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Comment on "Reduced Dynamics Need Not Be
Completely Positive"

Recently, in his Letter, Pechukas [1] has challenged
the widely used formalism in the theory of open quantum
systems, namely, the completely positive dynamical maps
[2]. The aim of this Comment is to show that the complete
positivity of the reduced dynamics should be and can be
preserved.

The generally accepted scheme for the reduced dynam-
ics is the following. The dynamical map for an open sys-
tem S interacting with a reservoir R is given by

ps ™Aps = trR(UC'psU ), (1)
where 4 is a general "assignment map" which assigns to
each ps a single state of the total system S + R. U is
a unitary dynamics of the composed system. Obviously,
A is a composition of rIi and two completely positive
maps (the unitary evolution and the partial trace map),
and hence only the properties of re are under discussion.
Impose the following "natural" conditions on rIi: (a) rI'

preserves mixtures, (b) rIi is consistent in the sense that
tr~rIips = Ps, and (c) @Ps is positive for all positive
pq. Pechukas proved for the case of two-dimensional
Hilbert space that the only maps rli which satisfy all the
conditions (a), (b), and (c) for all initial density matrices
are product maps ~Iips = ps cog (with co~ being a
fixed state of R) [3] and rightfully stressed that beyond
the weak coupling regime the product initial condition is
inappropriate. His proposal is to give up the positivity
condition (c) as it is the case for the following assignment
used in the recent literature [4]:

eq —1 eq eq eq-1
+ps (ps ps psR + psRps ps)/2 (2)

Here pzz represents the equilibrium state of the com-
eq eq

posed system and ps = triceps~. Obviously Eq. (2) sat-
isfies conditions (a) and (b), but not (c). To avoid nega-
tive probabilities Pechukas proposed to restrict ourselves
to such initial density matrices for which 4p~ ~ 0. Un-
fortunately, it is impossible to specify such a domain of
positivity for a general case, and moreover there exists
no physical motivation in terms of operational prescrip-
tion which could lead to the assignment [Eq. (2)]. The
point of this Comment is to propose a mathematically
consistent scheme with a clear operational meaning for
the reduced dynamics. Let us introduce a completely
positive map T ("operation") ps ~ Tps = Q„V„psV„*,

P„V„*V„=I (a sum can be replaced by an integral)
which represents the influence of a certain instrument
preparing the state, and define the associated assignment
map as

O'Ps = p V„PsV,
" «s(V„"V,Ps~)/tr(V„"V, Ps').

(3)
Obviously i' given by Eq. (3) satisfies conditions (a) and

(c) (iIi is completely positive). This map fails to satisfy

(b) for a general initial ps, but the domain of validity
of (b) is easily identified as density matrices which
are invariant under T, i.e., Tp~ = pq. For other initial
conditions the "inconsistency" of the map 4 reflects the
instantaneous perturbation of the state of S due to the
preparation and measurement process.

The first example of T corresponds to an ideal measure-
ment of an observable A with a discrete spectrum, i.e.,

A = g„a„P„,where P„are projectors. Then, putting
V„= P„, we obtain 4 which satisfies (b) for all ps com-
muting with A. In the second example we define T as
» in«gr» Tps = f p (dl s) ll s)(1 s I ps ll's)&1 s I, where
(ii's)) is an overcomplete set of coherent vectors. For
all kinds of coherent vectors and sufficiently smooth pz,
Tpq ~ pq in the semiclassical limit.

There exists another possibility, namely, to give up the
condition (a) rather than (b) by adapting the preparation
process to a given initial ps = g„A„P„. Then we con-
struct the assignment map as in the first example, using a
state-dependent, completely positive map T with U, = P .
Hence +ps = X,„A„P„ trs(psRP„)/tr(psRPn). This
map satisfies conditions (b) and (c) but is not linear except

eq eq eq
in the weak coupling regime where pq~ = pq pR, and
we recover the product assignment map.

In conclusion, one should stress that beyond the weak
coupling regime there exists no unique definition of the
quantum reduced dynamics. It is due to the fact that any
physical process of preparation of the initial state of S
disturbs the state of R as well. Choosing mathematical
models of the preparation process (operation T), one
can define consistently various assignment maps and
hence various reduced dynamics. All of them satisfy the
fundamental positivity condition and can be expressed in
terms of completely positive maps.
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