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We investigate the time dependence of the ionization probability of Rydberg atoms driven by
microwave fields, both numerically and experimentally. Our exact quantum results provide evidence
for an algebraic decay law on suitably chosen time scales, a phenomenon that is considered to be the
signature of nonhyperbolic scattering in unbounded classically chaotic motion.
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The time scales characterizing classical probability
transport in Hamiltonian systems with mixed regular
chaotic dynamics have been subject to theoretical studies
for more than one decade [1-8]. Whereas the probability
for a particle to stay in a confined region of phase space
is expected to decay exponentially for globally chaotic
(hyperbolic) systems [6], the decay has been shown to
slow down in the presence of regular regions and/or of
remnants of invariant tori (cantori) in classical phase
space, i.e., in the case of nonhyperbolic scattering [1-—
3,5,6]. For sufficiently large time intervals the survival
probability P(z) of a particle moving in mixed phase space
has been observed to decay algebraically in numerical
studies of several model systems [2—5]. In particular,
algebraic decay of P(t) has been numerically observed in
the classical dynamics of a Rydberg electron driven by a
microwave field of linear [7] and of circular polarization
[8], constrained to the axis or the plane defined by the
electromagnetic field vector. In these studies, the decay
exponents « in P(t) ~ ¢t~ allowed a reasonable fit of
the numerical results on about 1 order of magnitude of the
interaction times of the atoms with the microwave field.

From the point of view of quantum mechanics, the
structure of classical phase space at a given amplitude
and frequency of the driving microwave field is faithfully
reflected by the Floquet eigenstates of the Rydberg
atom in the field [9,10]. The “initial conditions” in a
numerical or laboratory experiment to be compared to
the above-mentioned classical predictions are therefore
defined by the initial population of the different Floquet
eigenstates |e;) at + = 0, i.e., by their relative weights
lc;]? at the instant of time when the microwave amplitude
experienced by the atoms reaches its maximum value F,
which further on is kept constant.

The survival probability (averaged over the initial phase
of the microwave field) can then be written as
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P(1) = D leil* exp(~=Tu), (N

where I'; is the field-induced width of the Floquet state
that accounts for the coupling to the atomic continuum
and gives rise to the ionization of the Rydberg electron.
Note that we assume a microwave pulse envelope with a
flat top of length ¢ and rising and falling edges of duration
7 < t, a situation that is met in our setup as well as in
other currently used experimental setups [11].

From (1) it is not at all obvious that P(z) will show
algebraic decay for long interaction times as in the classical
picture. A nonexponential decay is only possible [12] if
several Floquet states significantly contribute to the decay,
i.e., if the distribution of the |¢;|? of the initial state in the
Floquet basis has a significant width [13,14]. Only for
regular classical dynamics one single Floquet state may
dominate the decay process for all times, leading to a
monoexponential behavior of P(z) [12]. For a quantum
system with underlying mixed regular chaotic classical
dynamics the width will be generically large, for any
envelope of a realistic laboratory microwave pulse, as a
consequence of the abundance of avoided crossings of any
size in the Floquet spectrum [15]. The actual shape of the
pulse envelope seen by the atoms will define the details of
the initial distribution of the |¢;|? and hence of the initial
conditions for quantum probability transport, but it will
leave unaffected its general characteristics. Hence, Eq. (1)
typically leads to a multiscale behavior of P(z), which
asymptotically may approximate an algebraic decay law
P(z) = t~® [5]. However, the exponent @ may depend
on the switching of the microwave field [8]. Our main
interest in this paper is the algebraic behavior, rather than
the numerical value of the exponent together with its
dependence on the various experimental parameters.

The purpose of the present contribution is to address the
relevance of the classical picture of probability transport
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for real atomic systems, on the grounds of an exact
numerical treatment of the 3D hydrogen atom exposed to
a microwave field of linear or circular polarization, and of
results from laboratory experiments on rubidium Rydberg
states.

Let us first discuss our numerical experiments. We skip
the details [12,16] of the theoretical approach and only
recall that we use a combination of the Floquet picture
together with a complex dilation of the Hamiltonian
describing the atom in the field, to obtain quasienergies
€; and decay rates I'; of the Floquet eigenstates |e;).
The influence of spontaneous emission, irrelevant for
our discussion, is omitted. With these ingredients we
calculate the survival probability of the initial bound state
population distribution given by the weights |c;|?.

We consider the ionization of an extremal parabolic
state |[n; = 22n, = O0mg = 0), ng = n; + ny + |mgl +
1 = 23 the principal quantum number, by a linearly po-
larized microwave field, and of a circular state |ng =
23 €y = 22mgy = 22), by a field of circular polarization,
respectively. Both these atomic initial states correspond
to classically mixed regular-chaotic dynamics of the Ryd-
berg electron driven by the oscillating field [10,17]. The
|c;|? are defined by the projection of the atomic initial
states onto the Floquet states at microwave amplitude
F. Our choice of ngy is a compromise between the ac-
tual principal quantum numbers initially excited in labora-
tory experiments [11,13], ny == 60, and the limitations of
memory of currently available supercomputers. To es-
tablish a qualitative comparison between numerical and
state of the art laboratory experiments, we use scaled vari-
ables wg = wng, Fo = Fng, which are familiar from ear-
lier studies [11,12]. We fix wo = 1.6 and vary Fy and ¢,
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FIG. 1. Survival probability of real 3D atomic hydrogen
exposed to a microwave field of variable scaled amplitude
Fy and scaled frequency wo = 1.6, on a double logarithmic
scale. Interaction time from 10 to 16000 microwave periods.
Fy = 0.05 (continuous line), 0.063 (dotted line), 0.065 (short
dashed line), 0.075 (dash-dotted line), 0.1 (long dashed line),
and 0.112 (continuous line with the largest ionization yield).
The initial states of the atoms have been chosen to correspond
to classically mixed regular chaotic dynamics. (a) Circular
state |ng = 23€y = 22mp = 22) in a circularly polarized
field; (b) extremal parabolic state |n; = 22n; = Omg = 0)
(principal quantum number ny = 23) in a linearly polarized
field. Note the variation of the typical decay rate with time,
for both initial states and polarizations, but also the difference
in the ionization yields at the maximum of the interaction time.

in order to explore the different regimes of the temporal
evolution of P(¢).

Figure 1 shows the survival probability of an electron
initially prepared in a circular (a) or in an extremal para-
bolic (b) state, for different amplitudes of the driving field,
and over 3 orders of magnitude of the interaction time,
corresponding to approximately 10 to 10000 microwave
periods T, (or Kepler periods T of the unperturbed Ryd-
berg electron, at wg = Tx /T, = 1.6). Note that, for both
initial states and the respective polarizations of the driving
field, the survival probability starts out with a decay that
is neither exponential nor algebraic [12] (the latter would
result in a straight line on the double logarithmic scale of
Fig. 1). For longer interaction times, different Floquet
states with different decay rates dominate the ionization
process on different time scales, eventually leading to
“kinks” in the survival probability, depending on the
distribution of the I';. Note that these kinks occur at dif-
ferent values of P(¢) in the cases of circular and of linear
polarization, respectively, as a consequence of the differ-
ence in the relative volumes of regular and chaotic motion
in both cases [17]. Since the Floquet states faithfully
respect the structure of classical phase space [9,10], we
attribute the larger contribution to the ionization yield of
the parabolic state to those |€;) associated with the chaotic
part of phase space and typically shorter lifetimes. States
that are associated with invariant tori or cantori should
exhibit significantly longer lifetimes [10]. Hence, their
contribution to P(¢) becomes relevant only at longer
interaction times or higher ionization yields. Contrary to
that, Floquet states associated with cantori, i.e., with the
remnants of Kolmogorov-Arnold-Moser tori [1] almost
immediately dominate the ionization of the circular state in
the circularly polarized field, due to the more regular struc-
ture of classical phase space. It is such states that induce
the kinks in the ionization yield, for any polarization of the
microwave field, as they typically undergo large avoided
crossings with adjacent Floquet states of comparable
weight |c;|? but distinct lifetime. Note that the separa-
tion of time scales in P(¢) and hence in the decay rates
themselves is in very close analogy to the separation of
different domains of classical phase space according to
the confinement times of classical trajectories launched
in each of these regions [7], and that our quantum results
displayed in Fig. 1 reproduce qualitatively the phenomena
observed in the classical studies [7,8]: (1) the approxi-
mately algebraic decay over ca. 1 order of magnitude of
the interaction time, (2) the decrease of the decay exponent
as the microwave field strength increases, and (3) the cross-
over between two decay exponents.

Approximate algebraic decay over more than 1 order
of magnitude of the interaction time can be observed if
the decay rates I'; and the weights |c;|> of the asso-
ciated Floquet states have a sufficiently broad distribu-
tion extending over several orders of magnitude. Under
these conditions, several kinks as observed in Fig. 1 will
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succeed each other on successive time scales, leading, on
the average, to an algebraic decay of the survival prob-
ability. This phenomenon is illustrated in Fig. 2, which
extends Fig. 1, for some of the considered amplitudes F,
to longer interaction times. Most of the Floquet states that
contribute at this stage of the ionization process seem to
be associated with regular regions or remnants of those in
classical phase space, according to a preliminary investi-
gation of the Floquet spectrum. This is consistent with
classical studies [6,7], where algebraic decay over more
than one decade is always associated with trajectories that
visit the phase space region that separates regular from
chaotic motion. Both the decay exponents observed for
circular (@ = 0.25) and linear polarization (a = 0.59)
are clearly different from the value @ = 2/3 predicted
in [4], a classical study that, however, did not account for
the impact of residual stability islands on the bound state
probability decay.

Let us finally provide the results of laboratory experi-
ments that demonstrate the occurrence of qualitatively the
same phenomena in the ionization of Rydberg states of
8Rb. For details of the experimental setup we refer to
earlier work [13]. In short, we resonantly excite rubidium
Rydberg states nops/» from the atomic ground state, with
ng € [40;170], which then interact with a monochro-
matic, linearly polarized microwave field. Finally, for
well defined values of F, w, and ¢, the survival proba-
bility is defined as the ratio of the number of atoms that
survived the microwave ionization to the number of atoms
initially prepared in the Rydberg state ngp3/>. Changing
¢t with all other experimental parameters fixed allows us
to directly monitor P(z). In the present study we chose
no = 84. The laboratory frequencies were w!/27 =
12 059.44 MHz and w(z)/27r = 8867 MHz, respectively.
If we employ the same pragmatic scaling for the nonhy-
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FIG. 2. Same as Fig. 1, but for longer interaction times from
8000 to 1.6 X 10° field cycles. Fy = 0.063 (dotted line),
0.065 (short dashed line), and 0.075 (dash-dotted line). Note
the approximately algebraic decay P(z) ~ t~* (corresponding
to a straight line in the presented double logarithmic plot)
over more than 2 orders of magnitude, both for the circular
state in a circularly polarized field [for the two stronger fields
(a) (@ = 0.25) and for the extremal parabolic state exposed to
a linearly polarized microwave (b) (@ = 0.59). Since we are
dealing with an open system that classically displays unbounded
chaotic dynamics, this algebraic decay can be interpreted as a
signature of nonhyperbolic scattering.
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drogenic states of rubidium as in Ref. [13], these labo-
ratory values correspond to scaled frequencies wg” =272
and wgz) = 1.6, respectively, the latter coinciding with the
scaled frequency employed in our numerical experiments.
The microwave pulse experienced by the Rydberg states
had a flat top of duration # = 20 ns—10 us (correspond-
ing to ca. 10° field cycles, comparable to the largest inter-
action times in our numerical calculations), with smoothly
rising and falling wings of a duration of 7 = 6 ns (corre-
sponding to 50 to 100 microwave cycles).

Figure 3(a) shows the survival probability of the atoms
on a double logarithmic scale, for w(ol) = 2.2, and for
two different values of the microwave amplitude. In both
cases, for F = 2.79 and 3.42 V/cm (Fy = 0.024 and
0.029, scaled with respect to the static field ionization
limit), we observe in very good approximation a mono-
exponential decay. In contrast, Fig. 3(b) shows the tran-
sition from a monoexponential to a monoalgebraic decay
P(t) ~t7% a = 0.44 = 0.02, as the amplitude of the
field of frequency wgz) = 1.6 is increased from F = 1.96
to 3.92 V/cm, corresponding to Fo = 0.017 and 0.033,
respectively. Note that, for both frequencies, the fits ex-
tend over more than 2 orders of magnitude of the inter-
action time. Because of the well-known differences in
the ionization behavior between Rydberg states of atomic
hydrogen and rubidium, we cannot make a quantitative
comparison here between the numerical and experimental
results. Note, however, that the experimentally observed
decay exponent a®P = 0.44 = 0.02 is close to the nu-
merical observation of Fig. 2(b), a™"™ = (.59, on com-
parable time scales.
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FIG. 3. Survival probability of 84ps/, Rydberg states of **Rb
exposed to a microwave field of linear golarization, on a double
logarithmic scale. (a) Frequency (/27 = 12059.44 MHz
(0l = 2.2), field amplitudes F = 2.79 V/cm (Fy = 0.024;
circles), and F = 3.42 V/cm (Fy = 0.029; squares). (b) Fre-
quency w® /27 = 8867 MHz (wgz) = 1.6), field amplitudes
F =196 V/cm (Fy = 0.017; circles) and F = 3.92 V/cm
(Fp = 0.033; squares). The interaction time has been varied
from r =20 ns to ¢ = 10 us, corresponding to ca. 10° mi-
crowave cycles (or Kepler orbits of the Rydberg electron).
Clearly, increasing the field amplitude does not change the
monoexponential behavior (fitted by the dotted and full line,
respectively) observed for w(()l), but does induce a transition
from monoexponential (fitted by the dotted line) to monoalge-
braic decay (over approximately 3 orders of magnitude, with a
decay exponent a = 0.44 * 0.02, P(¢t) ~ ¢t~ “, obtained from
the fit represented by the full straight line) for wf)z).
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The experimental results may be interpreted following
the same arguments as presented before. For the mi-
crowave frequency wél), the ionization of the initial state
84p3/, by the field is essentially dominated by its diabatic
continuation in the field, there is no redistribution of the
atomic population due to passages through avoided cross-
ings encountered during the rising part of the microwave
pulse, for each of the applied field strengths, i.e., also for
the larger one yielding almost complete ionization on the
experimental time scale. This suggests that, with respect
to the time (and energy) scale set by the experimental
switching time 7, the frequency w(() places us in a regu-
lar region of the quantum spectrum, i.e., a regime where,
locally, the eigenstates of the atom in the field neighboring
the diabatic continuation of the initial state do not undergo
avoided crossings of appreciable size (i.e., there are only
avoided crossings of width Ae < 1/7) as the driving am-
plitude F is changed. Hence, all these anticrossings are
passed diabatically during the rising part of the microwave
pulse, no population is lost out of the diabatic continuation
of the initial state. This is completely consistent with an
earlier observation [13], which also suggested the excita-
tion of one single Floquet state of the atoms at frequency
wgl), in our experiment.

A different picture emerges for the second frequency
w(()z). Here, the increase of the microwave amplitude does
induce a redistribution of the atomic population over sev-
eral Floquet states, which anticross with the adiabatic con-
tinuation of the initial state 84 p3/,, during the rising part
of the microwave pulse. Hence, the |¢;|> have a distribu-
tion of finite width at + = 0. For this frequency, the ini-
tial state 84 p3/, is therefore connected to the irregular part
of the quantum spectrum, i.e., the adiabatic continuation
of the initial atomic state in the field encounters avoided
crossings of a width A e comparable to or much larger than
771, finally leading to a result qualitatively comparable to
Fig. 2(b). Note that our experimental distinction between
“regularity” and “irregularity” relies on the relative size of
the avoided crossings encountered during the rising part of
the microwave pulse as compared to the energy resolution
set by the inverse of the switching time 7.

In conclusion, algebraic decay—a signature of nonhy-
perbolic scattering—of the survival probability of Ryd-
berg states in a microwave field was observed over several
orders of magnitude of the interaction time. For interac-
tion times of the order of 103 or 10° microwave periods
a crossover from faster to slower and eventually algebraic
decay could be observed (for properly chosen values of
the field amplitude). This reflects the separation of time

scales in the classical probability transport and, finally, the
underlying mixed regular chaotic phase space structure it-
self. In a laboratory experiment, comparable interaction
times extending over several orders of magnitude led to
monoexponential or monoalgebraic decay of the survival
probability of Rydberg states of rubidium, depending on
the frequency and the amplitude of the driving field. All
other experimental parameters fixed by the measurement
of P(r) may therefore be conceived as a probe of regular
and irregular domains of the quantum spectrum.
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