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The vacuum polarization functions II(q ) of charged and neutral gauge bosons that arise from top
and bottom quark loops lead to important shifts in relations between electroweak parameters that can be
measured with ever-increasing precision. The large mass of the top quark allows approximation of these
functions through the first two terms of an expansion in Mz/M, . The first three terms of the Taylor
series of II(q2) are evaluated analytically up to order n, Results for the subleading contributions to
Ar and the effective mixing angle sin 0 are presented.
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The precision achieved in recent measurements of elec-
troweak observables [1] has surpassed by far earlier ex-
pectations. The predictions for these quantities and the
relations between them, which are based on the standard
model (SM), are strongly affected by radiative correc-
tions. Particularly important are those induced by virtual
contributions from the heavy top quark [2]. Their veri-
fication provides an important test of the theory and its
quantum corrections. The agreement between the value
of M, suggested by the CDF and DQ Collaborations [3]
of M, = 176 ~ 8 ~ 10 and 199 21

~ 22 GeV, respec-
tively, and deduced indirectly from precision measure-
ments of M, = 173 i3 zo GeV [1],constitutes a triumph+ 12+ 18

of the SM and a verification of the quantum corrections
with increasing precision. A more refined understanding
of these effects is on the agenda, including two- and even
the dominant three-loop contributions [4,5].

As far as contributions from the top-bottom multi-

plet are concerned, perturbative results for self-energies
IIww(q ), IIzz(q ), II~~(q ), and II&z(q ) are available
for arbitrary top and bottom masses up to order n, [6—8].

This allows evaluation not only of the leading correc-
tions, which are governed by the p parameter and increase
with M, , but also of the subleading terms. These are re-
quired for a complete calculation of b, r (entering the re-
lation between GF, Mw, Mz, and n) or of the effective
mixing angles sinzO' (governing asymmetries in Z pro-
duction and decay). Recently also three-loop QCD cor-
rections to the p parameter of 6 (GFM, n, ) have been
calculated [4,5]. These, in turn, control the dominant
terms of order GFM, n, in 5 r and sinz 0'.

The technique described in [4,5] can be employed to
obtain also the Taylor series coefficients of II(qz) around

q = 0, in principle to arbitrary orders in q and in
second order in o, It will be demonstrated below that
the two lowest terms in the expansion of Ar in Mz/M,
provide an excellent approximation to the full answer in
one- and two-loop approximation, corresponding to o.,

& II ww(Mw)
r~b = —Re

s ( Mw

IIzz(M,') ),
M j

+ z [IIww(Q) — ReIIww(Mw)],
M~

(2)

where II~~(qz) = II~~(qz)/qz. In terms of the transver-
sal parts of vector and axial current correlators II and
II" the building blocks for Ar are given by

11ww = (g /8) [11 (q, mb) + 11 (q, „mb)],

IIzz = (g /16c ) g [v, II '(q, m;) + II '(q, m;)]
i =t,b

11„=g's' P g,'II''(q', m;),
i =t,b

II z = —(gzs/4c) g g;v;II '(q, m;),
i =t,b

and o., corrections. This justifies the expectation that
also in order n2 the leading terms ~ GpMt n, plus the
subleading terms provide an adequate description of the
complete answer for Ar and sin O'. This is verified by
calculating the terms ~ Mz/M, , which indeed turn out to
be negligible. The complete result for Ar and sin 0 to
order u, is therefore at hand.

Mw —Mz connection and effective mixing angle. —
It has become customary to express the magnitude of
radiative corrections in the relation between M~, Mz, GF,
and n through the quantity Ar, defined through [9]

M ( 4' otM~= 1+ 1— 1

+2MzGF(1 —Ar) )
The inhuence of a heavy quark doublet can be expressed
through transversal parts of gauge boson self-energies,
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, rr„(Mz')
d, a.,b

=

~ &ww(Mw)

Mw

II„(M,') )
Mz j

The full analytic result and the approximation based on
the Mz/M, expansion are compared in Fig. 1. From this
figure it is evident that (for M, = 180 CJeV) the next-to-
leading corrections amount to about 25% of the GFM,
terms. The next-to-leading terms of order GFMz/M, are
below 1.2%. These considerations justify the restriction
of a, corrections to the first two or at most three terms in
the Mz/M, expansion.

Three-loop corrections. —Three different types of inte-
grals arise: The evaluation of the derivatives of II(q ) re-
sulting from diagrams where the massive top quark is cou-
pled to the W or Z is reduced to the evaluation of tadpole

with v; = 2I3 —4s2Q;. The sin and cos of the weak
mixing angle are denoted by s and c. The "singlet"
contribution to the axial current correlator II~ s, which
originates from double triangle diagrams, occurs first in
order n2 and has been displayed separately.

Throughout this paper the mass of the bottom quark
will be neglected. To circumvent the mass singularity that
originates from the bottom loop contribution II~~(0) is

replaced by II~~(q = Mz). The difference is accounted
for by dispersion relations with input from the actual
measurement of o.(e+e ~ hadrons) in the low energy
region [10]. So, we define Ar, b —= Ar, b

—II~~(0) +
ReII „(M,').

For diagrams involving a heavy top quark the approxi-
mation based on a Taylor series of H(q2) around q2 = 0,
which is equivalent to an expansion in Mz/M, , leads to
an adequate approximation. Even after charge and mass
renormalization II (q ) exhibits (in dimensional regu-
larization) 1/e singularities, which cancel in the proper
combination.

The reliability of the Mz/M, expansion is demon-
strated in Fig. 1 for the one- and two-loop results, re-
spectively. The full answer (solid line) is compared to
the approximation based on the term quadratic in M,
(dotted line) and the approximation including constant
plus lnMz/M~z terms (dashed line). The latter provides
an excellent approximation in the range M, ~ 150 GeV;
corrections of order GFMz/M, may safely be ignored
(dash-dotted line). Both the leading terms of the expan-
sion and the full result are given in [7,11].

A second quantity of practical interest is the effective
weak mixing angle, which governs, in particular, the
asymmetries [12] in Z boson production and decay. It
is related to sin 0' =— 1 —Mw/Mz through a correction2 = — 2 2

factor sin 0' = [1 + Re(ha)j sin 0, which in turn is
influenced by the polarization functions of Eq. (3),
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integrals discussed in [4,5]. The derivatives are obtained
through Taylor expansion of the respective integrands up
to Q(qz) and projecting out the transverse part. Follow-
ing [13,14] the resulting tadpole integrals are subsequently
reduced to the master set listed in [4,5]. Diagrams involv-
ing external massless quark loops and internal top loops
(and the anomaly graph) are treated with the large mass
expansion technique [15]. The evaluation of II(q ) up to
three-loop diagrams involving massless diagrams only is
performed with the FORM [16] package MINCER [17] im-
plementing an algorithm developed in [13].

Setting C~ = 3, CF = 4/3, and p, = m, a fairly
compact form for the subleading parts of Ar, b and Asc, b

is obtained (x, = GFm, /8~2m, lz = lnMz/m, ):

I I I I I I 1 I I I I I I I I I I I I I I t I I I I I I I I I I I I I I l I I I I I I I I t I I I

100 110 120 130 140 150 160 170 180 190 200
M,

I'IG. l. 6r,b as a function of M, . The dotted, dashed, and
dash-dotted curves correspond to an increasing number of terms
in the approximation. Here a value s = 0.2321 is chosen.
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with [4] B4 = —1.76280. . ., S2 = 0.260434. . . , D3 =
—3.027 00. . .. The formula for 6 pivis can be found in [5].

This result is formulated in terms of the minimal sub-
straction (MS) coupling n, and the mass m, . Employ-
ing the two-loop relation between the MS mass and the
pole mass M, [18] the MS results are easily expressed
in terms of M, . The final result after setting nf = 6 for
Ar, b is shown in Fig. 1. In this figure the terms of order
GF n, Mz/M, are also displayed. As shown in Fig. 1 and
Table I their effect of the nomerical result is extremely
small and can safely be neglected.

In the lowest diagram of Fig. 1 the 8(n, ) corrections
of Ar, b and Air, b are presented as functions of M,
and the quality of the Mz/M, expansion is confirmed.
The difference between the quadratic term (dotted line)

and the constant plus log term (dashed line) amounts
to about 25%. Adding the subsequent term proportional
Mz/M~z (dash-dotted line) barely affects the answer. The
observation that the first few terms in the M, expansion
provide an adequate approximation is nontrivial, and,
in fact, is strongly tied to the large top mass. The
approximation for Ak, b is of equal quality.

The numerical effects on Mii and sinzO are given in
Table I. The numbers are obtained with the following
input data: n, (M, ) = 0.1092 [corresponding n~ l(Mz) =
0.120], M, = 175 GeV, Mz = 91.188 GeV, M~ = 300
GeV, n = 1/137.04, and GF = 1.16639 X 10 s GeV ~.

In each column the terms of order n, , n,', , and
belonging to the corresponding expansion in the top mass
are added up. For b, r in Eq. (1) we used Ar = An+
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TABLE I. Numerical results for M, , the constant plus logarithmic, and I/Mz contributions.
For the numerical evaluation of 8 sin 0'/ sin 0 only the real part of b, tr, t, is taken.

8Miv/Mtv (OS)
8 sin 0'/ sin2 0' (OS)

8Mtv/Miv (MS)
8 sin 0'/ sin 8 (MS )

M I

0.006 77
—0.016 18

0.006 74
—0.016 10

M, + const

0.008 38
—0.018 32

0.008 33
—0.018 23

M~~ + const + 1/M,

0.008 25
—0.018 14

0.008 21
—0.018 04

M,
const
1/M'

611.9
136.6
—9.0

—61.3
—6.0
—1.0

—10.9
—2.6
—0.2

/J. r,b + 6„, with An = 0.05940 [10]. 6„contains all
contributions of order cv that are not present in the other
two pieces and can, e.g. , be found in [19]. In Table II
the contributions are listed separately according to powers
of cv, and M, . One observes thai the absolute prediction
for the 8' mass is changed by —10.9 MeV if the o.,M,
term is added to the full two-loop result. This increases to
—13.7 MeV if also the constant and the 1/M, suppressed
terms are added. (For a fictitious top mass of 100 GeV
the numbers would be —4.2 and —7.9 MeV, respectively. )

Conversely one may also study the shift in the predic-
tion for M, induced by these corrections. Neglect of the

n, M, term leads to an underestimate of M, by 1.7 GeV;
the correction calculated here induces an additional shift
of 0.4 GeV. These effects should be compared to the an-
ticipated uncertainty of indirect top mass determinations
of 1 —3 GeV through precision experiments plus radia-
tive corrections (for fixed Higgs mass) and of 2 or per-
haps even 1 GeV in production experiments at hadron or
electron-positron colliders. Clearly the n, Mt2 term will
be important for the analysis. The next term calculated
here justifies the approximation inherent in this approach.

In summary, top mass dependent corrections to rela-
tions between electroweak parameters have been calcu-
lated up to order n, , with the help of an expansion in

Mz/M, . The quality of the approximation has been con-
firmed in one-, two-, and three-loop approximations.
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