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Precursors and Transition to Chaos in a Quantum Well in a Tilted Magnetic Field
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The discovery of a distinct transition from integrable to chaotic electron dynamics results from
resonant tunneling spectroscopy of a quantum well in a tilted magnetic field. The tunneling spectra
show peak doubling regions at small tilt angles, which give way to peak tripling at larger tilt angles.
The transition to chaos is mapped systematically (by varying bias voltage, magnetic field, tilt angle,
and the width of the quantum well). We find that peak doubling (tripling) results from bifurcation
(trifurcation) of the dominant stable periodic orbit. These are precursors of the chaos transition.

PACS numbers: 73.20.Dx, 05.45.+b, 73.40.Gk

Despite great theoretical interest, there are relatively
few experimental studies of simple quantum systems
whose classical counterparts exhibit chaotic dynamics [1].
The first such experiments probed highly excited Rydberg
atoms via optical spectroscopy [2]. More recent experi-
ments probe the inhuence of chaos on the magnetotrans-
port of various semiconductor microstructures (antidot
arrays [3] and stadium shaped cavities [4]). Subsequent
experiments by Fromhold et al. [5] have introduced a new
quantum system for chaology: the wide quantum well in
a tilted magnetic field. Using resonant tunneling spec-
troscopy, they studied chaotic dynamics at a fixed mag-
netic field of sufficient intensity such that the quantum
well was in a completely chaotic regime [5,6]. Shep-
elyansky and Stone [6] have related this system to sev-
eral well-studied models exhibiting a transition to chaos
and obtained criteria for the onset of chaos with increas-
ing tilted magnetic field.

In this Letter, we report the first observation of a
distinct transition from regular to chaotic dynamics in
a quantum well. By systematically varying the three
in situ experimental parameters of bias voltage, magnetic
field, and tilt angle, we map the parabolic magnetic
field dependence of the transition. Poincare section
calculations identify the precursors of the chaos transition
as the bifurcation and trifurcation of stable periodic
orbits. Data from four samples of different well widths
establish the classical scaling of these phenomena. We
conclude that quantum wells provide a particularly clear
manifestation of the transition from order to chaos, which
results from the breakup of stable orbits.

A high-mobility quantum well can be an excellent quan-
tum mechanical realization of a simple classical model
which exhibits a transition to chaos. This model con-
sists of a charged particle bouncing specularly off two
parallel hard walls, while moving under the inhuence of
constant electric and magnetic fields. Molecular beam epi-
taxial growth of quantum wells yields atomically precise
hard wall confinement. This is in contrast to the semi-
conductor microstructures whose geometry is determined
by lithographically defined gates. Integrability in any sys-
tem can be unintentionally destroyed by irregularities in
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FIG. 1. Schematic conduction band profile of the resonant
tunneling sample under bias voltage U. Below are represen-
tative current-voltage traces of the 1200 A sample taken at tilt
angle 0 = 27 for T = 1.5 K and total magnetic field B = 0,
6, and 12 T. A smooth background has been subtracted from
traces (b)-(d).

the confining potential. The quantum well is integrable
when the magnetic field is perpendicular to the confining
walls. Three tunable experimental parameters drive the
system towards chaos: For example, at a nonzero tilt an-

gle, the system becomes increasingly chaotic with increas-
ing magnetic field. Our sample is a high-mobility GaAs
quantum well confined between two layers of A1As. The
"hard walls" are provided by the large conduction band
discontinuity between the two materials. Figure 1 depicts
the conduction band edge profile for our double barrier tun-
neling samples under a positive bias voltage U. The bias
creates a degenerate two-dimensional electron gas (2DEG)
emitter adjacent to the first A1As barrier with only one
confinement subband occupied. This acts as a source of
nearly monoenergetic electrons which tunnel into the quan-
tum well. In this experiment, we study quantum wells of
thickness d = 400, 600, 850, and 1200 A. Unwanted
accumulation of charge in the quantum well is avoided
by making the second A1As barrier substantially thinner
than the first (37 compared to 57 A). Also, the quan-
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turn well is kept as impurity-free as possible through the
use of undoped GaAs setback layers (700 A on the emit-
ter side and 200 A on the collector side), located be-
tween the double barrier structure and the heavily doped
(n+ = 2 X 10's cm 3) contact layers (see Fig. 1). The
as-grown wafers are etched to yield 100 p, m diameter
mesas, each a resonant tunneling diode; other details of the
sample growth and characterization are given in Ref. [7].

The experimental procedure is to rotate the sample
to a measured tilt angle 0 (0 = 0 is a magnetic field
perpendicular to the plane of the barriers, parallel to the
direction of current Aow). Resonant tunneling current-
voltage (I V) tra-ces at a temperature of 1.5 K are recorded
in 0.1 T magnetic field steps over a range from 8 = 0 to
12 T. All experimental data in the figures are from the
1200 A well. Traces (a) and (b) in Fig. 1 are the same
I Vdata-for 0 = 27' at B = 0. In trace (b), a smooth
background current is subtracted to emphasize the current
peaks. The same procedure is applied at (c) B = 6 T and

(d) B = 12 T. Note the amplification required to observe
the peaks in these traces. Resonant tunneling spectroscopy
enjoys a long history as a probe of the quantum well
density of states [8]. A peak in an I Vtrace e-vidences a
corresponding peak in the quantum well density of states.

In Fig. 2 the voltages at which current peaks occur
in the I-V traces are plotted as a function of the total

magnetic field for five of eleven angles studied from 0 =
0 to 45 . The peak positions are plotted as filled circles;
the lines will be discussed with the model calculations.
At 0 = 0 [Fig. 2(a)], a tunneling peak occurs when the
energy level in the 2DEG emitter aligns with the energy of
a confinement subband in the quantum well. As expected,
these subband peaks show no strong dependence on
magnetic field. Note that at all nonzero tilt angles the
data can be separated into regions with clearly defined
boundaries. At 0 = 11' [Fig. 2(b)], for example, most
of the data resemble the subbands at 0 = O'. Now,
however, a doubling of the number of peaks occurs
in two distinct regions of bias voltage versus magnetic
field. These two regions gradually broaden and merge as
the tilt angle is increased to 0 = 27 [Fig. 2(c)]. Upon
increasing the tilt angle to 0 = 38' [Fig. 2(d)], the low
field region remains subbandlike, followed by a narrow
region of peak tripling and increasingly complicated peak
structure at higher magnetic fields. Finally, at 0 =
45 [Fig. 2(e)], there is a sharp transition between the
subbandlike region and a disordered region.

To interpret these observations, we analyze the transi-
tion from regular to chaotic dynamics within the classi-
cal model described above. The electric field F, which
arises from the applied bias voltage U (see Fig. 1) [9],
is perpendicular to the walls; the applied magnetic field,
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FIG. 2. Peak positions from the resonant tunneling I Utraces at T = 1.5 K as a f-unction of total magnetic field. At (a) 0 = 0:
quantum well subbauds; (b) 0 = 11:two regions of peak doubling arise; (c) 0 = 27: peak doubling regions have broadened and
merged; (d) 0 = 38: a narrow peak tripling region; and (e) 0 = 45': direct transition to disordered peak positions. The solid
lines are transition boundaries from Poincare section calculations: at (b) 0 = 11 and (c) 27, a bifurcation; at (d) 0 = 38, a
trifurcation; and at (e) 0 = 45, an abrupt order to chaos transition.
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B = Bsin0y + Bcos0z, is tilted. The resulting motion
in three dimensions is governed by the Hamiltonian H =
(p + eA)z/2m' —eFz H. ere we adopt the gauge A =
( By—cosO/2 + Bz sinO, Bx cosO/2, 0). By analogy with
Landau's reduction of 2D cyclotron motion to a 1D har-
monic oscillator, we choose canonical coordinates Q and
P to reduce our problem to 2D [10].

2m 2 2m
—(cu,. sinO)QP, .

This new Hamiltonian describes harmonic confinement in
the Q direction (cyclotron in-plane motion) and a constant
electric field with hard wall confinement in the g direction
(bouncing motion). The last term couples these two
motions. At zero tilt angle, the coupling term vanishes
and the system is integrable.

It is convenient to employ natural units based on the
effective mass of electrons in GaAs m*, the cyclotron fre-
quency cu„and the length l —= m*F/eB The u. nit of
length is chosen to make the natural electric and magnetic
energies equal: eFl = I"co, l . In these units, the electric
and magnetic field are both unity and the classical dynam-
ics is determined solely by tilt angle 0, electron energy
E and well width d. In natural units, these are given by
O, E/(m*F /B ), and d/(m*F/eB ), respectively. The
classical mechanics remains constant so long as these pa-
rameters are unchanged in the natural units. For illus-
tration, several isoclassical lines are superimposed on the
data in Fig. 2. The isoclassical lines are roughly parabolic
in shape because, to a good approximation, the electron is
injected with an energy E —U —F (see Fig. 1).

To visualize the complicated classical dynamics of this
system we examine the Poincare surface of section (PS).
Particle trajectories are computed by analytically solving
the equations of motion between specular collisions with
the collector wall [11]. Following a given trajectory, a
point is added to the PS at (P, Q) for the values of
P and Q at each collision. Note that P and Q are
(up to constant multiplicative factors) the electron's in-
plane velocity components. Initial conditions for the PS
calculations include all trajectories for which the kinetic
energy of the electron at the collector barrier is given by
the 2D emitter confinement energy plus the kinetic energy
gain due to acceleration through the quantum well.

At zero tilt angle, the electron moves along a helix and
the orbit traces out a circle in the PS. Thus at 0 = 0,
the PS is a pattern of concentric circles characteristic of a
stable system. As tilt angle or magnetic field is increased,
the motion grows progressively more chaotic. In the PS's,
islands of regular motion are centered on stable periodic
orbits, which are surrounded by a chaotic sea. As the
system becomes more chaotic, the islands of integrability
become smaller and disappear.

Although classical dynamics usually change gradually,
occasionally a stable periodic orbit will abruptly bifurcate
or trifurcate. Upon bifurcating, a stable periodic orbit [see

Fig. 3(a)] loses stability and simultaneously gives birth to
two stable periodic orbits with exactly twice the period
time of the original orbit [see Fig. 3(b)]. When a stable
orbit trifurcates, three new stable periodic orbits arise,
each with thrice the original period [see Figs. 3(c) and
3(d)]. Bifurcations and trifurcations are well-established
precursors to chaos [12].

To relate the classical mechanics to the data we use
Gutzwiller's periodic orbit theory [1]. According to
Gutzwiller's trace formula, the density of states for a
chaotic system can be written as a sum over isolated
unstable periodic orbits. Each periodic orbit contributes
an oscillatory term with energy period h/Tp, where Tp is
the period time of the orbit. A similar formula derived by
Berry and Tabor [1] for regular systems shows that stable
periodic orbits produce larger oscillations in the density
of states. In the ideal case one should sum over periodic
orbits of arbitrary duration; however, in the quantum well
sample there is a subpicosecond cutoff, due to optical
phonon emission [13]. If the quantum well is in a
completely chaotic regime, the shortest unstable periodic
orbits will determine the resonant tunneling spectra, as
reported by Fromhold et al. [5]. However, in studying the
transition between regular motion at low magnetic fields
and completely chaotic motion at high magnetic fields,
we expect that the observed I Vspectra -(Fig. 1) will be
dominated by the evolution of the stable periodic orbits.

This interpretation suggests that the sharp onset of peak
doubling or tripling in the data can be understood in terms
of the bifurcation [6] or trifurcation of stable periodic
orbits. We test this three ways. First, the isoclassical
bifurcation or trifurcation lines lie close to the onset of

(a)

FIG. 3. Examples of Poincare sections for the 1200 A sample
at U = 0.5 V showing (a) a stable periodic orbit at O =
27 and B = 4.2T undergoing (b) bifurcation at B = 4.4 T,
yielding peak doubling shown in Fig. 2(c). (c) shows a
stable periodic orbit at 0 = 38' and B = 3.0 T undergoing
(d) trifurcation at B = 3.5 T, yielding peak tripling shown in
Fig. 2(d).
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TABLE I. Magnetic field B„;of observed trifurcation at U =
0.5 V for four different quantum well widths d. At each tilt
angle O confirmation of classical scaling (B„; —1/d) is found,
where B" = [d/(120 nm)]B„;.

d(nm)
Bt. (T)
B*(T)

0=38
40
11.6
3.9

60 85 120
8.3 5.7 4.4
4.2 4.0 4.4

0=45
40 60 85 120
12.0 9.5 6.2 5.0
4.0 4.8 4.4 5.0
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peak doubling or tripling regions. See, for example, the
bifurcation boundaries (lines marked "1 ~ 2") in Fig. 2
at 0 = 11 and 27 . At 0 = 38, the bifurcation has

given way to a trifurcation in the PS, consistent with
the observation of a narrow region of peak tripling [line
marked "1 ~ 3" in Fig. 2(d)].

As a second test, we compare the calculated stable or-
bit periods to the observed peak spacings. For example,
at 0 = 11 and U = 0.5 V, the calculated periodic orbit
time is 0.23 ps for magnetic fields below the bifurcation.
This corresponds to 5 U = 39 mV [9], in good agreement
with the observed peak spacing in Fig. 2(b). Upon bifur-
cation, the stable orbit period doubles and the observed
peak spacing halves. Quantitative agreement within 15%
is typically obtained at all tilt angles studied for all four
samples.

A third test comes from comparison of data at a fixed
tilt angle for the four samples of different well width.
In our interpretation, the locations of the transitions are
determined entirely by the classical variables. There is no
h dependence. Thus, for example, the trifurcation onset
should scale roughly as the inverse of the quantum well
width. This follows from classical scaling in terms of
the natural units discussed previously, together with the
approximation that F —U/d. Table 1 indicates that the
trifurcation onset does indeed scale classically, even for
quantum well widths as small as 400 A. This, along with
the parabolic magnetic-field dependences in the Fig. 2
data, establishes classical scaling in a condensed matter
system [14].

So far, we have focused on transitions in the data
at low magnetic field. The dynamics of stable periodic
orbits account for some of the dominant features seen at
higher magnetic fields as well. For example, the PS's
at 11 find a restabilization of the original periodic orbit
-2 T above the bifurcation boundary of Fig. 2(b) [15].
A second bifurcation in the PS's accounts for the second
observed peak doubling region. At 27, the PS's do find a
single wide peak doubling region, although the calculated
width is only half the observed width; a transition to chaos
is found in the PS's which is not evidenced in the data.
Finally, at 38 and 45, the reemergence of an ordered
subbandlike region at the highest fields (B ~ 10 T for
U —0.5 V) corresponds to the reemergence of a stable
island from the chaotic sea in the PS calculations.

In conclusion, we report a distinct transition from order
to chaos in a quantum well. Poincare section calculations
find quantitative agreement with the roughly parabolic
magnetic field dependence of the transition. We directly
observe stable orbit bifurcations and trifurcations and

identify these as the precursors of the transition to chaos.
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