
VOLUME 75, NUMBER 2 PH YS ICAL REVIEW LETTERS 10 Jmv 1995

Anomalous Diffusion in Chaotic Scattering
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The anomalous diffusion is found for peripheral collision of atomic nuclei described in the framework
of the molecular dynamics. Similarly as for chaotic billiards, the long free paths are the source of
the long-time correlations and the anomalous diffusion. Consequences of this finding for the energy
dissipation in deep-inelastic collisions and the dynamics of fission in hot nuclei are discussed.

PACS numbers: 24.60.Lz, 25.70.—z

Chaotic properties of atomic nuclei are well known from
studies of compound nucleus resonances [1]. In applica-
tion to nuclear collisions, these properties have recently
been discussed in connection with chaotic scattering [2,3].
In the framework of molecular dynamics (MD), two collid-
ing nuclei regarded as a dynamical system form a chaotic
transient; i.e., they abide close together with the survival
probability decaying exponentially in time. The system
formed in this way can be interpreted as a compound nu-
cleus [3]. This result comes out of the MD model pro-
vided the collision is sufficiently violent to get both the fast
memory loss and the equilibration, corresponding to the
excitation of many overlapping resonances (Ericson Iluc-
tuations), as well as the Lorentzian shape of the energy
autocorrelation function of an 5-matrix element C;1(E) =
(5'„(~)5„% + )&. [4].

A different picture is expected if decay proceeds
through a small number of open channels [5]. In this
case, the scattering is nonhyperbolic and the survival
probability is algebraic. Such behavior results from
the stickiness of KAM tori existing in this case [6].
The decay is slow because the trajectory must cross a
hierarchy of cantori inhibiting the transport [7]. Both
semiclassical and quantum calculations show that the
energy autocorrelation function C(e) has a cusp at E =
0, i.e., dC(e)/de ~ ~ as e ~ 0 [4]. This means that
the fine scale fluctuations of the 5 matrix are greatly
enhanced. The presence of cantori also affects the
velocity autocorrelation function C(t) which decreases at
a slower rate than in the purely chaotic case [8]. Transport
through cantori can be described in the language of
the diffusion process. Such a diffusion is anomalously
enhanced, as has been found in modeling the two-
dimensional solids [9]. In this case the variance of
position, o. (t), rises with time faster than linearly, and
the diffusion coefficient D = lim, a (t)/2t is infinite.
One also obtains a "1/f" power spectrum of velocity
fluctuations. The anomalous diffusive behavior relates to
many physical problems of general application [10,11]. In
the MD approach, the anomalous diffusion could appear
in peripheral collisions, because in this case the projectile
and target preserve their identity for a long time; i.e., the
correlations fall off slowly. This expectation is supported

by the observation of the power-law decay p(t) —t
with z = 4.56 for the quasielastic reaction ' C + ' C at
angular momentum l = 166 and energy E, = 20 MeV
[3]. However, this value of the exponent z is much
larger than the typical value 1 ( z ( 2 implied by the
mechanism of transport through cantori [12]. It is also
doubtful that such a chaotic and unstable system has
any regular orbit to which trajectories could stick leading
to the algebraic decay. The question therefore remains:
What is the origin of this power-law survival probability?

In the following, we address this problem by studying
the diffusive features in the MD model of nuclear reac-
tions for peripheral collisions. We will show that the mo-
tion in phase space has indeed a diffusive component for
large angular momenta and that, similarly as for chaotic
billiards, there exist long-time correlations which are a
source of both the algebraic decay and the anomalous dif-
fusion. Hence, the transport features of MD for peripheral
collisions do not require the existence of the KAM tori to
explain the observed algebraic decay.

Let us consider the collision of atomic nuclei consist-
ing of some elementary constituents interacting via the
two-body van der Waals —type potential with the attract-
ing component, the Coulomb tail, and the strongly repul-
sive core at small distances. In the following, we regard
n particles as such elementary constituents and take the
potential from the adiabatic time-dependent Hartree-I ock
calculations [13]. The ground state of both projectile and
target is defined as a statistical ensemble; i.e., the phase
space coordinates of all particles are sampled uniformly,
taking into account the energy, linear momentum, and an-
gular momentum conservation [14]. Within this frame-
work, various static properties of cr-cluster nuclei [14]
(density distributions, binding energies, separation ener-
gies of n particles) as well as the fusion cross section for
the reaction ' C + ' C at low bombarding energies [3]
are correctly reproduced. The collision is represented by
an ensemble of events with the same collective quantities,
such as the relative energy and the impact parameter, but
with different internal coordinates.

For large impact parameters we expect that the sys-
tem will rotate like a molecule, slowly transferring the
energy and particles (mass). A decisive factor in that
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process is violent collisions of particles at the border be-
tween the projectile and target nuclei, due to the repulsive
core in the n-n potential. The rest of the system contin-
ues its quasifree, rotational motion. We also expect that
the memory of initial conditions is kept for a long time.
To check this assertion we calculate the velocity auto-
correlation function C*(t) = (v(to) . v(t)) for the reaction
'2C + 'zC at l = 166 and E, ~ = 20 MeV, where v(t) is
the 18-dimensional velocity vector and ( ) means from now
on the average over an ensemble of events. For such high
angular momenta, one expects a particularly small num-
ber of open decay channels [15] and, therefore, both the
existence of algebraic survival probability [5,16] and the
formation of a long-lived orbiting complex [17]. C (t) os-
cillates with almost constant frequency but with diminish-
ing amplitude [Fig. 1(a)]. The oscillating pattern reflects
the rotation in the space of collective variables. Since this
rotation is somewhat trivial, we get rid of it, redefining
the autocorrelation function: C(t) = C (t) cos '[cu(t) t]
The value of m, roughly equal to the collective angular
velocity of the binary system, must be carefully chosen
to avoid singularities. Wg have determined co from ex-
trema and zeros of C*(t), linearly extrapolating between
them. Figure 1(b) shows that C(t) —t ~ with y = 1.
The mean square displacement is given by the Green-Kubo
formula [18]:

~ tin ——t + to. (1)
to

Hence, the diffusion is anomalous and D diverges loga-
rithmically. The same dependence holds for mean square
displacement in the velocity space. The Fourier trans-
form of C(t) gives the power spectrum S(cu). In our case,
S(iu) —

i Incubi and S(cu = 0) —= 2D = ~. In contrast to
the 1jf spectrum of a random walk, this spectrum is con-
vergent when integrated to zero frequency and is divergent
when integrated to infinite frequency. There is only a finite
amount of power at low frequencies, but when we look at
shorter time scales the noise has no well-defined short-term
mean. This resembles the features of the I/f spectrum of
the "fIicker noise" which is also divergent when integrated
to infinite frequency. The same logarithmic power spec-
trum has been found for the Lorentz gas of hard disks (the
extended Sinai billiard) [19]. The long-time correlations
in that system originate from the long free paths of par-
ticles and not from the presence of regular structures [20].
The same mechanism operates for peripheral collisions in
MD. Violent hard-core collisions between n particles be-
longing to different nuclei are necessary to transfer the en-

ergy from one nucleus to the other one. For large impact
parameters such collisions are rare, and most of the a par-
ticles are affected only by weak interactions from the side
of their neighbors in the same nucleus. In the sense of
memory loss, this behavior corresponds to the free motion
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in the Sinai billiard. During a long period of time, the
collision of two nuclei resembles an integrable, two-body
system. In this case the hyperbolic instabilities are not re-
sponsible for the dynamical features of the system. Hence,
the Lyapunov exponents and the fractal dimensions do not
determine the escape process, and the survival probability
is no longer exponential. Thus, in spite of the full chaos of
the system [21], the peripheral collision mimics the non-
hyperbolic scattering.

In the momentum space, diffusion causes the kinetic
energy transfer from collective to internal degrees of
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FIG. 1. Temporal characteristics for the grazing collision
'~C + '2C at E, = 20 MeV and l = 166.. (a) The velocity
autocorrelation function C"(t) (b) The reno.rmalized auto-
correlation function C(t) = C"(t) cos '[co(t) t]. The dashed
straight line denotes the function 1/t (c) The interna. l kinetic
energy calculated from the velocity variance. The initial energy
corresponds to the energy of an internal motion in the ground
state. The dashed straight line is plotted to guide the eye.
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freedom. The internal kinetic energy can be defined

as Et, = (I/2)(v (t)), where v(t) = v(t) —(v(t)) andI is the mass of the o. particle. The differentiation
of the Green-Kubo formula (1), applied to v, implies
that the energy dissipation rate is closely related to the
autocorrelation function C(t):

dEt /dt (2)

(int)
The result of the evaluation of E~ as the variance of
v(t) is presented in Fig. 1(c). Most of the energy is
rapidly dissipated in the entrance channel. Let us call
this dissipated energy E("). The distance of the closest
approach is reached at about 10 ' s. Also the diffusion
process starts at tp ——10 2' s [see Fig. 1(c)]. For later

(int) .
times, according to (1), Ek increases as

(int) I;
Ek =n tin ——t+ tp~, (3)

I;p )
where n is a constant. For the range of times consid-

(int)
ered, the deviation of calculated EI, from the linear de-
pendence on time is hardly visible. The finite and small
available phase space cuts short the diffusion. For later

(int)
times, (3) is no longer valid and EI, saturates. The fi-
nal collective energy for the system decaying at time t

is E(t) = E, —E(") —Eq (t). The decay time t, in
turn, is governed by the decay probability p(t). Com-
bining p(t) with E(t), we get the energy spectrum in the
parametric form:

shape of experimental spectra and the comparison with

(4) would give information about the decay probability
p(t) of the rotating system.

The long-time rotation of weakly interacting reaction
constituents is the necessary condition for the anomalous
diffusion to take place. This condition is not fulfilled
for central collisions. The correlation function in this
case drops rapidly to zero [Fig. 2(a)] and the entire
energy is dissipated at the very beginning of the reaction
[Fig. 2(b)]. The equilibration time is short, allowing the
statistical properties of the compound nucleus to show
up at the early stage of the reaction. Therefore, we
predict two different mechanisms: the fusion dominated
process at small angular momenta [3] with a large
number of open channels and the diffusive process
associated with orbiting with a small number of decay
channels. The prediction of coexistence of these two
mechanisms for light heavy-ion collisions is in agreement
with the coupled-channel analysis [23] and supported by
experiments [24].

Figure 1(c) indicates the presence of various mecha-
nisms of excitation. The dissipation in the entrance chan-
nel could be described by a velocity-dependent friction
force. However, the dissipative process at this stage is
partially reversible, especially for central collisions [see
Fig. 2(b)]. Such mixed elastoplastic behavior of nuclear

p(t)
rI. ln(t/tp)

' (4)
12

It is easy to see that dp/dE~F=F(, „) = IX and, therefore,
the energy spectrum has the cusp at E = E(tp). In fact,
the formula (1) implies that the cusp behavior is a generic
property of diffusive systems, no matter what form of p(t)
is actually taken and how fast the correlations fall off.

For a fixed angular momentum, the energy spectrum
[(3) and (4)] has a peak at E(tp) at relatively low energy
because a large amount of energy, E("), has been lost
before in the entrance channel. The mass and atomic
numbers of ejectiles are similar to those of the projectile
and target. An integration over angular momentum has a
smoothing effect and broadens the peak. Such a picture
is typical for deep-inelastic heavy-ion collisions. For near
grazing collisions in light and medium heavy-ion nuclei,
one has evidence for an orbiting dinuclear system which
is formed after the damping of initial energy and angular
momentum and evolves through the exchange of nucleons
(n particles) into different configurations of a dinuclear
system [17]. The dependence of the internal energy on
the average lifetime (3) can be measured directly, utilizing
experimental techniques of atomic and nuclear physics
[22]. This would help to verify the anomalous diffusion
mechanism. Independently, the detailed analysis of the
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FIG. 2. Temporal characteristics for the central collision
'2C + '2C at E, = 20 MeV and l = 0. (a) The velocity
autocorrelation function. (b) The internal kinetic energy as a
function of time.
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matter, linking properties of elastic solids and viscous Au-

ids, used to be attributed to the KAM tori in the phase space
[25]. Since in the MD there are no regular structures, the
present model shows that the elastoplastic behavior can be
observed also in the fully chaotic systems. The dissipation
due to the diffusion process, emerging at later times for pe-
ripheral collisions, is different. According to (2), its speed
grows monotonically with time: The dissipation rate does
not stabilize, as would be the case for the normal diffusion,
but instead it diverges logarithmically.

The divergence of the dissipation rate may have impor-
tant consequences for the semiphenomenological descrip-
tion of heavy-ion collisions and, in particular, hot fission
process [22]. Going from central to peripheral collisions or
from saddle to scission in the fission process, one usually
employs the same model of diffusion changing only the
geometrical constraints such as the size of the "window"
or the deformation of the system. In view of the above
results, this alone may not be sufficient as the change of
the time scales involved modifies the nature of the dissi-
pation process. Consequently, for peripheral collisions or
for strongly elongated shapes from saddle to scission, it is
more appropriate to use the time- or coordinate-dependent
diffusion coefficient. Frobrich, Gontchar, and Mavlitov
[26] have noticed that to describe the neutron multiplic-
ities using the overdamped Langevin equation, one has
to increase the dissipation coefficient by about 1 order of
magnitude while going from high fissility systems (short
fission-path length) to low fissility systems (long fission-
path length). This observation finds a natural explanation
in the anomalous diffusion mechanism for these strongly
deformed shapes.

The similarity of the diffusive behavior for systems
as different as the MD and the Lorentz gas of hard
disks follows from the fact that the power law tail
of the velocity autocorrelation function is due to the
existence of long free paths. This behavior is insensitive
both to the details of the potential, in particular, to
its short distance features, and to the existence of the
topological holes induced by the Pauli blocking. Hence,
one expects that the above results hold for a broad
class of systems, including those of the antisymmetrized
molecular dynamics [27] and the quantum molecular
dynamics [28]. Investigations in this direction are in

progress.
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