dT!ar (g — ' /(T + T)P(TY)P(IT), where P(I') is given by (9) or (11). In the absence of time-reversal

symmetry we find
16g
P 3 = —_——
CUE(g) (I—[c Ve l—ld Wd)2 c.d

where v. (wg) are the cigenvalues of M! (M"), and Ky
(K;) are the modified Bessel functions of order 1 (0).

The result of [4,8] is a special case of (13) for one chan-
nel lead with T = T (i.e., v, = w)), while the distribu-
tion of Ref. [6] is obtained for two (equivalent) channels
leads. For time reversal symmetric systems, we also ob-
tained a closed formula for P(g), which has similar struc-
ture to (13). Figure 3 shows a comparison between the
theoretical conductance distributions and those calculated
for the Africa billiard for A-point symmetric leads with
k|Ar| = 1 and for various values of A.

In conclusion, we have derived in closed form the width
and conductance peak distributions in a quantum dot, for
leads with any number of correlated and/or nonequivalent
channels, and in the presence or absence of time reversal
symmetry. The only required input to determine the
distributions is the channel correlation matrix M, for

FIG. 3. Conductance peak distributions P(g) for A point-
contact symmetric leads (M! = M") with k|Ar| = 1. (a) GOE,
A =2; (b) GUE, A = 2; (¢c) GOE, A = 4; and (d) GUE,
A = 4. The convention for the lines is as in Fig. 2.

—1
-<l/uz+uws>g[ <_1_ _ L) ( 1 Lﬂ
e
Z cl;[c U?/ Ug dl’;[d ws' W¢21

rl(25) 5 (2 (25 |
UWy 2 \wy v, UcWy

(13)

—

which an explicit expression was obtained. Our results
for the decay widths could also be applied to compound
nucleus reactions in the limit of isolated resonances,
where M is evaluated by the optical model.
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