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Anomalous Scaling of the Passive Scalar

Krzysztof Gawedzki
Institut des Hautes Etudes Scientifiques, Centre National de la Recherche Scientifique, F-91440 Bures-sur-Yvette, France

Antti Kupiainen
Mathematics Department, Helsinki University, P.O. Box 4, 00014 Helsinki, Finland
(Received 5 July 1995)

We establish anomalous inertial range scaling of the structure functions for a model of homogeneous,
isotropic advection of a passive scalar by a random velocity field. The velocity statistics is taken as

Gaussian with decorrelation in time and velocity differences scaling as |x|

“/2 in space, with 0 < k < 2.

The scalar is driven by a random forcing acting on spatial scale L. The structure functions for the
scalar are well defined as the diffusivity is taken to zero and acquire anomalous scaling for large L.
The anomalous exponent is calculated explicitly for the fourth structure function and for small «.

PACS numbers: 47.27.Gs, 47.27.Te

In 1941 A.N. Kolmogorov [1] argued that in fully
developed turbulence there exists a range of scales where
the velocity structure functions are independent of the
cutoffs provided by the scales of energy pumping and
dissipation. Ever since, a debate has been going on as
to whether there are corrections to the scaling exponents
predicted by Kolmogorov and whether such corrections
depend on the dissipation or the pumping scale or both.

In this Letter we consider a similar question in a simpler
model of turbulent phenomena. The model, which has
attracted much attention recently [2—7], describes the
passive advection in a random velocity field v(z, x) of a
scalar quantity 7. The density 7 (¢, X) satisfies the equation

T + (v - V)T — vAT = f, D
where v denotes the molecular diffusivity of the scalar
T and f(z,x) is an external source driving the system.
We take v(z,x) and f(z,x) to be mutually independent
Gaussian random fields with zero mean and covariances

@i, x)v/(d,x")y = 8t — )DV(x — x'), (2

x — x/
G = o — (X))
=6t — t"hCp(x — x'). 3)
The forcing covariance C is assumed to be a real, smooth,
rotationally invariant, positive-definite function with rapid
decay at spatial infinity so that the forcing is homogeneous,
isotropic, and takes place on the (“integral”) scale L.

The velocity covariance D is taken to mimic the
situation in a real turbulent flow with the structure
function ([v(z,x) — v(z,0)]?) proportional to [x|* for
x > 0. Concretely, we set

Dij(x) _ Do[eik‘x(kz + m2)7(3+;<)/2
d’k
i @

where the transverse projector ensures the incompress-
ibility of v. The small m? is an infrared cutoff making

X (89 — k'K /k?)
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the integral convergent for 0 < « < 2. Writing D(x) =
D(0) — D(x), we have DY (0) o« Dom™* which diverges
with m — 0, but the velocity structure function has a limit

111%15”(;() = Di[(2 + k)8Y|x|* — kx'x/|x|*7%] (5)
e
which is a homogeneous function of x.

_ (2 - «)/2)
2263263 + K)T((B + K)/2)

and both constants have dimension (length)?~* /time.

We would like to study the statistical properties of the
solutions of Eq. (1) in the regime of small v, small m
(which may be viewed as the inverse of another integral
scale), and large L. In particular, the universality question
for the passive scalar may be formulated as inquiring
about the existence of the limit of the correlation functions
{I'1,T(t,,x,)) in a stationary state of the system when
v,m,L™! — 0 and about the independence of such a
limit of the shape of the source covariance C. We
will show that the model possesses an “inertial” range
of scales (/D)% < |x| < min(L,m~!) where these
correlators become independent of », have a limit as
v — 0 and m — 0 (independent of the order), but in
general have nonuniversal (i.e., dependent on the forcing
covariance) contributions involving positive powers of L.
In particular we show that the structure functions

Sav(x) = (T(x) = TOPY) ~ yan(L/Ix))?> x| 2~V

©
for |x| << L in the »,m = 0 limit. The amplitudes y,y
are k and C dependent and the anomalous exponents pay
depend on « but not on C. We find that p, = 0 but

D,

Dy

pa =+ K + O(K?) (7

for k small. [A similar calculation in general space di-
mension d > 2 gives ps = 4/(d + 2)x + O(«?), which
is consistent with the 1/d analysis of the final version of
[5].]1 The Holder inequality implies that py is a convex
function of N. It follows that all ppy for N = 2,3,...
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are strictly positive [poy = (N — 1)p4] and that they in-
crease with N. Thus structure functions of order 4 and
higher exhibit anomalous scaling and have explicit inte-
gral scale dependence. The value (7) differs from the pre-
diction of [2] which gives ps = 1 — 2k + O(x?).

It should be stressed that our results have not been
obtained by a perturbation expansion in powers of «
applied directly to Spy(x). This would be a wrong
strategy: Physically, the « — 0 limit corresponds to
a purely diffusive regime rather than to a flux phase
appearing for « > 0; mathematically, the x — 0 limit
does not commute with the L — o one. Instead, in a
renormalization group spirit, we apply the perturbation
expansion in « to a properly identified single scale
problem where it is under full control.

In the stationary state the scalar correlations satisfy
linear partial differential equations (PDE’s) [8,9]. In the
presence of the UV and IR cutoffs » and m,L they
have well defined representations in terms of the Green
functions of the corresponding differential operators which
we now recall (for more details, see [10,11]). Suppressing
the spatial variable, the solution of Eq. (1) with the initial
condition Ty at ¢t = f( takes the form

T(t) = R(¢t,t9)To + ftR(t, s)f(s)ds, (8)

where R(z, 1) is given by the time ordered exponential
(t = 1p) , v
vA+ -Vi]d

R(t,10) = Tef’ﬂ[ v(7)-V] d 9)
Thus to calculate the correlations of T we need to evalu-
ate expectations of products of matrix elements of R(z, 7).
Using the tensor product notation R(z,#y)®" as a book-
keeping device for all such products, one obtains

(R(t,10)®N) = =70 M, (10)
where My is the differential operator

N
My = — > [vAs, + 3D (08, 0,]
n=1
— > DXy — Xw)du 0, - (11)
n<n' "

The Gaussian integral of the time ordered exponentials is
calculable due to the independence of v’s at different times.
The %D J(0) term is the contribution of contractions
within a single R and the last terms come from contractions
between different R’s.

To get hold of the steady state of the scalar, let us first

consider the two-point function. From (8), we obtain

(T(1)®%) = ¢ 170 Mo ()82 ftds e =M,
o

(12)

When 79 — —o, the term with T (zy) disappears due to the
positivity of M, and we obtain for the steady state

(%% = M, 'C;. (13)

Because of the translational invariance of C, D¥(0)

(divergent when m — 0) will not contribute to (13): M,

commutes with (three-dimensional) translations and in the
action on translation-invariant functions of X; — X» = X
reduces to

j\’l2 = —2vA — @ij(x)a,-aj. (14)

Since D(x) = D¥(0) — D/ (x) has an m — O limit
given by (5), so does the operator M, in the action
on translation-invariant functions and when » — 0 it
becomes a singular elliptic operator M5 = —D[(2 +
K)SU|x|* — kx'x/|x]|“72]9;0;. Itis now easy to analyze
(13) as the various cutoffs »,m,L are removed using
the rotational invariance of M,. In the m — 0 and
v — 0 limits (which commute, we could also take m
proportional to L~ ! with no loss), one obtains for the two-
point function F5(|x|) = (T (x)T(0))

o)
30— op, IVt olE))

(15)
where 7y, is a nonuniversal (i.e., C-dependent) constant
and € = %C (0) is the energy dissipation rate of the scalar.
Note that the nonuniversal term (a constant) is annihilated
by 2M5°. This has to be so if the equation M5°F, = C,
is to be satisfied: The right-hand side (RHS) becomes
universal in the limit L — o so all nonuniversal terms
in F,(r) surviving in this limit have to be annihilated by
M5, A similar mechanism will work for higher point
functions. The constant term of F, drops out from the
second structure function which has a universal L — o
limit so that the exponent p, = 0. The same universal
result holds approximately in the whole inertial range
7 < r < min(L,m™ '), where the Kolmogorov scale
n = (v/Dy)V*.

Let us now analyze the higher point correlators. Pro-
ceeding as with the two-point function, the steady state
solution in terms of the operators My follows after some
simple algebra. For the four-point function one gets

Fa(r) = yL** —

4

<l_] T(Xn)> = Fa(x1,X2,X3,X4) + Fa(X1,X3,X2,X4)
! + Fa(X1,X4, X2, X3) (16)

with the single channel function
Fo=M;"M,'®1+10 M;HC, ® C,. (17)

Expression (17) and its higher point counterparts [11]
involving the Green functions of higher M,y’s are well
defined for v, m, L™ ! nonzero and we need to discuss their
limits as these cutoffs are removed.
The main points of this analysis are the following.
Acting on translation-invariant functions, M y becomes
N
My = —v Z Ay, + Z @ij(xn - xn/)ax;ale (18)
n=1 n<n’ "
possessing an m — 0 and v — 0 limit which is a singular
elliptic operator My’ . It can be shown [10] that the Green
functions occurring in (17) have limits which are well
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defined in the UV and which render (17) finite for L finite
(and similarly for higher point functions). Thus we need
to find the leading behavior of (17) as L — oo with My
replaced by M.

Recalling that Fp = M, 'C,, it is convenient to view
Eq. (17) as a differential equation for F4 that becomes for
the connected part F5 = Fy — F ® F,

M4F§ :£(F2®F2), (19)

where — L is given by the sum in (18) with n = 1,2 and
n’ = 3,4. By (15), the RHS of (19) has a well defined
limit as L — o given by

2

€
————— L X[ <|Z)* " 20
56— oipr £IXP (20)
and is a homogeneous (rotationally invariant) function
of X=x; —x2,Y=Xx; —x3, and Z = x3 — x4 of

degree 2 — k. One easily checks that

2

csc € 2—k) 2(2—«k)
= IX[*7) + |Z]
4 6(2 — k)2(5 — K)D]z( )
R @1
9(2 — k)2D?}
solves the limiting case of Eq. (19). We deduce that
ME(F5 — F3™°) — 0 as L — «. By scale invariance,

it is thus reasonable to conclude that the solution for finite
but large L should differ from the universal scaling form
by zero modes of M so that

c n E
F4 - LP* Ynm Fs,nm
0=p4,=2(2—«) m

c,sc
— Fi,
L—o

(22)
where Fj,, are homogeneous zero modes of Mj° of
degree 2(2 — k) — pa4., and the nonuniversal coefficients
¥nm depend on the source covariance C.

In fact, using spectral analysis of My [10], (22) can
be made rigorous. Similar analysis can be repeated for
N-point correlators: Nonuniversal L-dependent terms
proportional to homogeneous zero modes of My can
be present in the large L asymptotics. We thus face
the problem of finding such zero modes, of determining
whether they are present in the N-point function of 7', and
finally of finding whether they contribute to the structure
function Sy. We will now show that at least for small

k the zero modes are present and dominate the structure
functions.

At k — 0, DY = 2D, 8% [having finite D, requires
the vanishing of Dg as k — O in order to renormalize
the ultraviolet divergence in (4); Dy will never show up
below]. We immediately obtain for the k = 0 operators

M;CO = 2D1Vx, * Vx: = —2D1AX, (23)
:“/lico = 2D1 Vx" . Vx”,
1=n<n'=4
4
= —Di > A, (24)
n=1

= —2D(Ax + Ay + Az — Vx - Vy — Vy - Vz)

in the difference variables X, Y, and Z and using the sub-
script to refer to k = 0. In fact, the higher point correla-
tors reduce at k = 0 to the standard Gaussian expression
with sums of products of the two-point functions.

We shall find the homogeneous zero modes of the
operator M/ in perturbation expansion in powers of
x. Equation (5) implies that (for m = 0) DU(x) =
2D[6Y + kRY(x)] + O(k?) with

RY(x) = 5’7(% + Inlx]) — %x"lexlgz. (25)
Hence, to the first order in xk, M3° = MG + 26D Vy ,
with

Vi = — R7(X)daxidxi — R (Y)dyidyi — RY(Z)d2 04

— [RY(X +Y) — RU(X) — RV(Y)]9x: 0y
— [RY(Y + Z) = RU(Y) — RY(Z)]3yi 92
—[RYX +Y+Z) - RIX +Y)

— RY(Y + Z) + RY(Y))9xidz . (26)

We shall search for the homogeneous zero modes of
M;° symmetric under three-dimensional translations and
rotations and under permutations of four points, which is a
standard and mathematically sound perturbative problem
for operators with discrete spectrum. The symmetric zero
modes of the lowest homogeneity of M 3% occur in degree
zero (constants) and in degree four. The latter has the
form

a Z(xn —x)* + b
{n.n'}

>

{n.mtfn,m't}
+ c

(Xn - Xm)z(xn

- Xm/)

(X — X)) (Xm — X)? = aFy + bF; + cF3, 27)

Hn.n'}{mm'}}

where the pairs {n,n'} and {m, m'} are assumed different,
as well as the pairs {n, m} and {n, m'}, and where 10a +
14b + 3¢ = 0.

The constant survives as the eigenvalue of Mj° for
k # 0. Thus we need to calculate in degenerate perturba-
tion theory how the fourth degree zero modes change with

3836

| k. For this we write M5 = —2D(Ag + Ay + Ayp),
where X = X, Y = V2(Y + %X + %Z), and Z = Z.
Denoting R = (X2 + Y2 + Z?)1/2 = [} DX —
x,)2]1/2, we obtain

2D 2D
MG = vasl arR®oR — :

R D, (28)
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where @ is the Laplacian on the sphere S® in the space
of (X,Y,Z). Now pick two linearly independent zero
modes R*f;, i = 1,2, of the form (27) and look for a
homogeneous zero mode

R¥TAHOWI 4+ O(x)]f)
+ [ay + O(x)]f>

with a homogeneous degree zero function f3 orthogonal to
f12in L?(S®). We obtain in the linear order in &

MEGIAR* InR(ayf1 + azf2) + R*f3]
+2D V4R (a1 f1 + axf2) =0, (30)

+ kf3 + 0>} (29)

or, using the form (28) of M5,

—15Marf1 + axfz) — 44f3 — D f3
— VaR*af1 + axf2) = 0. (31)

Upon taking the L?(S®) scalar products with f) 5, f3 drops
out resulting in the relation

150 D (fifpa; + D <f,, ViR fj)a, =0.

j=12 =12

(32)
For the explicit calculation we took R*f; = 3F, — 10F3
and R*f, = —7F; + 5F,. The integrals over the eight-
dimensional sphere are most conveniently done by using
homogeneity to transform them to Gaussian integrals over
R®. The integration is straightforward with MAPLE and the
matrix in (32) becomes proportional to

—52 — 2512 15 + 15A
18 + 154  —20 — 20A

with the eigenvalues A; = —14/5 and A, = —1.
The corresponding eigenfunctions (29) are Fj,
= RCH/SHOWI ) — 2F, + 6F3 + O (k)] and
Fiy = RT*OWI[—7F, + 5F, + O(x)]. The O(x)
contributions « f3 may be calculated from Eq. (31) and are
continuous functions on S8 (no logarithmic divergences).
The latter holds to all orders and also nonperturbatively
for small « allowing conclusions about the four-point
functions with coinciding points like S4(x).

For large L the connected four-point function takes the
form

4 c
<ﬂ T(xn>>
n=1

—2K 2
— ’}/4,0L4 2 + ,y4,1L4K/5+O(K )Fg‘l
+ ya L OIS (33)

4 c,sC
- <1‘[ T(xn>> + O[(L/R)™2+0W)]
n=1

uniformly in small x. Since the connected correlation

vanishes and <n4 1T(x,,)>" ¢ reduces to 3()0D2 (3BF, —
IOFq) for k = 0, we infer that vao = O(k), y41 =
21602 + O(k), and y4, = 54002 + @(K) The result -

(6) for N = 2 follows with y4 = = + O (k) and p4

31),

given by (7) since only the Fj;, term gives nonzero
contribution to the structure function. The zero mode
F4, corresponding to A = —1 is actually obtained from
a zero mode of M3 by extending it to a function of
four x;’s by symmetrizing. This is a general feature:
Zero modes of My give rise to zero modes of M,y
for 2N > N’. These, however, do not contribute to the
structure functions Sy. The only zero mode of M,y that
contributes is the unique one not coming from the lower
dimensional M y:’s, the one that at k = 0 is obtained from
the monomial I_I?/:l(xzi_l — X5;)? by symmetrizing and
subtracting partial traces. It gives rise to the dominant
contribution to S,y which has to be present by the Holder
inequality. In particular, all exponents p,y should be
O (k) for small «.

The asymptotic behavior of the scalar correlation func-
tions encodes subtle information about the behavior of the
Green functions of the singular multibody operators My
with continuous spectrum. The reduction of its study to
that of discrete spectrum operators given by My ’s acting
on homogeneous functions should be thought of as realiz-
ing a renormalization group type approach to the model,
with the homogeneous zero modes of My playing the
role of relevant interactions. This may be the most impor-
tant hint from the above exact solution for the anomalous
scaling of the passive scalar.
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